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1. INTRODUCTION

The (0,1)-matrices have a wide variety of applications in combinatorics as well as
in computer science. A lot of research had been devoted to this area. By considering
the set of n x n (0,1)-matrices as a boolean monoid and relating them to posets,
one can get interesting representations of .S,,. Note that S, x S,, acts on matrices
by permuting rows and columns. Some aspects of the corresponding equivalence
relation are treated in [I] and [Li]. A simultaneous lexicographic ordering of the
rows and the columns using this action is shown in [MM].

The above action of S, X .S,, gives rise to a permutation representation of .S, x .S,
on (0,1)-matrices. If we diagonally embed S, in S,, x S,, we get a generalization of
the conjugacy representation of S,,.

Adin and Frumkin [AF] showed that the conjugacy character of the symmetric
group is close, in some sense, to the regular character of S,. More precisely, the
quotient of the norms of the regular character and the conjugacy character as well
as the cosine of the angle between them tend to 1 when n tends to infinity. This
implies that these representations have essentially the same decompositions.

Roichman [R] further points out a wide family of irreducible representations of
Sy whose multiplicity in the conjugacy representation is asymptotically equal to
their dimension, i.e. their multiplicity in the regular representation.

In this paper we use the action of S,, x S,, on the (0,1)- matrices to define two
families of representations on a family of orbits of this action. The first family forms
an interpolation between the regular representation of S,, x .S,, and the ’diagonal
sum’ of the irreducible representations of S,: @,,,, S* ® SA. The other family is
a generalization of the conjugacy representation of S,. In both cases we calculate
characters and present the decomposition of these representations into irreducibles.
The second family of representations can be seen as an extension of the results of
[AF] and [R].

2. PRELIMINARIES

2.1. Symmetric Groups. S, is the group of all bijections from the set {1..n}
to itself. Every m € S, may be written in disjoint cycle form usually omit-
ting the l-cycles of w. For example, # = 365492187 may also be written as
™ = (9,7,1,3,5)(2,6). Given m,7 € S, let 77 := 7w o7 (composition of func-
tions) so that, for example, (1,2)(2,3) = (1,2, 3). Note that two permutations are
conjugate in S, if and only if they have the same cycle structure. In this paper we
write m ~ ¢ if the permutations m and o are conjugate in S,,. We denote by S,
1
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the set of conjugacy classes of S, and by C, < S,, the centralizer subgroup of the
element 7 € S,,. Let C(7) C S,, denote the conjugacy class of the element = € S,,.
By supp(m) we mean the set of digits which are not fixed by 7. An element 7w € S,
with |supp(m)| = t can be considered as an element of S; and then C% denotes the
centralizer subgroup of the element 7 in S; while C*(7) denotes the conjugacy class
of the element 7 in S;. mp7m,—_; denotes an element of S, x S, _, where 7, € Sk
and m,_r € Sp_k-

Ckx(n—k) (mk7mn—k) denotes the conjugacy class of the element g7,k in Sk X Sy, —k.

There is an obvious embedding of S,, in GL, (F) where is F is any field. Just
think about a permutation 7 € S,, as an n X n matrix obtained from the identity
matrix by permutations of the rows. More explicitly: for every permutation © € .S,
we identify 7w with the matrix:

o=} i

0 otherwise

Further we identify a permutation with the corresponding permutation matrix.

2.2. Color permutation groups. For later use, we define here the color permu-
tation groups. For r,n € N, let G, , denote the group of all n by n monomial
matrices whose non-zero entries are complex r-th roots of unity. This group can
also be described as the wreath product C).1 S,, which is the semi-direct product
C? xSy, where C) is taken as the subgroup of all diagonal matrices in G, ,. For
r =1, Gy, is just S, while for r = 2, G, ,, = B,,, the Weyl group of type B.

2.3. Representations.

2.3.1. Permutation representations. In this work we deal mainly with permutation
representations. Given an action of a group G on a set M, the appropriate rep-
resentation space is the space spanned by the elements of M on which G acts by
linear extension. We list two well known facts about permutation representations.

Fact 2.1. The character of the permutation representation calculated at some g € G
equals to the number of fized points under g.

Fact 2.2. The multiplicity of the trivial representation in a given permutation
representation is equal to the number of orbits under the corresponding action.

An important example we will use extensively in this work is the conjugacy
representation which is the permutation representation obtained by the action of
the group on itself by conjugation.

2.3.2. Representations of S,. Let n be a nonnegative integer. A partition of n
is an infinite sequence of nonnegative integers with finitely many nonzero terms
o]

A= (A1, Ag,...), where Ay > Xy > ... and Y A\ =n.
i=1

The sum > A; = n is called the size of A, denoted |\|; write also A - n. The
number of parts of A, £()), is the maximal j for which A; > 0. The unique partition
of n = 0 is the empty partition § = (0,0,...), which has length ¢(() := 0. For a
partition A = (Ag,..., Ak, ...) define the conjugate partition X' = (Nj,...,\,...)
by letting A\, be the number of parts of A that are > ¢ (Vi > 1).
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A partition A = (A, ..., \x) may be viewed as the subset
{(L,7)11<i<k1<j<N}CZP

the corresponding Young diagram. Using this interpretation we may speak of the
intersection A Ny, the set difference A\ p and the symmetric set difference AAp of

o0
any two partitions. Note that [AAu| = > [Ax — pl-
k=1

It is well known that the irreducible representations of S,, are indexed by par-
titions of n (See for example [Sa]) and the representations of S, x S, are indexed
by pairs of partitions (A, 1) where A, u = n. For every two representations of .S,
A and p, we denote by m(}A, p) the multiplicity of A in p. If we denote by (,) the
standard scalar product of characters of a finite group G i.e.

1
(X1,Xx2) = 1€l > xa(m)xa()

TeG

then m(A, p) = (Xx, Xp)-

Similarly, m((/\, i), <p) denotes the multiplicity of the representation of S,, x S,
corresponding to the pair of partitions (A, ) , AF n , u b n in the decomposition
of ¢, where ¢ is any representation of S,, x .9,,.

We cite here for later use the branching rule for the representations of S,,. We
start with a definition needed to state the branching rule.

Definition 2.3. Let A = n be a Young diagram. Then a corner of X is a cell
(i,7) € A such whose removal leaves leaves the Young diagram of a partition. Any
partition obtained by such a remowval is denoted by A\~ .

Proposition 2.4. [Sa] If A n then
s lnglg @ s
o

3. THE ACTION OF S,, X S,, ON INVERTIBLE MATRICES

Definition 3.1. Let G be a subgroup of S,, X Sy, and let F be any field. We define
an action of G on the group GL,(F) by

(m,0) @ A=7Ac~" where (7,0) € G and A € GL,(F) (1)

It is easy to see that this really defines a group action.
In this work we deal only with the cases: G = S,, x S, and G = (Sg X Sp—) X
(Sk- X Sn—k)-

Definition 3.2. Let M be a finite subset of GL,(F), invariant under the action
of Sy, x S, defined above. We denote by ayy the permutation representation of G
obtained from the action (1) . In the sequel we identify the action (1) with the
permutation representation oy associated with it.

3.1. A generalization of the conjugacy representation of S,,. In this section
we present a conjugacy representation of S,, on a subset M of GL,(F).

Definition 3.3. Denote by 0 the permutation representation of S, obtained by the
following action on M.

ToA=(m,m)e A=7Ar"" (2)
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The connection between ay; and By is given by the following easily seen claim:

Claim 3.4. Consider the diagonal embedding of S, into S, X S,. Then

Bar = anr 13775 O

Theorem 3.5. For every finite set M C GL,,(F) invariant under the action (1) of
S, X Sy defined above:
If T and o are conjugate in S, then

Xonm ((7‘(,0’)) = Xaum ((ﬂ'vﬂ')) = XBum (TF) = #{A eM | TA = Aﬂ'}

If  is mot conjugate to o in S, then
Xay ((m,0)) =0.
Proof. See Theorem 4.5 in [CS]. O

4. THE ACTION OF S,, X S, ON (0,1)-MATRICES

In this section we specialize the action (1) of S, x S, defined in Section 3 to
(0,1)-matrices. Consider the group G = GL,(Zs). For every A € G denote by o(A)
the number of nonzero entries in A. One can associate with A a pair of partitions
of o(A) with n parts (n(A),0(A)) where n(A) describes the distribution of nonzero
entries in the rows of A and 6(A) describes the same distribution for columns. For
example, if:

0
1
A= 0
1

_ O = =
—_ O O O

0

1

1

1

then n(A4) = (4,3,1,1) -9 and 6(A4) = (3,3,2,1) - 9.
If we fix a pair of partitions (7, §) then the set of matrices corresponding to (7, 6)

is closed under the action (1), but this action is not necessarily transitive on such

a set, i.e. it can be decomposed into a union of several orbits.

We present now a family of subsets of GL,,(Z2) which will be proven shortly to
be orbits of our action:

Definition 4.1.
H) ={A€GIn(A)=0(A)=(1,1,1,...,1) =1"}
HY ={AeG|n(A) = (n1,1,...,1),0(4) = (2,2,...,2,1) = 2" 1}
H2={AcGnA) =(nn—1,1,..1),0(A) = (3,3,...,3,2,1) = 3"221}

HY={AcGnA)=mnn-1,....n—(k—1),1,...,1),
O(A) = (k+1,k+1,... k+1,kk—1,...,2,1) = (k+1)" %k (k—1) ... 21}
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Note that in the above example A € Hj.
A few remarks on the sets HY are in order: First, note that |[HF| = n!(n)g. Sec-
ondly, note that H? is S,,, embedded as permutation matrices. Also note that the
set HOU H} is closed under matrix multiplication and matrix inversion and is actu-
ally isomorphic to the group S,,+1. Another simple observation is that H" = H? 1.

In order to prove that the sets HY are transitive under the action we need the
following definition:

Definition 4.2. Denote by U, . the following binary n X n matriz : the upper left
k x k block is upper triangular with the upper triangle filled by ones, the upper right
k x (n—k) block is filled by ones, the lower left (n — k) X k block is the zero matriz
and the lower right (n — k) x (n — k) block is the identity matriz I,,_y.

Proposition 4.3. Each set HF is transitive under the action a of S,, x S,,. More
explicitly, HY = {nU, o |7, 0 € Sy}

For the case k = n the permutation representation ayx can be easily described:
Proposition 4.4. The representation apn s isomorphic to the regular represen-

tation of S,, X Sy,.

4.1. A natural mapping from H* onto S,. In this section we present an epi-
morphism between the representation of S, x S, on HY to the representation of
Sn X S, on S,. We will use this mapping later when we decompose the permutation
representation « into irreducibles representations.

Definition 4.5. Define the mapping T, i, : HF — S, by Tk (7U, ko) = 7o
Proposition 4.6. The mapping T, 1, preserves the action o of S, x Sy, on HE ie.
Ty (tAc) = 7Ty, k(A)o for any A € HE.

It is also clear from the definition that T}, ) is onto and it is easy to see that
T, k(M) = kL5 = ()
5. THE REPRESENTATION ) FOR M = HF.

In [F] it was proven that the conjugacy representation of S, contains every
irreducible representation of S, as a constituent. The representation 3 defined in
Section 3.1 is a type of a conjugacy representation of S, on H¥.

Proposition 5.1. Denote the conjugacy representation of S, by . Then every
irreducible representation of Sy, is a constituent in Byx. In other words

m()\,ﬁHﬁ) >0 for any AFn.

where m()\,ﬁHﬁ) denotes the multiplicity of the irreducible representation corre-
sponding to X in By

We turn now to the calculation of the character of Byx. By the definition, we
have:

X (1) (= Xouy (7.7)) = #{A € HE|7A = Ar)
but we can achieve much more than that:
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Proposition 5.2.
Xpyp (M) = |Cr|(n = |supp(m)[)i = (n = [supp(m) )k XCon; (T)
where Xcon; 5 the conjugacy character of Sy,.

We turn now to the calculation of the multiplicity of every irreducible represen-
tation of S, in By

Proposition 5.3. Let A\ - n.

m(\, Bux) = Y xa(C)(n — |supp(C)|)k
ces,

where S, denotes the set of conjugacy classes of S,,. O

6. ASYMPTOTIC BEHAVIOR OF THE REPRESENTATION ﬁH’,ﬁ

In this section we generalize the results of Roichman [R], Adin, and Frumkin [AF]
concerning the asymptotic behavior of the conjugacy representation of S,,. These
two results imply that the conjugacy representation and the regular representation
of S,, have essentially the same decomposition. In our case, as we prove in this
section, the representation ﬁHﬁ is essentially (n)g times the regular representation
of S,. We start by citing the result from [R].

Theorem R1 Let m()\) be the multiplicity of the irreducible representation S*
in the conjugacy representation of S,, and let f* be the multiplicity of S* in the
regular representation of S,,. Then for any 0 < & < 1 there exist 0 < d(e) and N(e)

such that, for any partition A of n > N(¢) with max{2L L } < d(e),
m(A)
2

The following generalization of this theorem is straightforward:

1—e< <l+e.

Proposition 6.1. For any 0 < e <1 there e:m'st 0 < d(g) and N(e) such that, for

any partition X of n > N () with maz{2* } < d(g),and for any k <n

n o n

m( 7ﬂH’“>
l-e< ——F=<1+e.
() fA
The following asymptotic result from [AF] can also be generalized for the char-
acters xg,.,. -

Theorem AF Let ng) and Xglgn ; be the regular and the conjugacy characters of
Sy, respectively. Then

(n)
. ||>§) L _,
<X§§)7x(éi,)m>
m ————— =
e P R PV

where || * || denotes the norm with respect to the standard scalar product of char-
acters.
Our generalization looks as follows:
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Proposition 6.2. In the notations of Theorem AF

i I8
e |
(n) (n)
<(n)kXR ’X5H5> . <XR 7X5Hk>

)

fim n) o en 1
=2 (x| - HXﬂHﬁH IR X

where k is bounded or tends to infinity remaining less than n.

7. THE REPRESENTATIONS ap; FOR M = HY

In this section we deal with the representations o defined in Section 3. We
use the branching rule and the Frobenious reciprocity to decompose these repre-
sentations into irreducible representations of S, x S,. As we have already seen
in example 77, apo = P, S ® S* while o Hr is the regular representation of
Sy, X S, = @/\”DHL fAfPS* ® 8P and thus agk can be seen as a type of an interpo-
lation between these two representations.

First, concerning the character of a g, by combining Proposition 5.2 and The-
orem 3.5 together we get:

(m,0) = |Crl(n — |supp(m)|)r , = and o are conjugate in S,
Xagg\TH0) = 0, otherwise

We turn now to the lation of the multiplicity of an irreducible representation of
S, xS, in Q.
Proposition 7.1. For anyn and any 0 <k <n
1
m (A ) amy) = — > xa@xu(m)(n = [supp(r)|)i U
" wEeS,

The boundary cases k = 0 and k = n are discussed in Example 7?7 and Proposition
4.4 respectively.

7.1. A combinatorial view of « gk In this section we present another approach
to the representation ay. This approach will give us a combinatorial view on the
multiplicity formulas we calculated in the last section.

Definition 7.2. Define the following subset of HF:
W = {mmn - 1Un k0kOn_k | T, 0 € S and Tk, 0y € Sn_k} -

The set W,’f is the orbit of the matrix U, ; under the action « restricted to the
subgroup (Sk X Sp—k) X (Sk X Sp—k)-

Definition 7.3. Denote by wy, 1 the permutation representation of the group (Sy x
Sp—k) % (S X Sy_x) on Wk corresponding to the action a.

Claim 7.4.
wnp 2Ry | P SP@s8”
pFn—k
where Ry is the reqular representation of Sk X Sk.



8 YONA CHERNIAVSKY , ELI BAGNO

This implies the following:

Claim 7.5.
0 when T, # e or oy # e

Xew, « (TkTn—k, OkOn_r) =4 0 when T, _y is not conjugate to op_j in Sp_k
(k!)ﬂC’;};’“ﬂ when T, = o =€ and Tp_p ~ Op_k M Sp_k

O
We can use wy, ;; to get information of o, 4.

Proposition 7.6.
_ Sp XSn
QHE = Wnik T(SkXSnfk)X(SkXSV,Hk)

We use now the Frobenius reciprocity to obtain the multiplicity of any irreducible
representation of S, x S, in ayr.

Proposition 7.7. Let 0 < k < n and let A\, u be partitions of n. Then
m (A m)ome) = 0o L oxw 190,)

or in other words:

Sn Sn
QHkE = @ P lsn—k7XM J’Snfk>S)\ ® 5"
A, pbEn

The number (x, Lg:_k,xﬂ ig:_J has a very nice combinatorial interpretation.
It follows from the branching rule that this is just the number of ways to delete k
boundary cells from the diagrams corresponding to the partitions A and u to get
the same Young diagram of n — k cells. By the branching rule (see Proposition 2.4)
we have thus:

Claim 7.8.
O 18 x5 ) =0 when |AA p| > 2k

and it does not vanish otherwise.

Corollary 7.9.
m (A, p) ,aHﬁ) =0 when |AAp|>2k
and
m (A p), aps) #0 when [XA p| < 2k. O

8. THE ACTIONS a AND 3 ON COLORED PERMUTATIONS

In this section we introduce actions of S;, and S,, X S,, on another family of sets,
namely the colored permutation groups. We start with the actions on B,, = C21S),.

8.1. The action « of S, x S,, on signed permutations. Consider the action «
of S, x S, on B,. We start by describing the orbits of this action.

Definition 8.1. For every 0 < k < n define

XF={A € B,|A has exactly k minuses}.
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For example

0 0 0 1
10 0 0 )
0 1 0 of€X:
0 0 —1 0

It is easy to see that the sets X* form a partition of B,. Also, note that
Xk =nl(}).

Claim 8.2. Fach set X,’f is an orbit under the action « of S, X S, on By, i.e.

XF = {(nU, o | 7,0 € Sy},

- —1I ka(nk))
Upnir =
* (O(n—k)xk Ik

where

and Iy is the identity t X t matriz.

We decompose now the representations a x+ into irreducible representations just
n
as we did in the previous section.

Definition 8.3. Define the following subset of X*:

. .
W, = {T"kﬂ'nkan,ko'kUnfk | T, 0% € Sk and Tp_g, On_i, € Snflc}-

n

The set WT’f is the orbit of the matrix Unk under the action « by the group
(Sk X Snfk) X (Sk X Snfk)

Definition 8.4. Denote @, ), the permutation representation of the group (Si X
Sn—k) X (Sk X Sp_k) which is obtained from the action « of this group on the set

Wk
Claim 8.5.

i | Pres|e| P ses

pHk pFEn—k

|C’T’fk||C’;L;kk| when TR, _g ~ OkOp_k 0 Sk X Sp_k
0

Om TETn—kyOkOn—k) — .
X (Th ks nk) { otherwise

O

Proposition 8.6.
xS,

~ Sn n
AXE = Wnk T(SkXSn—k)X(SkXSn—k)
Recall from [Sa] the definition of cz,, — the Littlewood-Richardson coefficients
defined by the following formula:

(57 ® 8) 151 xs, o= @CSVS/\
AFn
where p - k and v F n — k. Using the Frobenius reciprocity formula we have for
every A Fn:
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Claim 8.7.
A Sn — A
S ‘Lskxsn—ki @ Cov (Sp ® Su) :
pEk,vEn—k
Sy _ A
X)\ lSk,xsnfk_ Z Cpl/X(pﬂ/)'
pEk,vEn—k

O
We use now the Frobenius reciprocity to obtain the multiplicity of any irreducible
representation of S, x S, in axe.

Proposition 8.8. Let 0 < k <n and \,u - n.

m((Avﬂ)aaXﬁ) =

p— S’n/ Sn —
- <X}‘ ‘LSkXSn—k’X# lsk XSn7k> -

_ A
= g CouChu

pEk,vEn—k
By the definition of X} we have ap, = @) _, axx and thus:
Corollary 8.9.

m(Aw,a5)=3 > G

k=0 pFk,vbn—k

There is a natural mapping between the sets H¥ and X* defined by:

Tok 7
H,lf 3> U, ko — wlU, 10 € X,’i

One can verify that Tnk is well defined. Moreover, Tn,k commutes with the action
a of S, xS, on Xf;, ie.

T k(mAc) = 7Ty x(A)o for any A € X}

It is easy to see that Tn,k is also surjective and thus it induces epimorphisms of
modules from the S,, x S,,-module agk to the S, %X S,- module axk and from the
Sp-module Bp to the S,- module xr. Note also that for £ = 0 this mapping is
the identity mapping since H) = X = S,, and for k = 1 this mapping is bijective.
We conclude:

Claim 8.10.
m (A p) o) > m (A p), axe)

This implies that if
D e #0
pEk,vEn—k

then |A A u| < 2k. This can also be seen by the combinatorial interpretation of the
Littlewood-Richardson coefficients.
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8.2. The action § on colored permutations. Recall that every matrix B € B,,
can be written uniquely in the form B = Zr for some m € S, and some Z €
C¥%. There exists a natural epimorphism from B,, onto S,, defined by omitting the
minuses:
p: B, — S, p(Zm) = .

If we restrict p to X* we obtain a surjective mapping from X¥ onto S,, which
commutes with the action a of S, x S,, on X* (and clearly also commutes with
the action 3 of S,, on X* by conjugation). It gives us a surjective homomorphism
from the representation Jxr onto the conjugacy representation representation of
Sy, denoted by 1. Therefore, using the result of [F], we have

m(/\yﬂxg)Zm()\,zb)>0 for any Ak mn,

m (X Bg,) = Zm (A, Bxx) >0 forany Ak mn.
k=0
Although the calculation of xs_, is rather involved, the asymptotic results of R]
and [AF] can be generalized for the representations Bxr and Bp,. We start by
presenting the generalization of Theorem R1:
Proposition 8.11. For any 0 < e < 1 there exist 0 < 6(g) and N(e) such that, for
any partition X of n > N (&) with max{% , %} < d(e),

A,
1—£<m(n7ﬁfs)<1+e,
(o) f
m(/\7ﬁBn)
1—5<W<1+€.

The generalization of Theorem [AF] is as follows and can be proved by using the
inequality XBr (m) < (1)ICxl:

Proposition 8.12. In the notations of Theorem [AF)

(n)
po DGR 12l
R P e P
<X§;L)3X/3X§> . <X%),X55n>
m —.F— = 1 _— =
= I Ixsgel ™ I I, I

where k is bounded or tends to infinity remaining less than n.

These asymptotic results can be also obtained for the action § (conjugation
by permutations) on the group C, 1 S,. Similarly to X* C B, define the sets
er C Cr L Sy:

Definition 8.13.
YE ={A e C.1S,| A has exactly k entries# 0, 1}.

Note that the sets Y,¥ form a partition of C;1 S,, and Y,F = n!(})(r — 1)¥. The
sets Y,f are closed under the action « of S, x S,, but they are not transitive under
this action.

Consider C}' as the group of diagonal matrices with the entries of the form w

(where w = exp@ — the primitive r-th root of unity and 0 < ¢ < r) on the

14
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diagonal. Then each matrix A € C, 1S, can be uniquely written as A = Zo
for some o € S,, and some Z € C}'. Just as in the case of B,,, we consider the
epimorphism p : B, — S, defined by: p(Zo) = 0.

p induces an epimorphism of modules between fyr and the conjugacy represen-
tation of S,,.

We conclude, using the result of [FJ:

m()\,ﬁyk) >m(\yY) >0 forany Abmn,

m (N, Boas,,) Zm ﬁyk >0 forany Mk n.

The Theorems R1 and AF are obtamed in a way similar to the one we used for
B,,:
Proposition 8.14. In the conditions and notations of Theorem R1

m()‘, ﬁYf)
(%) (r = 1)k f>
m(A, Bo.s,,)

rnf)\

1—e< <l+eg,

l—e< <l+e.

In the notations of Theorem AF

n -1 k. (n)
e DS )

e Xy P

(n) ”

(n) n
<XR 7X[’3Yk> h <XE{)aXﬁC,.zSn>

lim ———*— m ——c5
e Ixgy il "7 xRN - xse,0s,
where k is bounded or tends to infinity remaining less than n.
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