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1. Background on root systems

V finite-dimensional, real vector space;
〈 · , · 〉 nondegenerate symmetric bilinear form.

Reflection sα : λ 7→ λ− 〈λ, α∨〉α ,
where α∨ := 2α/〈α, α〉 .

Root system for a semisimple Lie algebra g:
Φ ⊂ V finite, invariant under sα, α ∈ Φ.

Positive and negative roots: Φ = Φ+ ∪ Φ− .
Simple roots: α1, . . . , αr ; form a basis of V .
Simple reflections: si := sαi .
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Weyl group:

W = 〈sα : α ∈ Φ〉 = 〈si : i = 1, . . . , r〉 .

Length: `(w) = min {k : w = si1 . . . sik} .

Bruhat order: w l wsα if `(wsα) = `(w) + 1 .

Example. Type An−1.

V = (Rε1 ⊕ . . .⊕ Rεn) /R(ε1 + . . . + εn) .

Φ = {αij = εi − εj : 1 ≤ i 6= j ≤ n} = Φ∨ .

W = Sn , sαij is the transposition tij .
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Weights and dominant weights

Λ = {λ ∈ V : 〈λ, α∨〉 ∈ Z , α ∈ Φ} .

Λ+ = {λ ∈ Λ : 〈λ, α∨〉 ≥ 0 , α ∈ Φ+} .

Example. Type An−1:

Λ =

{
n−1∑
i=1

λiεi = (λ1, . . . , λn−1) : λi ∈ Z

}
,

Λ+ = {(λ1 ≥ λ2 ≥ . . . ≥ λn−1 ≥ 0) : λi ∈ Z} .

Alcoves
Hyperplanes Hα,k = {λ : 〈λ, α∨〉 = k} (k ∈ Z).
Reflection in Hα,k denoted by sα,k .

Alcoves: connected components of V \ (
⋃

Hα,k) .
Fundamental alcove:

A◦ = {λ ∈ V : 0 < 〈λ, α∨〉 < 1 for α ∈ Φ+} .
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2. New combinatorial model for characters (joint with A.
Postnikov)

Let g be a complex semisimple Lie algebra with root system Φ. For
λ ∈ Λ+, we have an irreducible representation Vλ. Its character
can be written

ch(Vλ) =
∑
µ∈Λ

cµeµ (cµ ∈ Z≥0) ,

Given λ ∈ Λ+, let

(A◦ = A0,A1, . . . ,Al = A◦ − λ)

be a shortest sequence of adjacent alcoves.

Let Fi ⊂ Hβi ,ki
: common wall of Ai−1 and Ai .

Let ri := sβi
and r̂i := sβi ,ki

.

λ-chain (of roots): Γ = (β1, . . . , βl).
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Admissible subsets A(λ) = A(λ, Γ):

J = {j1 < j2 < . . . < js} ⊆ I = {1, . . . , l} such that

1 l rj1 l rj1rj2 l . . . l rj1 . . . rjs =: κ(J) (key) .

Weight of an admissible subset:

µ(J) := −r̂j1 . . . r̂js (−λ) .

Theorem. (L. and Postnikov) The irreducible character ch(Vλ) of g

can be expressed as

ch(Vλ) =
∑

J∈A(λ)

eµ(J) .
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Example. Type A2, λ = 3ε1 + ε2.
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J = {3, 6}, saturated chain e = 123 < t23 = 132 < t23t13 = 231.
J = {6} forbidden: e < t13 = 321.
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3. Poset structure of A(λ)

It is given by the crystal graph structure of the corresponding
canonical basis. Minimum Jmin = ∅ and maximum Jmax.

Fact: A(λ) is a self-dual poset, i.e. there is a bijection
η : A(λ) → A(λ) such that

J ≤ J ′ ⇐⇒ η(J) ≥ η(J ′) .

In particular, η : Jmin ↔ Jmax .

The map η is given by the action of w◦ (longest element of W ) on
the canonical basis, so

µ(η(J)) = w◦(µ(J)) .

Goal: describe η explicitly.
In type A, it is given by Schützenberger’s evacuation on
semistandard Young tableaux (Berenstein and Zelevinsky).
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4. Generalizing Schützenberger’s evacuation
Assume that λ is regular, for simplicity (i.e., 〈λ, α∨〉 > 0 for all
α ∈ Φ+).

Consider the λ-chain

Γ := (β1, . . . , βm, β1, . . . , βl) ,

where {β1, . . . , βm} = Φ+ .

Fact:
Γrev := (β1, . . . , βm, βl , βl−1, . . . , β1)

is also a λ-chain.

STEP 1 (REVERSE-COMPLEMENT)
Define a bijection

J ∈ A(λ, Γ) 7→ Jrev ∈ A(λ, Γrev) ,

such that
µ(Jrev) = w◦(µ(J)) .
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Example.

Type A2, λ = 4ε1 + 2ε2, J = {2, 4} ,

1 2 3 1 2 3 4 5
Γ = (α12, α13, α23, α13, α12, α13, α23, α13)

1 2 3 1 2 3 4 5
Γrev = (α12, α13, α23, α13, α23, α13, α12, α13)

w◦κ(J) = (t12t23t12)(t12t23) = t12 .

Jrev = {1, 2, 4}



Example.

Type A2, λ = 4ε1 + 2ε2, J = {2, 4} ,

1 2 3 1 2 3 4 5
Γ = (α12, α13, α23, α13, α12, α13, α23, α13)

1 2 3 1 2 3 4 5
Γrev = (α12, α13, α23, α13, α23, α13, α12, α13)

w◦κ(J) = (t12t23t12)(t12t23) = t12 .

Jrev = {1, 2, 4}



Example.

Type A2, λ = 4ε1 + 2ε2, J = {2, 4} ,

1 2 3 1 2 3 4 5
Γ = (α12, α13, α23, α13, α12, α13, α23, α13)

1 2 3 1 2 3 4 5
Γrev = (α12, α13, α23, α13, α23, α13, α12, α13)

w◦κ(J) = (t12t23t12)(t12t23) = t12 .

Jrev = {1, 2, 4}



STEP 2 (SLIDE)
Yang-Baxter moves. Let Γ, Γ′ be λ-chains related as follows:

Γ = (β1, . . . , (βi , βi+1, . . . , βj), . . . βl) 7→
Γ′ = (β1, . . . , (βj , βj−1, . . . , βi ), . . . βl) ,

where {βi , βi+1, . . . , βj} = Φ
+

of rank 2.

Theorem. (L.) There is a bijection

J ∈ A(λ, Γ)
YB7→ J ′ ∈ A(λ, Γ′)

such that J \ [i , j ] = J ′ \ [i , j ] , κ(J) = κ(J ′) , µ(J) = µ(J ′) .

Let Γrev = Γ1, Γ2, . . . , Γk = Γ be related as above. We have

J ∈ A(λ, Γ) 7→ Jrev = J1 ∈ A(λ, Γ1)
YB7→

YB7→ J2 ∈ A(λ, Γ2)
YB7→ . . .

YB7→ Jk = J∗ ∈ A(λ, Γ).

Theorem. (L.) We have J∗ = η(J).
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Example.
Jrev = {1, 2, 4}

1 2 3 1 2 3 4 5
Γrev = (α12, α13, α23, α13, (α23, α13, α12), α13)

1 2 3 1 2 3 4 5
Γ = ( α12, α13, α23, α13, (α12, α13, α23), α13)

v = t12, κ(Jrev) = vt23t12 = 321 = vt13t23
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J = {2, 4} 7→ J∗ = {1, 3, 4}
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5. Related results

1. Chevalley-type multiplication formulas in KT (G/B) ;
symmetries of coefficients in these formulas;

2. generalization of the model to complex symmetrizable
Kac-Moody algebras, i.e., infinite root systems (character
formula, Littlewood-Richardson rule, and crystal graph
structure);

3. combinatorial construction of the commutator in the category
of crystals, i.e., the isomorphism between the crystals A⊗ B
and B ⊗ A.

(1) and (2) are joint with A. Postnikov.
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