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Decomposition of Green polynomials of type A and
DeConcini-Procesi algebras of hook partitions

Hideaki Morita and Tatsuhiro Nakajima

Abstract. A Kraskiewicz- Weymann type theorem is obtained for the DeConcini-Procesi algebras
of hook partitions. The DeConcini-Procesi algebras are graded modules of the symmetric groups,
that generalize the coinvariant algebras. Defining the direct sums of the homogeneous components
of the algebra in some natural way, we show that these submodules are induced from representations
of the corresponding subgroup of the symmetric group. The Green polynomials of type A play an
essential role in our argument.

1. Introduction

Let R, = D45 RY be the coinvariant algebra of the symmetric group S,,. For each I € {1,2,...,n}
and for each k =0,1,...,1 — 1, define a subspace R, (k;l) of R,, by

Ry (k1) :== @ R% .
d=k mod [
In our previous work [MN], we have shown that all R, (k;l) (k = 0,...1 — 1) are S,-submodules of equal
dimension and induced by modules of the subgroup H, () of S,,. Here H,(l) indicates a direct product of a
cyclic group of order [ generated by

(1, 0 +1,....20) - ((d=1)+1,....d) .

and the symmetric group of order r, where r is a remainder of n divided by .

In this article we consider the “DeConcini-Procesi algebras” in place of the coinvariant algebras in the
preceding result. The DeConcini-Procesi algebra R, is a graded S,-module parameterized by a partition
of n. The algebra R, serves the generalization of R, since R, = R,, when p = (1").

From the geometric point of view, DeConcini-Procesi algebras are isomorphic to the cohomology ring
of the fixed point subvarieties of flag varieties. Namely, the coinvariant algebras are isomorphic to the
cohomology ring of the flag varieties. Since the fixed point subvarieties are singular, we generally cannot
expect nice combinatorial properties of the Betti numbers, such as unimodal symmetry. Hence we may face
some difficulty when we try to achieve the results similar to the case of the coinvariant algebras. In fact,
even if we collect the homogeneous components of R, whose degree is congruent to & modulo n for each

k=0,...,n—1, the dimensions of them do not coincide.
However, we find that there exists a positive integer M, for a partition u such that R, holds the above
mentioned property for the coinvariant algebras for [ = 1,..., M. Essential tools to prove our main result
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are the “Green polynomials”. Green polynomials were introduced by J. A. Green [Gr] for the sake of
determining the irreducible characters of the general linear groups over finite fields. They also afford the
graded characters of the DeConcini-Procesi algebras. In this article, we construct the standard decomposition
for the Green polynomials. By applying this decomposition we prove the properties for the homogeneous
components of the DeConcini-Procesi algebras associated to the hook type partitions.

2. DeConcini-Procesi algebras

Let P, = Clz1,...,zy] denote the polynomial ring with n variables over C. Then S,, acts on P, from
the left as permutations of variables as follows:

(Uf)(xla"'a'rn) = f('ra(l):"'axa(n))a

where o € S, and f(x1,...,2,) € P,.

We introduce the homogeneous S,,-stable ideal of P, associated to a partition u = (p1, g2, - - ., fn) of n.
Let p' = (u}, iy, . .. ) be the conjugate of u. Now we designate by I, the ideal generated by the collection of
symmetric functions

{em (mi17 ce 7min—k+1)

where e, (24, . .. ,min_kﬂ) denotes the m-th elementary symmetric function in the variables x;,,..., z;,_, .
For example, when p = (2,1) F 3, then

k:17"'7/1/17
n—k+1—(up+pp ., ++up,)<m<n-—k+1 [’

I _ 63(9617962-,£U3)762($175627353),61(931,51527903)7
(2.1) 62(9617xz),€2($1,$3),62(w2,$3)

The DeConcini-Procesi algebra R, associated to u is defined as a quotient algebra
R, :=P,/1,

[DP, GP, T|. It is apparent from the definition of I, that R, is a graded S,-module. We write its
homogeneous decomposition as
_ d
R,=EPR..

d>0
Let chary R, denote the graded .S,,-character of R, defined by

char, R, :== Z ¢ char RZ ,
d>0

where char Rﬁ is the character of S,-submodule Rg.

For k =0,...,1 —1, define
R, ksl)= & Ri.
d=k mod [

What we would like to know first is which [ makes all the dimensions of R, (k;!) coincide. In order to answer
this question, we might consider the Poincaré polynomial of R, which is obtained by evaluating the graded
character at the identity. The graded characters are discussed in detail in the next section. In this section
we only state the following lemma that is useful for our purpose.
Lemma 2.1. Let q be an indeterminate and f(q) = Y ,5aiq" € Clg] a polynomial in q. Let £ > 2 be an
integer and C; the primitive £-th root of unity. Then the following conditions are equivalent:

(a) f(¢F)=0 for eachk=1,...,0—1,

(b) The partial sums ¢ = ,—p noqe@i (k=0,1,....£ —1) of coefficients of the polynomial f(q) are

independent of the choice of k.
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3. Green polynomials

The graded characters of the DeConcini-Procesi algebras are known as the Green polynomials (of type
A). For pkn, let X /' be the coefficient polynomials of the Hall-Littlewood symmetric functions P, (x;t) in
the power sum product p,(z), i.e.,

pp(z) = Z XN (t)Pu(z;t).

pkn
The Green polynomials Q% (q) [Gr, Mc] are defined by

Q4(q) = ""WX! ("),

where n(p) = 32,51 (i — g for pp = (pa, p2, . . ). ~
The Green polynomials have another expression using the modified Kostka polynomials K, (g). [Mc].
If we denote by Xf) the value of an irreducible character xy* for S,, at the element of cycle-type p, then

Q4(a) = xpKou(a).
AFn

Since the coefficient of ¢¢ in the polynomial Ky p is also known as the multiplicity of the irreducible component
V> in Rﬁ (see e.g., [GP]), we find that the Green polynomial Q% (g) affords the value of the graded character
of R, at the element of cycle-type p, i.e.,

@} (q) = charg Ry (p).
In addition, applying the combinatorial expression of the Kostka polynomials [LS]
Kalg)= > ¢,
TESSTab,, (A)
it immediately follows that
[R%: VA = 4{T € SSTab,()) | coch(T) = d}.

Here SSTab,,(\) denotes the set of semistandard Young tableaux of shape A with weight i, and coch(T') the
cocharge of a tableau T'.

Some explicit forms of Qg(q) have been known when y takes some special partitions. Before we expose
them, we give some symbols that appear in the explicit expressions. For each partition p = (1™12™2 ... n™n)
of n, we define

M, = max{mi,...,my},
bo(a) = [JA -1 =a*) - (1 =a™)

ep(@)=1—q)™ @A —=g)™ - (1—q")"™ .

In the case of u = (1™), that corresponds to the graded character of the coinvariant algebra, Qg")(q)
can be expressed as follows (see e.g., [G]).
Proposition 3.1. For pkFn

1-91-¢*)--(1-q")
ep(Q)
If 4 = (2,1"?) k- n (a hook type), then A. Morris gives Q% explicitly [Mr].

char, R, (q) = Q%" (q) =
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Proposition 3.2 (Morris). For p = (1"2"2...n"™),
1-q--(1-g¢"?
ep(Q)

In both of the cases above, we find that Green polynomial Qfo‘(q) can be decomposed into the rational
factor

Q" (g) = {(ri = 1)g" —rig" ' + 1}

(1-q)--(1-q¢")
eﬂ(q)
and the polynomial factor. This fact holds for the Green polynomial in general and we expose it in the
following theorem. Note that the theorem plays an important role to prove our main result.
Theorem 3.3. Let p and p be partitions of n. Then there exists a polynomial G'(q) € Zlq] such that

b1y (q)
(1Mm)
Q) = G, (q)
o) =R
The theorem is deduced from an expansion of the product of two Hall-Littlewood functions P, F;-) by
Py’s, where r is the last part of ¢/ and i = (u/\(r))’ - n —r. Applying Lemma 2.1 to Theorem 3.3, we
obtain the answer to the question in the previous section.
Corollary 3.4. Let p1 be a partition of n. For anyl € {2,...,M,} and for each k = 0,1,...,1—1, Clk 18
zero of Qé‘ln)(q). Hence the dimensions of R, (k;l) (k=0,...,l —1) are equal each other.
When the partition u - n is of a hook type, we can obtain an explicit expression of G‘;(q), that generalizes
Morris’ formula in Proposition 3.2.
Proposition 3.5. Let = (n — h,1%) = n be a hook type partition. Then, for p = (171272 ...n""),

(1—q)--(1-¢"
ep(Q)

Qb(q) = Gh(q) ,

where

Go=-m-y ¥ (2) (’"’“)anexq).

123
k=1 r=(1t1...k'k)FEk

4. DeConcini-Procesi algebras of hook type

In this section we show that, for a hook partition y, the DeConcini-Proseci algebra R, holds the property
similar to the coinvariant algebra R,,, i.e., there is a subgroup of S,, and its modules with equal rank such
that all R, (k;[) are induced by the modules.

Let = (n — h,1") be a hook partition of n. We suppose n — h > 1 below, since R, is the coinvariant
algebra if n —h = 1. In this case M, = h and it follows from Corollary 3.4 that for each [ € {(1,)2,...h}
the dimensions of R, (k;l) (k=0,...,1—1) coincide. When y = (n —h,1") and [ € {2,...h}, we denote by
d and r the quotient and the remainder of h divided by . Set i = (n — h,17) and v = (14).

Let C; be a cyclic subgroup of S, generated by an element

a=(1,2,.... 000+ 1,1+2,...;20) - (d= DI+ 1,(d= 1l +2,...,dl),
where (7,7 4+ 1,...,i+1) is a cyclic permutation of length ! and S,,_4 a subgroup of S,, defined by
Sn—di :={o € Splo(i) =14 fori=1,2,...,dl}.

We should prove the following theorem to obtain the result mentioned above. This is our main result in
this article.
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Theorem 4.1. Let = (n—h,1") (n—h > 1) be a hook type partition of n. For an integerl € {2,3,...,h},
leth=dl+r (0>r>1—1). Weset i=(n—h,1"). Then there is an Sy, x Cj-module isomorphism

Sn
R, = R—T .
m i
Sn—al

In the theorem above, the S;, x C;-module structures are defined as follows. The algebra R, is regarded
as an S, X Cj-module. The group C; acts on R, by

ax =(lr (v € RZ)'

Sn
R*T = EB oc® Ry
a Sn—dl a
o€Sn/Sn—da

The induced module

is also regarded as an S,, x C;-module. The action of Cj is defined by
alo®z)=0ca ' ®@ar=Cloat®r (z¢€ Rg).

Comparing the (f-eigenspaces of a € C; in both sides, we have the very thing that we would like to
prove.
Corollary 4.2. Let = (n — h,1") (n — h > 1) be a hook type partition of n. If we choose an integer
1€{2,3,...,h}, then there is an S,-module isomorphism

Sn
Ru(k;l) = Z,,(k; z)]

for each k =0,1,...,1 —1. We define here the representation Z,,(k;1) of C; X Sp—ai by

Zu(k:1) = P P gl gy

Abn—dl TeSSTaby (A)

C1XSn—al

where ¥®) : a — ¢ denotes an irreducible representation of C; = (a), and VA a irreducible representation
of Sn—ai associated to the partition A\ of n — dl.

5. Outline of the proof of Theorem 4.1
We will show that

. Sn .
char R, (w, a’) = char R,—Js (w,a’)
n—dl

for each (w,a?) € S,, x C.

Sn .
First we calculate the right-hand side of the above identity. If char R”Ts (w,a?) # 0, then there

n—dl
exists a basis element o ® x of char R,;T (w, a?) such that (w,a?)(0 ® x)|sge 7# 0. Since (w,a’ )(c @) =
n—dl
. . . . . Sn .
woa ™ Qalx = Cldjwaa’? ®z, it should follow that woa™ = o mod S,,_g if char R#T (w,a?) # 0. Thus

Sn—al
we have the following lemma:

S, _ .
Lemma 5.1. If char R;—J (w,a’) # 0, then w ~ a’v for some v € S,,_a
Sn—di

If woa™ = o mod S,,_q4, then woa™ = o7 for some 7 € S,,_4. Setting

SY) (w) :={o € 8,/S_alwoa™ = o1}
S (w) := {0 € 8,/8,_alwoa™? = o mod S,,_a},
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we have
Sy _ ,
char R w,a’) = SY) (w) char R, (7)| _.s
Jo_ )= 3 a0 dar Bl
= Y 18P (w)char Ry(v)],_¢s
TESn—dl
= 48U (w) char Rﬁ(’l))|q=clj.

(Note that v ~ 7 if w = a/v and woa™7 = o7.) We can enumerate the permutations belonging to the set
SO (w):
Proposition 5.2. For w =a'v € S,,,

() e zZn + e
ﬁS”(w)—pe!(”e )

where X(a?) = (p®), M\(v) = (172272 ...),
Let us summarize the above arguments:
Proposition 5.3. Suppose \(a?) = (p¢). Then

Sp ) cel(*» ) char, Ry (v)| _.i, if w ~ alv for some v € S,
CharRﬁT (w,a”) = p ( e ) a B )|‘I*CzJ f . f n—dl
Sn—at 0, otherwise.

On the other hand, for the left-hand side of the identity that we are now proving, it follows from Theorem
3.3 the following lemma:
Lemma 5.4. If Q’;(w)(gj) # 0 for some w € S, then w ~ a’v for some v € S,,_q.
Applying decomposition of the Green polynomials in Theorem 3.3 to some recursive relations of them, we
can obtain
Zpte

char, RM(’LU) a=C = Qﬁ(w)(gj) = pee!< .
=6

)Qi@(cf ).

We have thus shown the identity of two characters, thereby completing the proof of our main theorem.

References

[DP] C. DeConcini and C. Procesi, Symmetric functions, conjugacy classes, and the flag variety, Inv. Math. 64 (1981),

203-230.

[GP] A. M. Garsia and C. Procesi, On certain graded Sp-modules and the ¢-Kostka polynomials, Adv. Math. 94 (1992),
82-138.

[G] A. M. Garsia, Combinatorics of the free Lie algebra and the symmetric group, in Analysis, et cetera..., Jirgen Moser

Festschrift. Academic Press, New York, 1990, pp. 309-382.

[Gr]  J. A. Green, The character of the finite general linear groups, Trans. Amer. Math. Soc., 80 (1955), 402-447.

[KW] W. Kraskiewicz and J. Weymann, Algebra of coinvariants and the action of Coxeter elements, Bayreuth. Math. Schr.
63 (2001), 265-284.

[LS]  A.Lascoux and M. P. Schiitzenberger, Sur une conjecture de H. O. Foulkes, C. R. Acad. Sci. Paris. 286 (1978), 323-324.

[Mc] I G. Macdonald, Symmetric Functions and Hall Polynomials, 2nd ed., Oxford University Press, 1995.

[Mr] A. O. Morris, The characters of the group GL(n, q), Math. Z. 1 (1963), 112-123.

[MN] H. Morita and T. Nakajima, The coinvariant algebra of the symmetric group as a direct sum of induced modules,
submitted to Osaka J. Math.

[R] C. Reutenauer, Free Lie Algebras, Oxford University Press, Oxford, 1993.

1] T. Tanisaki, Defining ideals of the closures of conjugacy classes and representations of the Weyl groups, Tohoku J. Math.
34 (1982), 575-585.



SCHOOL OF SCIENCE, TOKAI UNIVERSITY, HIRATSUKA 259-1292, JAPAN
E-mail address: moritah@msg.biglobe.ne. jp

FAacuLTy OF ECcONOMICS, MEIKAI UNIVERSITY, URAYASU 279-8550, JAPAN
E-mail address: t.nkjm@ny.thn.ne. jp

H. Morita and Tatsuhiro Nakajima

209



