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Examples

For a complex invertible matrix A = (&;;)mxm, we have

. det Al
-1 — ()=
(A )ij (1) detA "’
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We know that
Examples (|_A)_1:|—|—A+A2+,

SO
(=A™, =0 2+ D awag .
k

We can rephrase the matrix inverse formula as follows:

det(l -A)- <5ii +ay+ > akag - > = (1) det(1—A)'".
K
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Examples

Matrix inverse formula says that two power series in a;; are
the same, provided that the variables commute.




MacMahon master theorem
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Theorem (MacMahon 1916)

Examples Let A = (aj)mxm be a complex matrix, and let Xy, ..., Xy be
a set of variables. Denote by G(r) the coefficient of

Iy 'm ;
X,' e Xptin

m
[@xa + ... + amxm)".
i—1

Letts,..., tn be another set of variables, and T = (djjti )mxm.

Then
1

> Gt = deti —TA)

r>0



MacMahon master theorem
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The coefficient of x2y%z2 in (y +z)?(x +2)°(x +y)?is 1,
and the coefficient of x2y3z in (y +z)?(x +z)3(x +y)tis
Examples 3. On the other hand, for

we have

1 1
det(l —TA) 1—tu—tv —uv — 2tuv

=14+ ... +t2u%2+ .. 4+ 3t%usvi .



MacMahon master theorem
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We can take a; to be variables; each G(r) is then a finite
sum of monomials in a;. By takingt; = ... =ty =1,
MacMahon master theorem gives

2.6 = det(l A

r>0

Examples



MacMahon master theorem

Determinantal
identities

We can take a; to be variables; each G(r) is then a finite

Examples

sum of monomials in a;. By takingt; = ... =ty =1,
MacMahon master theorem gives

Y G6(r) =

= det(l —A)
Sincedet(l —-A)=1-aj; —... — a@mum +anaz + ..., the

right-hand side is also a power series in a;'s.
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Examples

MacMahon master theorem says that two power series in a;
are the same, provided that the variables commute.




Sylvester’s determinantal identity

Determinantal
identities

Theorem (Sylvester’s identity)

Let A = (@j)mxm be a complex matrix; take n <i,j < m and
define

Examples

aix - A a
Ao=| : . ¢ [ an=(a1 - an),aj=|: |,
an1 - @m anj

Ap A,
b: = det *) , B = (b: L
] (ai* aij) ( |J)n+1§|,1§m

Then
detA - (detAy)™ "1 = detB.
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Examples

If we take n = 1 and m = 3, the Sylvester’s identity says that

ai;xp apz| |a11 Qi3
a;; ap;p a3 dp1 app| (A1 aAz3
dp1 QApz Apz|-ail =
dz1 azz ass a1 azz| |A11 ai3
dz1 agz| |az1 Aas3




Sylvester’s determinantal identity
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Examples

Sylvester’s determinantal identity says that two power series
in a; are the same, provided that the variables commute.
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m Do these (or similar) identities hold when the variables
Non are not commutative?

SR m Can we find combinatorial proofs of these identities?
m Can we add parameters and find natural g-analogues?



Non-commutative extensions

Determinantal
identities

m Do these (or similar) identities hold when the variables
Non are not commutative?

SR m Can we find combinatorial proofs of these identities?
m Can we add parameters and find natural g-analogues?

Yes!

(otherwise | would be talking about something else)
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Non-
commutative

extensions Commutative variables:

dijkaj = qj|qjk for all i,j, k,|



Cartier-Foata and right-quantum matrices
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Cartier-Foata:

Non- qak = agy forall i<j k<l
commutative qak = aky forall i <j k>
akak = akak forall i <]

Right-quantum:

akak = akak forall i<j
axaj —axay = ajak —ayak forall i <j,k <

Cartier-Foata =- right-quantum




g-Cartier-Foata and g-right-quantum matrices

Determinantal
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g-Cartier-Foata:

) qax = aky forall i<j k<l
on-

SIS yax = Qg%axa forall i <jk >

extensions

ajkaik g aiay forall i <]
g-right-quantum:

akak = qakax forall i<j
-1 . .
aka) —q "~ aka) = qak —qaak forall i <jk <I

g-Cartier-Foata = g-right-quantum



g-Cartier-Foata and g-right-quantum matrices
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g-Cartier-Foata:

—1 . .

Non- qak = Qg qjaky forall i <j k<l

th";nm;;it;"e jak = dijdk aikaj forall i <j,k >1
axak = Qjaxax forall i <j

g-right-quantum:

axak = Qjaxax forall i<j
—1 -1 o
Ak — Ojj "k = Gy “&jaik — Guidildjk foralli <j,k <

g-Cartier-Foata = g-right-quantum
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Non-commutative determinant

el Given a matrix A = (@ )mxm With not necessarily commuting
entries, we can define its:

m determinant by

Non- detA = Z (—1)inv(0)ao—ll st aO'mm

commutative
extensions 0ESm

m g-determinant by

detgA= ) (~a) ™51 Aopm

O'GSm

m g-determinant by

deth = Z H (_qajai )_1 A1 opm

o€Sm \(i,))eZ(0)



Non-commutative determinant
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Non-

SR m det(l — A) = Y5 (—1)7! detA,
m dety(l —A) = ngm](—l)“'dethJ
m dety(I — A) = 35y (—1)7detqA,




Matrix inverse formula
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Theorem

If A = (aj)mxm is a Cartier-Foata or right-quantum matrix,
we have

1 i+ 1 ji
(m)u = U7 e ay et A

Matrix inverse
formula

for alli,j.



Matrix inverse formula - g-cases

Det i tal
“eniics il Theorem

If A = (aj)mxm is a q-Cartier-Foata or a g-right-quantum
matrix, we have

1 1 ,
(' _A[ii]>ij -8 detg(I —A) - deta (1 =AY

for all i,j, where

Matrix inverse
formula

-1 -1
q anx - g Ay alj+1 - Qim
1, 14 . A . .
Arin — q a|—1,1 - g al—l,] al—l,]-i-l a-|—1,m
=
(il an o a 9aij+1 -0 Gaim

am1 T Amj damj+1 - damm



Matrix inverse formula - g-cases

Determinantal
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Theorem

If A = (aj)mxm is a q-Cartier-Foata matrix or a
g-right-quantum matrix, we have

Matrix inverse
formula 1 ) o 1 .
= (-1)H— = dety (I — A)
(| = A[”] i detq(l = A) <

for all'i,j, where Ay is given by a similar formula (involving
ajj, gij)-




Language of paths
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What is the coefficient of x;* - - - xgr in

(@11X1 + ... +aimXm)™ -+ (@miXe + - - . 4 @mmXm)™,

MacMahon

master where a;; are (not necessarily commuting) variables and x;
fheorem commute with a;’s and each other?



Language of paths

Determinantal
identities

It is the sum of all monomials

Ay Q14 Q25 - Q24 - Qmix * * Amix,

r ) 'm

SEEUEE so that « represents 1 r; times, 2 r, times, etc.

master
theorem

We call such a monomial an ordered sequence or
o-sequence of type (ry,...,Im).



Language of paths

Determinantal
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Represent the variable a;; as a step from height i to height j,
and a monomial a; j, - - - &;,j, as a concatenation of steps.

For example, ayzajsaz,as a3 becomes

MacMahon
master
theorem /
*—o



Language of paths

Determinantal
identities

An o-sequence of type (rq,...,Im) is represented by a
concatenation of steps so that starting heights are
non-decreasing and so that each i appears r; times as a
starting height and r; times as an ending height.

MacMahon

paser / . /J\/ J\\\W\Hﬁ
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MacMahon
master
theorem




Path sequences

Determinantal
identities

A path sequence or p-sequence is a concatenation of a
lattice path from (0,1) to (x1, 1) that never goes belowy =1
or above y = m, a lattice path from (x1,2) to (X2, 2) that
\iachahon never goes belowy = 2 or above y = m, a lattice path from
master (x2,3) to (x3, 3) that never goes below y = 3 or above

y =m, etc.



Path sequences

Determinantal
identities

We have established a bijection ¢ from the set of
o-sequences to the set of p-sequences so that p(«) is a
T rearrangement of a.

master
theorem



Classical MacMahon master theorem
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The sum of all paths from 1 to 1 is given by

1
I+A+A2+ . )y =(—r]) ,
I-A/

MacMahon
master
theorem



Classical MacMahon master theorem

Determinantal
identities

The sum of all paths from 1 to 1 is given by

1
I+A+A2+ . )y =(—r]) ,
I-A/

the sum of all paths from 2 to 2 that avoid 1 is given by

MacMahon
master

theorem < 1 )
11 ’
I — A )5

etc.



Classical MacMahon master theorem
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Therefore the sum of all p-sequences is given by

(), (), (), 1

MacMahon
master
theorem



Classical MacMahon master theorem

Determinantal
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Therefore the sum of all p-sequences is given by

(), (), (), 1

_ det(l — A)I det(l — A)!212 1
LN ~ o det(l —A)  det(l — A)lL 1—amm

master
theorem




Classical MacMahon master theorem

Determinantal
identities

Therefore the sum of all p-sequences is given by

(), (), (), 1

_ det(l — A)I det(l — A)!212 1
LN ~ o det(l —A)  det(l — A)lL 1—amm

master
1

theorem
~ det(l — A)




Classical MacMahon master theorem

Determinantal
identities

Therefore the sum of all p-sequences is given by

(), (), (), 1

_ det(l — A)I det(l — A)!212 1
madter T detl—A)  detl —A)T 11— amm
theorem

__ 1
~det(l —A)

This finishes the proof of MacMahon master theorem.




Cartier-Foata master theorem
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Since:

m the bijection ¢ never switches steps that begin at the
same height, and

m the matrix inverse formula holds for Cartier-Foata
MacMah .
e matrices,

theorem



Cartier-Foata master theorem

Determinantal
identities

Since:

m the bijection ¢ never switches steps that begin at the
same height, and

m the matrix inverse formula holds for Cartier-Foata
MacMah .
e matrices,

theorem

the same proof gives the following theorem.



Cartier-Foata master theorem
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Theorem (Cartier-Foata master theorem)

Let A = (aj)mxm be a Cartier-Foata matrix. Denote by G(r)
the coefficient of x3* - - - x;7 in

m

MacMahon H(ailxl + e + aimxm)ri °
e =
Then
G(r
5600 = g =7y

r>0



Right-quantum master theorem
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Can we extend the theorem to the case when A is
right-quantum?

MacMahon
master
theorem



Right-quantum master theorem

Determinantal
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Yes, but we need something extra for the proof.

MacMahon
master
theorem



Right-quantum master theorem
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Since
djkaik = AikAjk,

we can switch steps that end on the same height:

MacMahon
master
theorem

-



Right-quantum master theorem

Determinantal
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Since
djkaik = AikAjk,

we can switch steps that end on the same height:

MacMahon
master
theorem

y



Right-quantum master theorem
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But since
aikaj + ajajk = ajaik + akai,

we have to make other switches simultaneously, in pairs:

MacMahon \
master
theorem /



Right-quantum master theorem

Determinantal
identities

But since
aikaj + ajajk = ajaik + akai,

we have to make other switches simultaneously, in pairs:

MacMahon \
master
theorem /
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Right-quantum master theorem

Determinantal
identities

Theorem (right-quantum master theorem)

Let A = (@j)mxm be a right-quantum matrix. Denote by G(r)
the coefficient of x;* - - - xg in

MacMahon H(ai]_Xl + s + aimxm)ri °

master
theorem

Then

2 Gl)= det(l A

r>0



Weighted analogue

Determinantal
identities

If we assume that
XX; = gxx; foralli <j,

MacMahon that A is g-right-quantum and that x;’s commute with a;’s,

master

theorem then careful bookkeeping of the weights shows the
following.



Weighted analogue

Determinantal
identities

Theorem (qg-right-quantum master theorem)

Denote the coefficient of x;* - - - xp in

m
[T + ... + amxm)"
i=1
MacMahon
e by G(r). Then
G
28 = de tq(' —A)

r>0




Multiparameter analogue

Determinantal
identities

If we assume that

XiXi = QjjXiX; foralli < j,

MacMahon

master that A is g-right-quantum and that x;’s commute with a;’s,
fheorem then we have the following.



Multiparameter analogue

Determinantal
identities

Theorem (q-right-quantum master theorem)

Denote the coefficient of x;* - - - xp in

m
[T + ... + amxm)"
i=1
MacMahon
e by G(r). Then
G
28 = de tq(' —A)

r>0




Non-commutative Sylvester’s identity

Determinantal
identities

Similar techniques prove the following theorem.

Sylvester's
identity



Non-commutative Sylvester’s identity

Determinantal
identities

Theorem (g-right-quantum Sylvester’'s theorem)

Let A = (&j)mxm be a g-right-quantum matrix, and choose
n < m. Let Ap, a;,, a,; be defined as above, and let

_ | —Ap —a,
¢ = —detg (I — Ag) - detq < a. _aij‘> :

CH= (Ci(j])n+1§i,j§m-

Sylvester's

identity

Suppose gjj = g for all i,i” < nandj,j’ > n. Then

detg (1 — Ag) - detq(I — A) = detq(I — C9).
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