EHRHART POLYNOMIALS OF CYCLIC POLYTOPES

FU LIU

ABSTRACT. The Ehrhart polynomial of an integral convex polytope counts
the number of lattice points in dilates of the polytope. In [1], the authors
conjectured that for any cyclic polytope with integral parameters, the Ehrhart
polynomial of it is equal to its volume plus the Ehrhart polynomial of its lower
envelope and proved the case when the dimension d = 2. In our article, we
prove the conjecture for any dimension.

1. INTRODUCTION

For any integral convex polytope P, that is, a convex polytope whose vertices have
integral coordinates, any positive integer m € N, we denote by (P, m) the number
of lattice points in mP, where mP = {mx | © € P} is the mth dilate polytope of P.
In our paper, we will focus on a special class of polytopes, cyclic polytopes, which
are defined in terms of the moment curve:

Definition 1.1. The moment curve in R? is defined by

t
t2
vg R =Rt - py(t) =
v
Let T = {ti1,...,tn}< be alinearly ordered set. Then the cyclic polytope C4(T) =

Ca(t1, ..., tn) is the convex hull conv{vy(t1),va(t2),...,va(tn)} of n > d distinct
points v4(t;), 1 <4 <n, on the moment curve.

The main theorem in our article is the one conjecured in [1, Conjecture 1.5]:

Theorem 1.2. For any integral cyclic polytope Cy(T),
1(Cyq(T), m) = Vol(mCy(T)) + i(Cyq—1(T), m).

Hence,
d

d

i(Cd(T), m) = Z Vol (ka(T)) = Z Volk(Ok (T))mk,
k=0 k=0

where Vol (mCx(T)) is the volume of mCy(T) in k-dimensional space, and we let

VOlo(mCQ(T)) =1.

One direct result of Theorem 1.2 is that i(Cq(T"), m) is always a polynomial in
m. This result was already shown by Eugeéne Ehrhart for any integral polytope
in 1962 [2]. Thus, we call i(P,m) the Ehrhart polynomial of P when P is an in-
tegral polytope. There is much work on the coefficients of Ehrhart polynomials.
For instance it’s well known that the leading and second coefficients of i(P, m) are
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the normalized volume of P and one half of the normalized volume of the bound-
ary of P. But there is no known explicit method of describing all the coefficients
of Ehrhart polynomials of general integral polytopes. However, because of some
special properties that cyclic polytopes have, we are able to calculate the Ehrhart
polynomial of cyclic polytopes in the way described in Theorem 1.2.

In this paper, we use a standard triangulation decomposition of cyclic polytopes,
and careful counting of lattice points to reduce Theorem 1.2 to the case n=d+1,
(Theorem 2.9). We then prove Theorem 2.9 with the use of certain linear transfor-
mations and decompositions of polytopes containing our cyclic polytopes.

2. STATEMENTS AND PROOFS

All polytopes we will consider are full-dimensional, so for any convex polytope P,
we use d to denote both the dimension of the ambient space R? and the dimension of
P. Also, We denote by 9P and I(P) the boundary and the interior of P, respectively.

For simplicity, for any region R C R%, we denote by L(R) := RN Z% the set of
lattice points in R.

Consider the projection 7 : R? — R?~! that forgets the last coordinate. In [I,
Lemma 5.1], the authors showed that the inverse image under 7 of a lattice point
y € Cq_1(T)NZ%¥ ! is a line that intersects the boundary of Cy(T) at integral
points. By a similar argument, it’s easy to see that this is true when we replace the
cyclic polytopes by their dilated polytopes. Note that m#(mCy(T)) = mCy_1(T),
so for any lattice point y in mCy_1(T") the inverse image under 7 intersects the
boundary at lattice points.

Definition 2.1. For any z in a real space, let [(x) denote the last coordinate of x.
For any polytope P C R? and any point y € R4™!, let p(y, P) = 7~ (y) N P be
the intersection of P with the inverse image of y under w. Let p(y, P) and n(y, P)
be the point in p(y, P) with the largest and smallest last coordinate, respectively.
If p(y, P) is the empty set, i.e., y € w(P), then let p(y, P) and n(y, P) be empty
sets as well. Clearly, p(y, P) and n(y, P) are on the boundary of P. Also, we let
pt(y, P) = p(y, P) \ n(y, P), and for any S C R4™1, p* (S, P) = Uyesp™ (y, P).

Define PB(P) = Uye(p)P(y, P) to be the positive boundary of P; NB(P) =
Uyer(pyn(y, P) to be the negative boundary of P and Q(P) = P\ NB(P) =
pt(m(P),P) = Uyer(pypT (y, P) to be the nonnegative part of P.

For any facet F' of P, if F' has an interior point in the positive boundary of P,
(it’s easy to see that FF C PB(P)) then we call F' a positive facet of P and define
the sign of F' as +1 : sign(F) = +1. Similarly, we can define the negative facets of
P with associated sign —1.

By the argument we gave before Definition 2.1, 7 induces a bijection of lattice
points between N B(mCy(T)) and 7(mCy(T)) = mCq—_1(T). Hence, Theorem 1.2
is equivalent to the following Proposition:

Proposition 2.2. Vol(mCy(T)) = |L(Q(mCq(T)))|.

From now on, we will consider any polytopes or sets as multisets which allow
negative multiplicities. We can consider any element of a multiset as a pair (z, m),
where m is the multiplicity of element x. (A multiplicity zero for an element x is
used when z does not appear at all in the multiset.) Then for any multisets M7, My
and any integers m,n and ¢, we define the following operators:
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im) | (x,m) € My}.
(x,m) € My, (z,n) € Ma}.
1) Ms).

(i) Scalar product: iM; =i - My = {(z,
(ii) Addition: My & M2 = {(x,m +n) |
(iii) Subtraction: My © My = My & ((—

It’s clear that the following holds:

Lemma 2.3.
a) VRy,..., R CRL Viy,. .. ix € Z: LD i;R)) = D, i;L(R;).
b) For any polytope P C Rd, VRi,...,Ry CR¥* 1 Vi, ..., i, €Z:

k
&ir; P @sz (R;, P).
j=1

Let P be a convex polytope. For any y an interior point of w(P), since m is
a continous open map, the inverse image of y contains an interior point of P.
Thus 7~ !(y) intersects the boundary of P exactly twice. For any y a boundary
point of w(P), again because 7 is an open map, we have that p(y, P) C 9P, so
p(y, P) = m=1(y) N QP is either one point or a line segment. We hope that p(y, P)
always has only one point, so we define the following polytopes and discuss several
properties of them.

Definition 2.4. We call a convex polytope P a nice polytope with respect to 7
if for any y € dm(P), |p(y, P)] = 1 and for any lattice point y € m(P), 7 1(y)
intersects OP at lattice points.

Lemma 2.5. A nice polytope P has the following properties:

(i) For anyy € I(w(P)), 7~ (y) N dP = {p(y, P),n(y, P)}. In particular, if y
is a lattice point, then p(y, P) and n(y, P) are each lattice points.

(ii) For any y € On(P), n~*(y) N OP = p(y,P) = p(y,P) = n(y, P), so
pT(y, P) = 0. In particular, when y is a lattice point, p(y, P) is a lattice
point as well.

(iii) £ and p* commute: for any R C R~ L(pT (R, P)) = p*(L(R), P).

(iv) Let R be a region containing I(w(P)). Then

Q(P) = p* (R.P) = @ p* (v P

yeER

1£( = > Up(y, P)) = l(n(y, P)).

yeEL(R)
(By convention, if y & n(P), we let l(p(y, P)) — l(n(y, P)) =0.)

(v) If P is decomposed into nice polytopes P1,..., Py, i.e., P= P U---U Py
and I(P;) N I( i) = 0 for any distinct i, j, then 90 ) = @le Q(F;), so
LIQP)) = @iy LIAP)).

(vi) The set of facets of P are partitioned into the set of positive facets and the

set of megative facets, i.e., every facet is either positive or negative but not
both.

Moreover,

Proof. The first three and last properties are immediately true. And the fourth
one follows directly from the second one. The fifth property can be checked by
considering the definition of ). a
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By using these properties, we are able to give the following proposition about a
nice convex polytope:

Proposition 2.6. Let P be a nice convex polytope with respect to m such w(P) is
also nice, and all the points in P have nonnegative last coordinate. Suppose further
that for any facet F of P, w(F) is a nice polytope with respect to w. Then

Q(P) = . sign(F)p™ (Ur(F)), conv(F, 7(F))),
F: a facet of P
where conv(F, w(F)) denotes the convex hull of the set FU{(y’,0)' | y € n(F)}, i.e.
the region between F' and its projection onto the hyperplane {(z1,...,xq)" | 24 = 0}.

(Note, for any vector v, we use v’ to denote its transpose. So for a vertical vector
y, (y',0) is just the vector obtained from y by attaching a zero to the bottom of y.)

Proof. A special case of Lemma 2.5/(iv) is when R = Q(7(P)), so we have
QP) = p"(Un(P),P)= D ryP).
yeQ(n(P))

Now for any points a and b, we use (a,b] to denote the half-open line seg-
ment between a(excluding) and b(including). Then, p*(y, P) = (n(y, P),p(y, P)] =
(((v',0),p(y, P)] © (', 0),n(y, P)]). Therefore,

QP)= @ (.0 .p(y. P) o (y,0) nly. P)))

ye(n(P))

= D WpwP]|B| D - (.0 n(y,P)

yeQ(n(P)) yeQ(m(P))

Let Fy, Fy, ..., Fp be all the positive facets of P and Fyyq,...,Fx be all the
negative facets. Then it’s clear that w(Fy)Un(F2)U---Un(Fy) and 7(Fpqeq)U---U
m(Fy) both give a decomposition of 7(P). Therefore by Lemma 2.5/(v), we have

‘ k
that Q(r(P)) = @, Qr(F)) = B_,,, An(F})). Hence,

Y4

P @.0pw.P) = B P (W.0).py,P)
yeQ(n(P)) i=1 yeQ(n(F:))
£

— @er(Q(T((Fi)),CODV(Fiaﬂ-(Fi)))'
=1

Similarly, we will have
k
D -0 nly, P = @ (~1)p* (QUn(Ey)), conv(Ey, w(F}))).
yeQ(m(P)) j=0+1

Thus, by putting them together, we get

Q(P) = @ sign(F)p* (Q(n(F)), conv(F, 7 (F))).
F : afacet of P
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In the last proposition, we used a new notation conv(F, 7 (F')) to denote certain
polytopes. For polytopes that can be written in this way, we have the following
lemma, whose proof is trivial:

Lemma 2.7. Let H be a hyperplane in R? such that 7(H) = R?~!. Let S; C Sy be
two convex polytopes inside H and the last coordinates of all of their points are non-
negative. Then for any y € 7(S1), p* (y, conv(S1, 7(S1))) = p™ (y, conv(Sa, 7(S2))).

Having discussed some properties of nice polytopes with respect to m, we come
back to the dilated cyclic polytopes which are our main interest and show that they
are nice:

Lemma 2.8. mCy(T) is a nice polytope with respect to 7.

Proof. We already argued that mCy(T') satisfies the second condition to be nice.
So it’s left to check that |p(y, Cq(T))| =1 for any y € 9C4—1(T).

Let y = (y1,92,---,ya—1)" and suppose y is on a facet F of mCy_1(T) and
without loss of generality, let mvy_1(t1), mvg—_1(t2),...,mvg_1(tas—1) be the d — 1
vertices of F. Then there exist Aq,..., \q—1 € R>g such that y = Z;l;ll Ajmug_1(t;)

andzd 1)\ =1.

Let x € w1 (y)NmCy(T). There exist A}, ..., A\, € Rsq such that z = >°"_ | Nomuvy(t;)

=17
and Zj 1 Aj=1. Then y = 7(z) = Zj 1)\;de 1(t;). Since y is on the facet F,
Ay =0unless 1 < j <d—1 Thus y = Zd 1Xmud 1(t;) and Zd 1)\’ =
Therefore A\; = A}, 1 < j < d — 1. Hence z = ijl Ajmuvg(t;) is the only point in

7 (y) NmCy(T). O

We know that for any cyclic polytope Cy(T) with n = |T| > d + 1, we can
decompose it into n — d cyclic polytopes P; U --- U P,,_4, which is a triangulation
of Cy4(T) and where P;’s are all defined by (d + 1)-element integer sets. E.g., the
pulling triangulation of [4] has this property. Therefore by the fourth property
in Lemma 2.5, we have that £(Q(Cy4(T))) = U?:_ld L(Q(F)). Thus |[L(Q(P))| =
Zf:l |L(Q(P;))]. Note that we also have Vol(Cy(T)) = Y i 1d Vol(P;). We conclude
that to prove Proposition 2.2, it is enough to prove the following;:

Theorem 2.9. For any integer sets T with n = |T| = d + 1, Vol(mCy(T)) =
[L(Q(mCa(T)))].

Definition 2.10. A map ¢ : R? — R? is structure perserving if it preserves volume
and it commutes with the following operations:
(i) L : taking lattice points of a region R C RY;
(ii) conv : taking the convex hull of a collection of points;
(iii) €2 : taking the nonnegative part of a convex polytope;
(iv) PB: taking the positive boundary of a convex polytope;
(v) NB: taking the negative boundary of a convex polytope.

Remark 2.11. Here ¢ commuting with conv implies (or is equivalent to) that for
any set of points z1, ...,z € R%, and for any A1, ..., \; € RZ0 with Zf:l A=1,
T(Z:f:1 Aix;) = Zf:l AT (z;). Therefore ¢ is an affine transformation, which can
be defined by a d x d matrix A and a vector u € R? : T(z) = Az + u. Moreover,
o commuting with PB and N B implies that ¢ preserves the positive facets and
negative facets of a convex polytope.
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Lemma 2.12. Let A be a d x d integral lower triangular matriz with 1’s on its
diagonal, and u be an integral vector in R?. Then ¢ : x +— Ax + u gives a map
which is structure preserving, and so does . Therefore, ¢ is a bijection from Z°
to 7. Hence, for any subset S € R, |L(S)| = |L(x(S5))].

Moreover, for any y € R¥1 if we define $(y) = Ay + @, where A is the right
upper (d—1) x (d—1) matriz of A and @ = m(u), then p™(@(y), p(P)) = ¢(p* (y, P)),

for any polytope P.

Proof. The determinant of A is 1, hence ¢ is volume preserving. It’s easy to check
that ¢ commutes with £ and conv. To show that ¢ commutes with 2, PB and N B,
it suffices to show that for all ¥, 2o € R? with 7(z1) = 7(x2) and I(z1) > I(z2),
then 7(p(z1)) = w(p(x2)) and I(¢(x1)) > I(¢(z2)). This is not hard to check using
the fact that A is a lower triangular matrix with 1’s on its diagonal. Hence, ¢ is
structure preserving.

Note that ¢~ maps x to A~z — A~ 1u. But we know that A~! is also an integral
lower triangular matrix with 1’s on its diagonal and —A~1u is an integral vector.
So ¢! is structure preserving as well.

It’s clear that ¢ = mo pon~!, which implies that 7710 % = pon~!. So we have

zep(pt(y,P) <o Ha)epT(y,P)=7""(y)NP
srepr () NneP)=7""¢y) Ne(P) =z cpt(3y), o(P)).

O
Now for any real numbers 71,732, ...,7r4, we consider the d x d lower triangular
matrices o
1) e, . . ; y
AT1,~~~,Td(i7j): { ((), 1) eli](rl’.”’rl)’ zij
and
1, 1=
By, (Zr.]) = 0, 1 # j&i < d
(_1)i7jei7j(rlv v 7'ri)7 J 7é t=d
where ey (r1,...,71) = D i cipc..ci, TiaTia - - - Ty, 15 the kth elementary symmetric
function in 7y, ..., 7.

For simplicity, we allow a map originally defined on R? to work in higher dimen-
sion, by applying the map to the first d coordinates. Then it’s not hard to see that
ATlv";Td = AT1,~~~,7‘d—1BT1,~~~,Td = Bleu;TdA"'lwu;Td—l'

We also define vectors

-1 —e1(r1)
172 ea(ry, o)
Upy,...orqg = —Tirars = —63(7"1,7"2,7‘3) )
(—1)dr1r2...rd (—l)ded(rlm%...md)
and
0 0
0 0
Ury,...orqg = : = :
0 0
(—1)d7"1r2...7"d (—l)ded(rl,r%...md)
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Similarly, we allow the addition operation between two vectors of different dimen-
sions by adding the lower dimension one to the first corresponding coordinates of
the higher one. Thus, up, . ry = Ury,...ry 1 + Vri,.rg-

Now we define maps ¢, r, : & — Ap ;s + Uy r, a0d Gpry p, 0 T
Bry... ro%+Vry, .. Unlike @, ., &, r, does not depend on the order of r;’s.
In other words, for any permutation o € Sq, ¢ry,...ry = r, (),

Note that ¢,, ..
following lemma:

STo(d)

.rq Only changes the dth coordinate of a vector, so we have the

Lemma 2.13. ¢r, 5y = @ry,rg 1 © ¢T1,---ﬂ°d'

Remark 2.14. When we consider ¢, ,, and ¢, .. ., operating on the moment
curve, we have

t (t — 7"1)

t2 (t—r1)(t —ra)
Pri,..ra (Vd(t)) = AT17~~~;Td : T Upy,ry = : )

td (t—r)(t—72) - (t—74)

¢ ;

t2 t
¢T1,~~7Td(yd(t)) = BT1,~~~7Td . T Uy = :

: td_l

4d

(t—ri)t—ra) - (t—7aq)

Remark 2.15. When 7, ..., rq are integers, ©r, ... ry, $r,...,r, and their inverse maps

are structure preserving by Lemma 2.12.

Now by using ¢’s (or ¢’s), we are able to determine the sign of the facets of
dilated cyclic polytopes:

Proposition 2.16. Let P = mCy(T), where m € N and T = {t1,t2,...,tn}< an

integral ordered set. Let F be a facet of P determined by vertices vq(ti, ), Va(tiy), - - -, Va(ti,)-

Let k be the smallest element of the set {1,2,...,n}\ {i1,...,i4}, then sign(F) =
(=1)4=*. In particular, when |T| =n = d + 1, let F}, be the facet of P determined
by all the vertices of P except vq(t;, ), then for k € [d],sign(Fy) = sign(oy), where
op=(k,k+1,---,d) € Sq and sign(Fy41) = —1.

Proof. We first consider the case when m = 1, i.e. P is a cyclic polytope. Without
loss of generality, we assume that i1 < i3 < --- < i4. Consider the polytope
Q=01 b, (P). For j =1,2,...,n, the last coordinate of the vertex of @ which
mapped from l/d(tj) is l(¢ti17~~~»tid (Vd(tj))) = (tj — til)(tj — t¢2) e (tj — tid)- Hence
the last coordinates of the vertices of ¢ti1»---vtid (F) are all 0’s. So ¢ti1»---vtid (F) is on
the hyperplane obtained by setting the last coordinate to 0. Since k is the smallest
element not in {i1,...,94}, i1 = 1,ia = 2,...,ip_1 =k — 1,ip > k. So t —t;, >0
when [ = 1,2,...,k —1; and ¢, — ¢;, < 0 when | = k,k+ 1,...,d. Therefore
sign(l(or,, .1, (Va(tr))) = (=1)***1. By using Gale’s evenness condition [3], it’s
not hard to see that sign(l(¢y,, .+, (va(t))) = (=1)* 1 for all I & {i,...,i4}.
Thus we can conclude that I(¢¢, ...+, (P)) is nonnegative if d — k is odd, and is
nonpositive if d — k is even. Hence ¢ti1,...,tid (F) and F are negative facets if d — k
is odd, and positive facets if d — k is even. So sign(F) = (=1)*"*. For n = d + 1,
it’s easy to see that sign(oy,) = (—1)47% = sign(Fy).
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For m > 1, we just need to consider the map z — Bti1,~~~,tidm + mue,
instead of ¢til7--~,tid7 and then we will have similar results.

O

Lemma 2.17. For all d € R, for all s1,...,84 € N, let z9 = 1 and Py sy =

{(x1,...,mq) € RY | Vi € [d] : 0 < x; < sm-1}, Reyosy = QUPsy.s,). Then

goany

Moreover, the vertices of Py, .. s, are

S1 S1

0 51 818 818
152 152

0 0
0 518283

b) b PR |

0 0

0 S$182 -+ 8¢

and the positive boundary of Ps, ... s, is just the convex hull of the first d—1 vertices
and the last one. Note the first d — 1 wvertices span a (d — 2)-dimensional space
{(z1,...,2q)" | ©qg = xq—1 = 0}. Hence PB(Ps, .. s,) is in the hyperplane spanned
by this (d — 2)-dimensional space and the last vertez.

Proof. The first result is immediate by considering the definition of Q.
We have R, s, 1 C P, .64 1,50

p+(R517~~~75d—17P517~~~75d) - p+(P51»---75d—17PSl»---75d) = er(ﬂ-(PSl»--de)?P517~~~»5d)
= Q(PShm,Sd) = RS1,~~,Sd'

But for x = (z1,...,24) € Rs, .. s,, we have that z4 > 0 which implies that

Sqxg—1 > 0,80 xq—1 > 0. Therefore 7(z) € Ry, s, ,- Thus,z € p™(Rs, . sy 1+ Psyi....ss

Now we can conclude that Ry, . s, = pT(Rsy,....su 1> Por.54)-
O

Theorem 2.18. Let d € N and T = {t1,ta,...,ta11}< be an integral ordered set,
then

Q(Cd(T)) = @ Sign(a)@;}(l),...,td(d)(th+1*ta(l)nn,td-;-l*ta(d))'

oESy

Proof. We proceed by induction on d. When d = 1, Cy4(T) is just the interval
[t1,t2]. Then the only element o € Sy is the identity map. R¢,—¢, = (0,t2 —t1]. And
Ptz —ty, 50 ot e+t Thus o, (0,82 — 1)) = (4, t2] = Q([t1, ta2]).

Now we assume the theorem is true for dimensions less than d, and we will prove

the case of dimension d(> 2). Let P = ¢y, ... +,(Ca(T)), and let v; = ¢y, .+, (va(ti)), i €

vi—1(t;)

[d + 1], be the vertices of P. Then for i € [d], v; = ( 0

)andfori:d—i—l,

Va—1(tat1)

te = ( T (tass — t2))

all the points in P are nonnegative. By Proposition 2.6, we have that

Q(P) = @ sign(F)pt (Q(n(F)), conv(F,n(F))).
F: a facet of P

) . Since Hle(tdﬂ —t;)) > 0, the last coordinates of

Sd = Psl,...,sdm{md > 0} andfor alld Z 2 : Rsl,...,sd = p+(Rsl,...,sd,17Psl,...,sd)-

).
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As in Proposition 2.16, we let Fy be the facet of Cy(T") determined by all the
vertices of Cy(T) except v4(t;, ), then

QUP) = D sign(@t,...a (F))pT (U (Btr,...ta(F))s conV(trta (i), (Bt (F1))))-

ke[d+1]

Fork=d+1, F = ¢y, 4+,(Fay1) = conv({v;}%,) is on the hyperplane Hy =
{(x1,...,24)" € R | 24 = 0}. So conv(F, w(F)) is just F. Thus pt (Q(n(F)), conv(F, 7(F)))
is an empty set.

And for k € [d], by Proposition 2.16, sign(F}) = sign(oy), where o, = (k, k +
1,--- ,d) € Sq. Let Ty, =T \ {tk}, then 7T(¢t1,..,td(Fk)) = W(Fk) = Cdfl(Tk%
because ¢y, ...+, just changes the last coordinates. It’s easy to see that

COHV(¢t1:"'7td (Fk)7 7r(¢t1,~~~7td (Fk))) = COHV({vi}iik U {v¢/i+1})7

where v);, | = ( Vd*lgd“) ) is the projection of v4y1 to the hyperplane Hy.
Hence,
QP) = P sign(ow)p™ (ACa1(Tk)), conv({vi}izr U {vhi1})).
ke(d]
For any k € [d], T) = {tgk(l),tgk(g),...,tok(d,l),td+1}<. By the induction
hypothesis, we have that

. -1
Q(Cd—l(Tk)): @ Slgn(’r)(pt(,k(.r(lw,...,tgk(r(d_l))(th+1_t0k(7(1))»"'7td+1_t0k(7(d71)))'
TESq—1

So,

Sign(ak)qﬁtfwtd (QC4-1(T)))

. . 1
@ sign (o) Slgn(T)QDt%(Tm),...,tgk(,.(d_l)) (th-pl*tgk(r(l)) seestdt1— ey (r(d—1)) )
TESG 1

. -1
= @ Slgn((j)@td(l),...7t<,(d_1> (th+17ta(1)7~~~:td+17tg(d—1))' (let 0= UkT)
c€Sq:0(d)=k

Let Hj, be the hyperplane determined by ¢y, .+, (F), and H,j ={z e H;|l(z) >
0}. We claim that for all o € Sy with o(d) = k, we have

—1 +
@tdu),...,tg(d_l) (PB(Ptd-H*tg(l)7~~~,td+1*t<7(d_1),td+1*t<7(d))) c Hk :

Given this, we can pick a convex polytope S C Hy, such that

a) The last coordinates of the points in Sy are nonnegative;
: —1
b) S}, contains Sotg(l),...,t(,(d_l)(PB(Ptd+l7t<7(1)7~~~ytd+17to(d—l):td+17tg(d)))7 for all

o € 54 with o(d) = k;
c¢) Sy contains ¢, 1, (F).

Note that w(Hj) contains m(¢s, . +,(Fk)) = m(Fy) = Cq—1(T}), which has dimen-
sion d — 1. So 7(Hy) = R4~1.
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Hence, by Lemma 2.7
Q(Cu(T))
= 5. (UP))
= P sign(on)d;,’ 4, (0T (UCa-_1(Th)), conv({uv; bizes U {vlpy1})))

ke(d]

= D s, (7 (UCar (T1)), conv (S, 7(51)))
ke(d]

= @Sign(o—k)(bt:%.wtd(p-‘r( @ Sign(T)SDt;i(T(l))7...7tgk(7(d_1)) (th+1*tak(f(1)),~~~7td+1*tak(f(d—1)))7
ke[d] TESGg_1

conv (S, m(Sk))))
= @ @ Sign(o)(bt_l%...,td (er (9015_01(1) ..... to(a—1) (th+17tg(1)7~~~7td+17ta(d—1))7

ke[d] o€Sq,0(d)=k
—1
('Otgu),w,ta(dfn (Ptd+1*ta(1),~~~,td+1*to(d—1),td+1*tg(d>)))
_ : -1 -1 +
= @ Slgn(a)(btl,...,td@ta(l),...,tg(d,l) (p (thJrl_tg(l)a--->td+1_tu(d—1)’
oc€Sq

Ptd+1*tg(1) seeostd1—to(d—1),td+1—to(d) ))

oc€Sy

Thus the claim implies the theorem.
Showing the claim is equivalent to showing that

Jr
PB(PtrH»l_ta(l)1--->td+1_tu(d—l)atd+1_t0(d)) C <pta(1),~~~,ta(d71)(Hk )

Both ¢4, ,),...t,a_,, and its inverse only work on the first d — 1 coordinates of any
point in R?. Thus Bto1yrtora_1) (H;) is just ¢ (Hp)N{z e R? | I(x) >
0}. But it’s clear that PB(P,,,, yisin {z € R? | I(z) >
0}. So it’s enough to show that

o(1)s-sto(d—1)

o(1)smtd41—to(d—1):td+1—ts(d)

PB(Ptd-H*tg(l),~~~,td+1*ta(d—1),td+1*ta(d)) - Ptorysotoa—1) (Hk)

By Lemma 2.17, PB(P;,, , -+ lies in the hyperplane H

a(1)y~~~,td+1*tg(d_1),td+1*tg(d))
td+1 — to(1)
(tav1 — to)) (a1 — to2))
which is spanned by {(z1,...,24) | x4 = zq—1 = 0} and (tar1 = to()) (a1 = to(2)) (tar1 = to(3))

(tar1 — to))(tar1 — to(2)) -+ (tav1 — to(ay)
So we need show that ¢, .1, (Hk) = H. Since Hy, is the hyperplane contain-
ing ¢t17~~~7td (Fk)v it’s enough to show that Ptorys otoa—1) (¢t17~~~7td (Fk)) = Ptoays - toa) (Fk)
is contained in H. However, Fj, = conv(v4(T%)). Meanwhile, by remark 2.14, we have

=t oy
t—to1))(t — o)
Ptoysmto(a) (Vd(t)) = .

(t = to)(t = to(2) -~ (t = to(a))
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Since o(d) = k, for any i € [d],i # k, Ptory st (v4(t;)) has the last two coor-
dinates equal to 0. And for i = d + 1, ¥t ...t (va(tas1)) is exactly the last
vertex of Py i —t, 1y, tap1—to(a1y,tas1—ta(a» Which completes the proof the claim
and hence the theorem.

O

Remark 2.19. If we define @, ry,...ry : & — Ary . ro® + MU, . r,, then similarly
we can prove that

(mcd @ SIgn (pm o (1) to(d) (mth+1—tU(1),...,td+1—t0(d))-
o€Sy

Corollary 2.20.

L(Q(mCq(T @ sign(o (Pm{tu(l),...,tuw) (mth+1*ta(1)7~~~,td+1*tg(d)))'
g€Sy
Hence,
|‘c( (mCd |_ Z Slgn |‘C mth+1 ta(1),~~~,td+1*tg(d))|'
oESy

It’s easy to see that mRy, .. s, = Rms,,ss,...,s4- Moreover,

S1  S2T1 SnTn—1
|L( 51, 75d E: 2: j: L
r1=1x2=1 rnp=1

Therefore, it’s natural to look at the following:

Lemma 2.21. For any nonnegative integers ai,as, ..., Gy, let
a1 a2T1 AnTn—1
h(ai,ag,...,an) = E E E 1.
r1=1x2=1 Tp=1

Then the only highest degree term of h is al Tad™ 1a§ 2. . .an. This is also true

when we consider h as a polynomial just in the variable ay.

Proof of Lemma 2.21: We will prove it by induction on n.
When n =1, h(a1) = >.2'_, 1 =a;. Thus the lemma holds.

931:1

Assume the lemma is true for n, and note that h(ay,as,...,an41) = Zii:l h(asz1,as,...,an41).

By assumption, i, ayasy~ Lo @127 is the only highest degree term of h(asz1,as, ..., an+1)

when we consider it as polynomial both in y = asx1,as,...,an4+1 and in y. This im-
plies that 1, abas~ Lo an+127 is the only highest degree term of h(asx1,as, ..., ant1)
when we consider it both in ag,as,...,an+1 and in ;. Then our lemma immediately
follows from the fact that the highest degree term of 221:1 o is -t

n+l ay
O

Proposition 2.22. For any nonnegative integers a1, Gz, . . ., Gn, let Hp(a1, a2, ..., an) =
> e, sign(o)h(mag (1), Go(2) - - - s o(n)). Then

Hm(ar,a2,...,a,) = mTTHai H (a; — aj).

i=1 1<i<j<n
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Proof of Proposition 2.22:
Clearly if any of a;’s is 0, then H,,,(a1,...,a,) = 0. Also for 1 <i < j <n, Hn,
changes sign when we switch a; and ay, i.e.,

Hm(...,ai,...,aj,...)z—Hm(...,aj,...,ai,...).

Therefore, H,, (a1, ..., a,) must be a multiple of
a; H (ai — aj),
i=1  1<i<j<n
which has degree in(n +1).

So now it’s enough to show that Hy,(a1,...,a,) is of degree n(n + 1) and
the coefficient of a?ag_lag_Q coily in Hep(ar, ... ap) is %, which follows from
Lemma 2.21. O
Proof of Theorem 2.9: By Corollary 2.20,

|‘C(Q(mcd(T)))| = Z Sign(g)|£(mth+17ta(1)7---)td+17tg(d))|
oESy

= Hm(tar1 —toq), tars = to), - tar1 — toa))

md 2
= TH(th—tz‘) II -t

1<i<j<d

md
= = [T @ —t)=VolmCu(T)).

T 1<i<j<d+1
O

As we argued earlier in our paper, the proof of Theorem 2.9 completes the proof
of Proposition 2.2 and thus proof of our main Theorem 1.2.

Acknowledgements. I would like to thank Richard Stanley for showing me the
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