ORTHOGONAL POLYNOMIALS ARISING FROM THE
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ABSTRACT. Zonal spherical functions of the Gelfand pair (W (B,,),
Sp) are expressed in terms of the Krawtchouk polynomials which
are a special family of Gauss’ hypergeometric functions. Its gener-
alizations are considered in this abstract. Some class of orthogonal
polynomials are discussed in this abstract which are expressed in
terms of (n+ 1, m+ 1)-hypergeometric functions. The orthogonal-
ity comes from that of zonal spherical functions of certain Gelfand
pairs of wreath product.

RESUME. Des fonctions sphériques zonales de la paire (W (By,), Sy)
de Gelfand sont exprimées en termes de polynémex de Krawtchouk
qui sont une famille spéciale des fonctions hypergéométriques des
Gauss. Ses généralisations sont considérées dans cet abstrait. Une
certaine classe des polynomex orthogonaux sont discutées dans cet
abstrait qui sont exprimés en termes de fonctions (n + 1,m + 1)-
hypergéométriques. L’orthogonalité vient de celle des fonctions
sphériques zonales de certaines paires de Gelfand de produits en
couronne.

1. INTRODUCTION

Askey-Wilson polynomials and ¢g-Racah polynomials are fundamen-
tal orthogonal polynomials which are described by the basic hyper-
geometric functions. Roughly speaking there are two points of view
of orthogonal polynomials. One is through the Riemannian symmet-
ric spaces which are homogeneous spaces of Lie groups. The other is
through the finite groups. In this abstract we discuss some discrete
orthogonal polynomials arising from Gelfand pairs [15, 16] of wreath
products.

A pair of groups (G, H) is called a Gelfand pair if the induced repre-
sentation 14 = C(G/H), where C(G/H) is a complex valued functions
defined over G/H, is multiplicity free as a G-module. In this situation
there exists a unique H-invariant element in each irreducible compo-
nent of 1% which is called the zonal spherical function. There are
interesting relations between zonal spherical functions on finite groups
[15] and hypergeometric functions [5]. A hypergeometric function of
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one variable is by definition
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In the following we recall some known results: Zonal spherical func-
tions of the Gelfand pair, W (B, ), the hyperoctahedral group, and S,,,
the symmetric group, are expressed in terms of the Krawtchouk poly-
nomials. The Krawtchouk polynomials is a special family of Gauss’
hypergeometric polynomials [5, 6, 7, 17, 18];
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Here k and j are nonnegative integers at most n. A generalization is
given by the Gelfand pair (S, Sy, S;—1 1.S,). In this case the zonal
spherical functions are realized as follows [5, 17, 18];
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By considering another Gelfand pair, S, and its maximal parabolic
subgroup S,—; x S;(1 <i < [r/2]), we have the Hahn polynomials [5];
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We remark that in this case the classical hypergeometric functions of
one variable still occur, since the Gelfand pairs (5,15, S;-115,) and
(Sk, Sy—i x S;) are of “rank one”. One might expect a multivariate
version of hypergeometric functions arise naturally as zonal spherical
functions for certain types of Gelfand pairs. General hypergeometric
functions are known as (n + 1, m + 1)-hypergeometric functions [3, 9,
10, 12, 13, 19];
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which are originally due to K. Aomoto and I. M. Gelfand. Here we
denote by X the set of variables z;; (1 <i<mn,1<j<m-—n—1).
In this abstract we consider another generalization of the Gelfand
pair (S, 1S, S4-115,). We will see that its zonal spherical functions
are realized by means of a discrete orthogonal polynomials coming from

F(a, 857, X).
2. MAIN RESULTS
We denote the shifted factorial of an indeterminate = by
(@) =2(z+1)(z+2) - (z+m—1)

for m € Z~o and
(fL’)O =1.



Now if —N is a negative integer, then we define the finite series called
the (n+ 1,m + 1)-hypergeometric functions[3, 19];
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for o = (a17"' 7an> € (Cn’ ﬂ = (617"' 7ﬂm—n—1) € Cm—n—l' Our

purpose of this paper is to obtain the following orthogonality relations.

Theorem 2.1. For a positive integer r, we assume that k = (ko, ..., k._1),
K = (ky,....kl._y) and £ = (Lo, ...,0.—1) are elements of Nj such that
Sk = S0k =00t =n. Weputl = (6,0, for
0= (b, l1,....0_1), & = exp(2my/—1/r) and =, = (1 —E€9)1<ij<r.

Then we have
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Theorem 2.2. For a positive integer m =
(koy ooy km), K = (kb ..., k},) and { = (EO,. are elements of
such that Y10k = S okl = S0 0l = n. We put ©, = (1 —
cos(27mj/r))197]§m Then we have

(1) If r is an odd positive integer,
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(2) If r is an even positive integer,
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Actually these relations are obtained from orthogonality of zonal
spherical functions of the Gelfand pair of finite groups.

3. THEORY OF ZONAL SPHERICAL FUNCTIONS ON FINITE GROUPS
Let G be a finite group and H be its subgroup.

Definition 3.1. If the induced representation 1% is multiplicity free,
then the pair (G, H) is called a Gelfand pair.



Assume from now that (G, H) is a Gelfand pair and the induced
representation is decomposed as G-module;

V=1¢= @w, Vi £V, (i # J).

It is a well known fact that s equals |[H\G/H|. We denote by {g;;1 <
i < s} the set of representatives of the double coset H\G/H. Put
D; = Hg;H. Let V¥ be an H-invariant subspace of V;. Using the
Frobenius reciprocity we have;

dim V;" = (V;, 1) = (Vi, 1§)e = 1.

Here (V,W)g denotes the intertwining number. Let [x|x] be a G-
invariant Hermitian scalar product on V;. We assume that dim V; = n.
Now we can choose {vi,--- v’} as an orthonormal basis of V; and
vi € V. Let (pi,)1<ke<n be a matrix representation of G afforded by
Vi. We denote by C(G/H) the set of functions which have constant
value on each right coset, i. e.,

C(G/H) ={f:G—C; f(zh)= f(x)Vx € G, Vh € H}.
It is clear that dim C'(G/H) = [G : H]. Define a linear map
i Vi— C(G/H)
by
pi(v)(g) = [vlgv]]
for g,h € G and v € V;. Since
pi(gv) (k) = [gulkvi] = [vlg~ kvi] = @i(v)(g™ k) = (9i(v)) (k)

and ¢ #Z 0, ¢ is an injective G-linear map. Now we obtain the following

C(G/H) = EB%

We define w; € ;(V;) to be a function such that w;(g) = [vi|gvl] =
pt1(g) for any element g € G. As can be seen in the argument above
we see

goi(VZ-)H = Cuwj.

Definition 3.2. The functions w; are called zonal spherical functions
of Gelfand pair (G, H).

We list some easy cosequences from definition of zonal spherical func-
tions.

Proposition 3.3. (1) w;(highs) = w;i(g) for any g € G and hq, hy €
H.
(2) wi(1) =1 and wi(g™') = wi(g) for any g € G.



Proposition 3.4. If we write w;(Dy) = w;(g;) for g € Dy, then

i Z | Dy|wi(Dy)w;(Dy) = 6;; dim VL.

4. ZONAL SPHERICAL FUNCTIONS OF (G(r,1,n),S,)

Fix r € Z,y and n € Ny ={0,1,2,...}. Put £ = exp(2nv/—1/r). Let
C™ = (&) x - - - x (&) denote the n-fold direct product of the cyclic group
C = (£). The symmetric group S, acts on C" by:

0(517627 75”) = (50’*1(1)760*1(2)7 "'750*1(n))ﬂ (517627 75”) € Cmv oc SYL
The wreath product C'@ .S, is the semidirect product of C™ with S,
defined by this action [11, 15]. Let denote G(r,1,n) = C'1S,. The
conjugacy classes and the irreducible representations of G(r,1,n) are
determined by the r-tuples of partitions (¢, ... ,v"~1) such that |[1°|+

<+ 4 V"1 = n. In this section we consider the pair of groups G =
G(r,1,n) and its subgroup H = G(1,1,n) = S,,.

Proposition 4.1. (1) The representatives of double coset H\G/H
are given by

r—1
{(17 alafa"' 76?"' 7€T_la"' >€T_l;e) € G7 ZEZ :n},
—— N—— ~—— —
Zo £1 e'rfl =
weher e is a unit element of S,,.
(2)
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—_—— —_— lo, bry e g

Lo {1 lr—1
The group G acts on the ring of polynomials of n-variables as
(glaSQa'” 7611;0—)]6(-%1"" axn) = f(f;(ﬁ)il?a( 1) Sg(g)xa 76 )
We define the map from N to the set of partitions Par as follows.
BNy 3 (hos by, k1) > (0919 (r — 1)71) € Par.

Proposition 4.2. The induced representation 1§§T’1’")

as the following.
1?51",1,”) o @ V(ko,kl,"' Jr—1)
E'r 1 k =n

Each Vkokke—1) s an drreducible G(r,1,n)-module which is realized

as follows;
/U0 b k1) @ Cf.
FeMy (ko kr ko))
Here M, (\) = {552%1)332?2) : ;0 € S} for A= (A1, -, ).

a(n

is decomposed



Since this decomposition is multiplicity free [4], we have the following
proposition.

Proposition 4.3. (G, H) is a Gelfand pair.

Example 4.4. We take G = G(3,1,4) and H = S;. Then the induced
representation 1§ is decomposed as follows:

16 = Y (0.0) gy 17(040) gy 17(0.04) gy 17(3.10) o 17(3.0.0)
@V(l,?),O) D V(170,3) D V(D,B,l) D V(O,l,?)) D V(Q,l,l)
oV 2D g 7 (112) g 1/(220) g 1/(202) g 170.22)
We write down a basis of some irreducible components.
y(h12) — @ Cx?lxixi3, V040 = Cpymomszy.
{il,iz,i3}c{l,2,374}
The S,-invariant element of VV(%2) is a monomial symmetric function
M2,2,1) (%1, T2, T3, Tg).

We define the inner product on 1% as follows
1

(ko,kl,il. ,krfl) ‘

Here o and [ are complex numbers, k; is the number of parts of A
which is equal to 7, and 2* = xi‘l <-x22. Tt is easy to see that this

inner product is G(r, 1, n)-invariant, i.e.,

[(g/)(@)[(gf2) ()] = [/ ()] f2(2)]

for g € G(r,1,n), fi(x), fo(x) € Vkoki-ke-1) = We recall the mono-
mial symmetric functions for X = (A, A, -+, \,) = (0F01F2k2 ... (p —
1)#—1). Clearly the monomial symmetric functions satisfy

[CV-TAW??”] = CYBCSA,M

[ma(@)[mp ()] = -

Theorem 4.5. The zonal spherical functions of Gelfand pair (G, H)
are

W(kmkl’m’kjril)(gla 527 te 75”7 U) - mk(glu 527 B 75”)/m>\(]‘7 T 1)
where X = (0F1%12%2 . (r — 1)*r-1) and 37770 k; = n.
For \ = (0ko1k12k2 ... (y — 1)%—1) we define
(ko1 ir—1) _ r—1 r—1
myey ) = ma(l, 1u RN Y L )
to 0 b1

Proposition 4.6. We assume that > ;= S1_ k; = n.
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where
A= AEIZSZ kT 1 {a— ai;) € M(r,Np); Zazj—k], Zam—ﬁ}

(2) The generating function is given by

r—1 r—1

(kokl kr—1) ko k kr 1 _ ij

D Myt = T [O_€7)"
ko+-+kr_1=n i=0 j=0

Example 4.7. We consider the case of r = 3and n = 4. Put (ko, k1, ko) =
(1,1,2) and (¢y, ¢1,¢5) = (1,2,1). A direct computation gives us

1
1,1,2
u)((1,2,1)) = g (1,£,£,6%)

1 1
= 5 (267 + 3¢ 426 + 3¢ +207) = -2
On the other hand we have

Therefore we obtain

(1,1,2) 1 (1,1,2) 1 6 5 7 4 6 3 4
%mmziymmmziﬂf+25+qf+25+25+25+5)

_i 3 4 5 6 7__12
—12(2§ +36"+28°+36°+ 28" = 45.

Theorem 4.8. The zonal spherical functions of Gelfand pair (G(r,1,n),S,)
have (n + 1, m + 1)-hypergeometric expressions

ko,k1, - kr— =
w((f(;)7[11’...’[r711)) = F((_£17 Tty _Zr—l)a (_kb T _kr—l); —N; .:r).

Here 2, = (1 — €9)1<i j<r1 with € = exp(2my/—1/7).
5. ZONAL SPHERICAL FUNCTIONS OF (D(r,n),D(1,n))

Let
D, = {a,b;a* =b" = (ab)* = 1)
be the dihedral group of order 2r. We denote by G = D(r,n) = D,15,.
We define the subgroup H of G by

H = {a)15, = D(1,n).



We consider the pair of groups (G, H).

We remark that D(1,n) = W (B,), where W(B,,) is the Weyl group
of type B and that D(2,n) = V4.5, where V denotes by Kleinsche
Vierergruppe . We define another subgroup K of G by

K =S, =G(r1,n),
where G(r,1,n) is the imprimitive complex reflection group.

Proposition 5.1. (1) The representatives of double coset H\G/H
are given by

m

(@ Lbsb b7 b e) € Gy S ti=n},
¢ ¢ ¢ =0
0 1 m

where m = % if ris odd, m = 5 if r is even, and e is a unit
element of S,,.

2n—4, n ; —
o Lbs b b b =4 2 e g Il i =2m
s Lby b BT BT sntota ("% Vot ifr = om.
ZO Zl ¢ ZO;"WZm ’

Proposition 5.2. The induced representation 19 is decomposed as fol-

lows.
~ @ 1974 (ko,k1,..,k

Zokn

Each Wkokvkm) s an irreducible G-module which is realized as fol-

lows;
T (ko ekm) @ C/f.

My (ko et ovkim))
Here, in the case that r = 2m + 1,

M,(\) = {le(?ixf(gi . .xgzj;;ei € {£1},0 € Sn},

and if r = 2m,

PV Ao
Mn()\>_{( 0(1)+xa(1))( ()—i—x()) ( IE )+x0(k]jrl))

Ekm“'1>"€7n+1 Ekm+2)‘km+2 En)\n
X Tohmt1)  Lolkmt2) Loy € € {x1},0€ S, }

fO’f’ A= ()\1, )\2, ceey )\n), )\Z 2 >\z'+1 2 0.
By this proposition we can say that (G, H) = (D(r,n), D(1,n)) is

a Gelfand pair. We define the inner product on each W (#orkm) ag
follows;

— n
€11 . €nA MAKL | Mnfn] Oéﬂ
[axl Ty n|ﬁx1 Ty n] - ( n )Qn—ko 561')\7;7777;#7;‘
ko.k1,....km i=1



Here a, 3 € C,e;,m € {E1}, and (A, Ay, ..., ) = (0Fo1kr..omkm),
It is easy to see that this inner product is G-invariant on W (koskm),
For A = (Ar, ..., \n) = (0717 ... mFm) we define the polynomial of n
variables by

fz) =

1

A mn
k‘o'kl o 'Z () T2 @5 T 255 - (@5 a50h).

Note that f) satisfies
[a(@)]fu(2)] = Oru-
Let g = (a0, ...,a*"b";0) € G.

Theorem 5.3. The zonal spherical function of the Gelfand pair (G, H)
are

w(ko,kl ,,,,, km)(aslbzn,CLSthQ7 s aSnbtn; O') — fA(£t1,§t2, - gtn>/f)\(17 s 1)7
where X = (01“01"“12’7“2 . -mkm) and Zﬁoki =n.

For \ = (0ko1k12k2 ... mkm) " we define
(kok1yokm) L m m
f(foo,fla..,fm) - 2n—k0 f)\(17 ceey 17 Sa "'76? e 76 ) af )
‘o 0 lm

Proposition 5.4.

et =S (o) JL (o Cr))™

aeA im0 \di0> il 0<i,j<m
where
A= AEZ?Z o )) = {a = (ai;) € M(m + 1,N0);§:a¢j = kj,iaij = &}.
i=0 j=0
Theorem 5.5.
W) = B ((—l, ooy~ L), (Kt ooy =) =13 ©,)

Here ©, = (1 — cos(2mij /7))1<ij<m-

6. GENERAL RESULT

In this section we consider a generalization of our main results. We
remark that, in Theorem 2.1,

ér = Jr—1— (gij)léi,jST—l‘

Here =, = (§)o<; j<r—1 is a table of zonal spherical functions of Gelfand
pair (Z/rZ,1) and, in Theorem 2.2,

(:)T = Jp — (€08 2mij /7 )1<i j<m.

Here O, = (cos27mij/1)o<i j<m is a table of zonal spherical functions of
Gelfand pair (D, (a)).



We assume that (G, H) is a Gelfand pair and the induced represen-
tation 1% is decomposed as follows:

s—1
15 = Vi, dimV; = d;.
i=0
Let Z(G, H) be a table of zonal spherical functions of (G, H). Then
we have the Gelfand pair (G S, H1S,). We obtain next theorem.

Theorem 6.1. The zonal spherical functions of Gelfand pair (RS, H
Sn) have (n+ 1, m + 1)-hypergeometric expressions

Wl = P~y 1), (= oy =R 1); =05 o1 — Z(G, H)).
Here J,_y is a s — 1 x s — 1 all-one-matriz and Z(G, H) is a matriz
which is obtained by removing Oth row and Oth column of Z(G, H).
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