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The Symmetric Group

Sn is the group of permutations on {1, 2, . . . , n}
π ∈ Sn is of cycle type [1m12m2 · · · ] ` n if it consists of mi

disjoint i-cycles

Cα is the conjugacy class consisting of all permutations of
cycle type α ` n

Example

(1 3 7 2)(5 4)(8 6)(9) ∈ C[1 22 4] ⊂ S9
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Factorizations of Full Cycles

Definition

Let c
(n)
α1,...,αm be the number of ways of writing (1 2 · · · n) ∈ Sn as

an ordered product σ1 · · ·σm, where σi ∈ Cαi .

Example

In S6 the following factorizations are counted by c
(6)
[23],[2 4]

:

(1 2 3 4 5 6) =

σ1︷ ︸︸ ︷
(1 3)(2 5)(4 6) ·

σ2︷ ︸︸ ︷
(1 5 4 2)(3 6)

= (1 5)(2 4)(3 6) · (1 4)(2 6 5 3)
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An Explicit Formula

For a partition λ = [1m12m23m3 · · · ], let

`(λ) := m1 + m2 + · · ·
zλ :=

∏
i i

mimi!
Aut(λ) :=

∏
i mi!

Theorem (Goulden & Jackson, 1995)

Let α1, . . . , αm ` n with `(α1) + · · ·+ `(αm) = n(m− 1) + 1.
Then

c(n)
α1,...,αm

= nm−1
m∏

i=1

(`(αi)− 1)!
Aut(αi)

.
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What Else is Known?

1998 (Goupil & Schaeffer): c
(n)
α,β

2002 (Poulalhon & Schaeffer): c
(n)
α1,...,αm

2005 (Biane): c
(n)
α,β
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Main Result

For a partition λ = (λ1, λ2, . . .), let

eλ := eλ1eλ2 · · · be the usual elementary symmetric function

2λ− 1 := (2λ1 − 1, 2λ2 − 1, 2λ3 − 1, . . .)

Rλ(x, y) :=
1
2y

∏
i≥1

((x + y)λi − (x− y)λi) =
∑

j+k=n−1

Rj
λ

xj

j!
yk

k!
.

Theorem

Fix α1, . . . , αm ` n and let x = (x1, . . . , xm). Then

c(n)
α1,...,αm

=
nm−1

2(n−1)(m−1)
∏

i zαi

∑
0≤j≤n

m∏
i=1

Rji
αi
· [xj]

∑
`(λ)=n−1

e2λ−1(x)
Aut(λ)

where the outer sum extends over all j = (j1, . . . , jm) such that
0 ≤ ji ≤ n for all i.
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Hook Shapes

Definition

Let (i | j) denote the hook partition [1j (i + 1)].

Example

(4 | 3) = [13 5] ` 8 ←→

John Irving On the Number of Factorizations of Full Cycles



Hook Characters

Lemma

χλ
[n] =

{
(−1)j if λ = (i | j) with i + j = n− 1
0 otherwise

χ
(i|j)
[1n] =

(
n− 1

j

)
if i + j = n− 1.

Hλ(x, y) :=
∑

i+j=n−1

χ
(i|j)
λ xiyj =

1
x + y

∏
k≥1

(xλk − (−y)λk).

Proof.

Murnaghan-Nakayama rule.
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A Character Sum Formulation

Fact

c(n)
α1,...,αm

=
n!m−1

zα1 · · · zαm

∑
λ`n

χλ
α1
· · ·χλ

αm

(χλ
[1n])

m−1
χλ

[n]

From the Lemma there follows:

c(n)
α1,...,αm

=
nm−1

zα1 · · · zαm

∑
a+b=n−1

(a! b!)m−1χ(a|b)
α1
· · ·χ(a|b)

αm
(−1)b.
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A Gaussian Integral

Definition

Let dµ(z) be the normalized Gaussian density on C

dµ(z) :=
1
π

e−|z|
2
dz,

where dz = ds dt for z = s + t
√
−1.

Lemma ∫
C

zj z̄k dµ(z) = j! δjk
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An Integral Representation

Proposition

Let α1, . . . , αm ` n + 1, and set dµ(u,v) :=
∏m

i=1 dµ(ui)dµ(vi).
Then∑
a+b=n

(a! b!)m−1χ(a|b)
α1
· · ·χ(a|b)

αm
(−1)b

=
1
n!

∫
C2m

(u1 · · ·um − v1 · · · vm)n
m∏

i=1

Hαi(ūi, v̄i) dµ(u,v).
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An Integral Representation

Proof.

1
n!

(u1 · · ·um − v1 · · · vm)n
m∏

i=1

Hαi(ūi, v̄i)

=
∑

a+b=n

ua
1 · · ·ua

m · vb
1 · · · vb

m

a! b!
(−1)b

m∏
i=1

∑
ai+bi=n

χ(ai|bi)
αi

ūai
i v̄bi

i .

Integrating with respect to dµ(u,v) forces ai = a and bi = b.

The RHS becomes∑
a+b=n

(a! b!)m−1χ(a|b)
α1
· · ·χ(a|b)

αm
(−1)b.
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Change of Variables

Recall

Rλ(x, y) =
1
2y

∏
k≥1

((x + y)λk − (x− y)λk),

Hλ(x, y) =
1

x + y

∏
k≥1

(xλk − (−y)λk).

Key Observations

Upon setting ui = 1√
2
(yi + xi) and vi = 1√

2
(yi − xi), get

Hλ(ūi, v̄i) = 2−n/2Rλ(x̄i, ȳi)
dµ(u,v) = dµ(x,y)

u1 · · ·um − v1 · · · vm = 21−m/2y1 · · · ym

∑
s≥1

e2s−1(x1
y1

, . . . , xm
ym

)
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∑
s≥1

e2s−1(x1
y1

, . . . , xm
ym

)
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Change of Variables

Thus ∫
C2m

(u1 · · ·um − v1 · · · vm)n
m∏

i=1

Hαi(ūi, v̄i) dµ(u,v)

becomes

1
2n(m−1)

∫
C2m

(
y1 · · · ym

∑
s≥1

e2s−1

(x
y

))n m∏
i=1

Rαi(x̄i, ȳi) dµ(x,y).
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Reversing the Integral Formulation

Now∫
C2m

(
y1 · · · ym

∑
s≥1

e2s−1(x
y )

)n m∏
i=1

Rαi(x̄i, ȳi) dµ(x,y)

=
∑

j+k=n

j!k! [xjyk]
(

y1 · · · ym

∑
s≥1

e2s−1(x
y )

)n

· [x̄jȳk]
m∏

i=1

Rαi(x̄i, ȳi)

=
∑

0≤j≤n

[xj]
( ∑

s≥1

e2s−1(x)
)n m∏

i=1

Rji
αi

=
∑

0≤j≤n

m∏
i=1

Rji
αi
· [xj]

∑
`(λ)=n

e2λ−1(x)
Aut(λ)

DONE!
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Main Result

Theorem

Fix α1, . . . , αm ` n and let x = (x1, . . . , xm). Then

c(n)
α1,...,αm

=
nm−1

2(n−1)(m−1)
∏

i zαi

∑
0≤j≤n

m∏
i=1

Rji
αi
· [xj]

∑
`(λ)=n−1

e2λ−1(x)
Aut(λ)

where the outer sum extends over all j = (j1, . . . , jm) such that
0 ≤ ji ≤ n for all i.
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A Binomial Identity

The “integral trick” is equivalent to the identity

∑
i, s, t

(
k
s

)(
`
t

)(
n−k
i−s

)(
n−`
i−t

)
(−1)s+t(

n
i

) =


2n(
n
k

) if k = `

0 otherwise.
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