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Macdonald polynomials
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Macdonald polynomials

The transformed Macdonald polynomials f[u(x; q,t) are the
unique functions satisfying the following conditions:

() Hu(z;q,1) € Qg ){sa[X/(1—q)] = A= p},
(i) Hyu(z:q,t) € Qg t){sx[X/(X = )] + A >},
(i) H,[1;q.t] = 1.
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Macdonald polynomials

The transformed Macdonald polynomials F w(z;q,t) are the
unique functions satisfying the following conditions:

() Hu(z;q,1) € Qg ){sa[X/(1—q)] = A= p},
(i) Hyu(z:q,t) € Qg t){sx[X/(X = )] + A >},
(i) H,[1;q.t] = 1.

The Kostka-Macdonald polynomials K\,M(q, t) give the
Schur expansion for Macdonald polynomials, i.e.

qu, ZKA/L Q7 8>\ )
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Macdonald positivity
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Macdonald positivity

Theorem. (Haiman 2001) We have K, ,(¢.t) € N[g, ].

S. Assaf - Dual equivalence graphs and Macdonald polynomials — p.3/1



Macdonald positivity

Theorem. (Haiman 2001) We have K, ,(¢.t) € N[g, ].

Original proof realizes flﬂ(x; q,t) as the Frobenius series of
doubly graded S,,-module (Garsia-Haiman module) using
algebraic geometry of the Hilbert scheme.
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Macdonald positivity

Theorem. (Haiman 2001) We have K, ,(¢.t) € N[g, ].

Original proof realizes flﬂ(x; q,t) as the Frobenius series of
doubly graded S,,-module (Garsia-Haiman module) using
algebraic geometry of the Hilbert scheme.

Newer proof due to Grojnowski and Haiman relates

H,(x;q,t) to LLT positivity (Haglund’s formula) and then
uses Kazhdan-Lusztig theory.
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Macdonald positivity

Theorem. (Haiman 2001) We have K, ,(¢.t) € N[g, ].

Original proof realizes flﬂ(x; q,t) as the Frobenius series of
doubly graded S,,-module (Garsia-Haiman module) using
algebraic geometry of the Hilbert scheme.

Newer proof due to Grojnowski and Haiman relates

H,(x;q,t) to LLT positivity (Haglund’s formula) and then
uses Kazhdan-Lusztig theory.

Problem: Find a combinatorial proof of positivity.
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Macdonald positivity

Theorem. (Haiman 2001) We have K, ,(¢.t) € N[g, ].

Original proof realizes flﬂ(x; q,t) as the Frobenius series of
doubly graded S,,-module (Garsia-Haiman module) using
algebraic geometry of the Hilbert scheme.

Newer proof due to Grojnowski and Haiman relates

H,(x;q,t) to LLT positivity (Haglund’s formula) and then
uses Kazhdan-Lusztig theory.

Problem: Find a combinatorial proof of positivity.

Better yet, find a combinatorial formula for [?W(q, t).
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A monomial expansion for ﬁu(:c;q,t)
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A monomial expansion for ﬁu(x; q,1)

Theorem. (Haglund, Haiman, Loehr 2005)

ﬁ 37 .q, 1 Z qmv tmaj
S:u—N
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A monomial expansion for ﬁu(x; q,1)

Theorem. (Haglund, Haiman, Loehr 2005)

ﬁ 37 .q, 1 Z qmv tmaj
S:u—N

The Schur functions may be defined by

sy(zr) = Z r!

TeSSYT(N)
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A monomial expansion for ﬁu(x; q,1)

Theorem. (Haglund, Haiman, Loehr 2005)

ﬁ 37 .q, 1 Z qmv tmaj
S:u—N

Proposition. (Gessel 1984)

sy(zr) = Z z!

TeSSYT(N)

> Qom(@)

TESYT(N)
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A monomial expansion for ﬁu(x; q,1)

Theorem. (Haglund, Haiman, Loehr 2005)
ﬁu(qujt) _ Z qinV(S)tmaj(S) S

inv( tmaJ Qo

M

Proposition. (Gessel 1984)

sy(zr) = Z z!

TeSSYT(N)

> Qomy(@)

TESYT(N)
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Quasi-symmetric functions

S. Assaf - Dual equivalence graphs and Macdonald polynomials — p.5/1



Quasi-symmetric functions

For o € {£1}"!, define the quasi-symmetric function

Q.(z) = Z T T

115 <in
15 :’ij_|_1 :>O'j:—|—1
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Quasi-symmetric functions

For o € {£1}"!, define the quasi-symmetric function

Q.(z) = Z T T

115 <in
ij :’ij_|_1 :>O'j:—|—1

Define the descent signature o : SYT — {£1}""" by

o(T); = +1 z'left ofz+1.!n w(T)
—1 i+1leftof i in w(T)
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Quasi-symmetric functions

For o € {£1}"!, define the quasi-symmetric function

Qs()

E x’l:l...'r’l:n'

115 <in
ij :’ij_|_1 :>O'j:—|—1

Define the descent signature o : SYT — {£1}""" by

o(T);

d

— DO O
WO |

—_
=100~

+1 ¢leftof i+1inw(T)
—1 i+1leftof i in w(T)

|
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Quasi-symmetric functions

For o € {£1}"!, define the quasi-symmetric function

Q.(z) = Z T T

115 <in
ij :’ij_|_1 :>O'j:—|—1

Define the descent signature o : SYT — {£1}""" by

o(T); = +1 z'left ofz+1.!n w(T)
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Quasi-symmetric functions

For o € {£1}"!, define the quasi-symmetric function

Q.(z) = Z T T

115 <in
ij :’ij_|_1 :>O'j:—|—1

Define the descent signature o : SYT — {£1}""" by

o(T); = +1 z'left ofz+1.!n w(T)
—1 i+1leftof i in w(T)
O- <

>++
9

— DN | Ot
QO |OY|

—_
=100~
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Quasi-symmetric functions

For o € {£1}"!, define the quasi-symmetric function

Q.(z) = Z T T

115 <in
ij :’ij_|_1 :>O'j:—|—1
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Quasi-symmetric functions

For o € {£1}"!, define the quasi-symmetric function

Qs()

E x’l:l...'r’l:n'

115 <in
ij :’ij_|_1 :>O'j:—|—1

Define the descent signature o : SYT — {£1}""" by

o(T);

d

— DO O
WO
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=100~
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Quasi-symmetric functions

For o € {£1}"!, define the quasi-symmetric function

Q.(z) = Z T T

115 <in
ij :’ij_|_1 :>O'j:—|—1

Define the descent signature o : SYT — {£1}""" by

o(T); = +1 z'left ofz+1.!n w(T)
—1 i+1leftof i in w(T)
O- <

— DN | Ot
(OS] [@p] EaN|

—_
=100~

> = —++—+-—
9
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Quasi-symmetric functions

For o € {£1}"!, define the quasi-symmetric function

Q.(z) = Z T T

115 <in
ij :’ij_|_1 :>O'j:—|—1

Define the descent signature o : SYT — {£1}""" by

o(T); = +1 z'left ofz+1.!n w(T)
—1 i+1leftof i in w(T)
O- <

— DN | Ot
OS] [@p] EaN|

—_
= |00| ~
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Quasi-symmetric functions

For o € {£1}"!, define the quasi-symmetric function

Q.(z) = Z T T

115 <in
ij :’ij_|_1 :>O'j:—|—1

Define the descent signature o : SYT — {£1}""" by

o(T); = +1 z'left ofz+1.!n w(T)
—1 i+1leftof i in w(T)
O- <

— DN | Ot
W O

—_
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Quasi-symmetric functions

For o € {£1}"!, define the quasi-symmetric function

Q.(z) = Z T T

115 <in
ij :’ij_|_1 :>O'j:—|—1

Define the descent signature o : SYT — {£1}""" by

o(T); = +1 z'left ofz+1.!n w(T)
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Quasi-symmetric functions

For o € {£1}"!, define the quasi-symmetric function

Q.(z) = Z T T

115 <in
ij :’ij_|_1 :>O'j:—|—1

Define the descent signature o : SYT — {£1}""" by
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Making a vertex-signed graph
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Making a vertex-signed graph

Given a quasi-symmetric expansion

G(x) = Y Qo) (@),
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Making a vertex-signed graph
Given a quasi-symmetric expansion

G(x) = Y Qo) (@),

define a vertex-signed graph G with vertex set V and
signature function o : V- — {1} %
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Making a vertex-signed graph
Given a quasi-symmetric expansion

G(x) = Y Qo) (@),

define a vertex-signed graph G with vertex set V and
signature function o : V- — {1} %

Goal: Give sufficient conditions for a vertex-signed graph
G = (V, 0, F) to have connected components which satisfy

D Qo) = sa(x).

vel
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Dual equivalence and graphs
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Dual equivalence and graphs

An elementary dual equivalence for:—1,7,i+1 on a
standard word is given by

ES
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Dual equivalence and graphs

An elementary dual equivalence fori—1,:,i+1 on a
standard word is given by

ES

For T, U € SYT, connect T"and U with an i-colored edge
whenever w(T) and w(U) differ by an elementary dual
equivalence for:—1,7,¢1+1.
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Dual equivalence and graphs

An elementary dual equivalence fori—1,:,i+1 on a
standard word is given by

ES

For T, U € SYT, connect T"and U with an i-colored edge
whenever w(T) and w(U) differ by an elementary dual
equivalence for:—1,7,¢1+1.

,_\
%)
B
n

—+++
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Dual equivalence and graphs

An elementary dual equivalence fori—1,:,i+1 on a
standard word is given by

ES

For T, U € SYT, connect T"and U with an i-colored edge
whenever w(7T') and w(U) differ by an elementary dual
equivalence for:—1,7,¢1+1.
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Dual equivalence and graphs

An elementary dual equivalence fori—1,:,i+1 on a
standard word is given by

ES

For T, U € SYT, connect T"and U with an i-colored edge
whenever w(T) and w(U) differ by an elementary dual
equivalence for:—1,7,¢1+1.

,_\
%)
B
n

—+++ +—++ +4+—+ +++—
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Standard dual equivalence graphs
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Standard dual equivalence graphs

Proposition. (Haiman 1992) For T, U of partition shape,

T="U < shape(T)= shape(U).
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Standard dual equivalence graphs

Proposition. (Haiman 1992) For T, U of partition shape,

T="U < shape(T)= shape(U).

Definition. Let G, denote the connected component of the
graph containing SYT()).
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Standard dual equivalence graphs

Proposition. (Haiman 1992) For T, U of partition shape,

T="U < shape(T)= shape(U).

Definition. Let G, denote the connected component of the
graph containing SYT()).

The generating function of Gy is  »  Qu(r)(x)
TeSYT(N)
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Standard dual equivalence graphs

Proposition. (Haiman 1992) For T, U of partition shape,

T="U < shape(T)= shape(U).

Definition. Let G, denote the connected component of the
graph containing SYT()).

The generating function of Gy is  »  Qun)(z) = s(x).
TeSYT(N)
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Standard dual equivalence graphs

Proposition. (Haiman 1992) For T, U of partition shape,

T="U < shape(T)= shape(U).

Definition. Let G, denote the connected component of the
graph containing SYT()).

The generating function of Gy is  »  Qun)(z) = s(x).
TeSYT(N)

Goal: Give sufficient conditions for a vertex-signed,
edge-colored graph G = (V, o, F) to have connected
components isomorphic to G,.
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Examples of G,
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Examples of G,

S. Assaf - Dual equivalence graphs and Macdonald polynomials — p.9/1



Examples of G,

2 2 13 3 5

134 1[2]4 21315 1(2]374
—+++ +—++ ++—+ 44—
314] _2 [2]4 215 2 13]5] _°_[4]5
112151 11315 134 1[2]4 1[2]3
+—++ —+—+ —++— +—+- ++—+
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Examples of G,

2 2 [3 3 5
11374 1127475 21315 1121374
—+++ +—++ ++—+ +++—
314] _2 [2]4 215 2 [315] _°_[4]5
112151 [113]5 11314 11204 112]3
+—++ —+—+ —++— +—+— ++—+

A
3
11275

3 1 T 5 L[5

2 2 3 14

11475 11375 11274 11273

S S g /<; NI NRT—

11374
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Examples of G,

2 3
o o [ o
—+++ +—++ ++—+ +++—

2 2 3
[ o [ o [

3
+—++ —+—+ —++-— +—+— ++—+
[
2
3 +——+ 3
[ J o o [
——++ —+—+ ///<;/1—+— ++——
[
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Dual equivalence graphs
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Dual equivalence graphs

Definition. A vertex-signed, edge-colored graph G Is a
dual equivalence graph if it satisfies 5 local axioms about
sighatures and edge colors.
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Dual equivalence graphs

Definition. A vertex-signed, edge-colored graph G Is a
dual equivalence graph if it satisfies 5 local axioms about

sighatures and edge colors.

Theorem. (A.) Every connected component of a DEG Is
Isomorphic to G, for a unique partition .
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Dual equivalence graphs

Definition. A vertex-signed, edge-colored graph G Is a
dual equivalence graph if it satisfies 5 local axioms about
sighatures and edge colors.

Theorem. (A.) Every connected component of a DEG Is
Isomorphic to G, for a unique partition .

Corollary. (A.) If GisaDEG and «, (5 are statistics on V (G)
which are constant on connected components, then

Z "t Q 0 (2 Z (Z ¢ ) Sx(e)-

veV (G C=Gy
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Back to Macdonald polynomials
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Back to Macdonald polynomials

Hu(wiq.t) = ) " EQus)(x)

S:pu=n]
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Back to Macdonald polynomials

Hy(z;q,t) = > ¢"mi0Q, g (x)

S:pu=n]

V = {standard fillings of u}
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Back to Macdonald polynomials

Hy(z;q,t) = > ¢"mi0Q, g (x)

S:pu=n]

V = {standard fillings of u}
oV — {£1}"! using w(S)
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Back to Macdonald polynomials

Hy(z;q,t) = > ¢"mi0Q, g (x)

S:pu=n]

V = {standard fillings of u}
oV — {£1}"! using w(S)

E must preserve inv and maj
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Back to Macdonald polynomials

Hy(z;q,t) = > ¢"mi0Q, g (x)

S:pu=n]

V = {standard fillings of u}
oV — {£1}"! using w(S)

E must preserve inv and maj

H, = (V,o, E) must be a DEG

S. Assaf - Dual equivalence graphs and Macdonald polynomials — p.11/1



The inv and maj statistics
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The inv and maj statistics

For S a filling of the Young diagram of u, define
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The inv and maj statistics

For S a filling of the Young diagram of u, define

maj(S) := |Des(S)|+ Z

c€Des(S
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The inv and maj statistics

For S a filling of the Young diagram of u, define

maj(S) = |Des(S)|+ Z

ce Des

6|75
Des | [4]1]10
319128
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The inv and maj statistics

For S a filling of the Young diagram of u, define

Des (

mayj(S5)
61715
4[1[10
3[9[2

[Des(S)| + Z

ce Des

> — 16,7,4,10}
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The inv and maj statistics

For S a filling of the Young diagram of u, define

Des (

maj(S)

inv(5)

QO H=~ |

= |Des(S)| + Z

ce Des

= |Inv(9)| — Z a(c).

c€Des(5)

> — 16,7,4,10}
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The inv and maj statistics

For S a filling of the Young diagram of u, define

Des (
Inv (

maj(S)

inv(5)

QO H=~ |

Coli (O
NIENEN

= |Des(S)| + Z

ce Des

= |Inv(9)| — Z a(c).

c€Des(5)

> — 16,7,4,10}

)
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The inv and maj statistics

For S a filling of the Young diagram of u, define

Des (
Inv (

maj(S)

inv(5)

QO H=~ |

VN>
NS EN

= |Des(S)| + Z

ce Des

= |Inv(9)| — Z a(c).

c€Des(5)

> — 16,7,4,10}

)

.

A
—~
\'Cﬂ

—
~
A~~~

(-
\,O

%)
~

—~ T

—
-
N
~
~~
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Spaced row reading words
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Spaced row reading words

The spaced row reading word of S, denoted r(S), is the
row reading word of S augmented with 0Os in (u}")/pu.
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Spaced row reading words

The spaced row reading word of S, denoted r(S), is the
row reading word of S augmented with 0Os in (u}")/pu.

D

10

6
4
3

7
1
9

2
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Spaced row reading words

The spaced row reading word of S, denoted r(S), is the
row reading word of S augmented with 0Os in (u}")/pu.

D

10

6
4
3

7
1
9

2
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Spaced row reading words

The spaced row reading word of S, denoted r(S), is the
row reading word of S augmented with 0Os in (u}")/pu.

7

D

D

10

6
4
3

7
1
9

2

4 1 10

39 2 8
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Spaced row reading words

The spaced row reading word of S, denoted r(S), is the
row reading word of S augmented with 0Os in (u}")/pu.

7

D

D

10

6
4
3

7
1
9

2

4 1 10

39 2 8
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Spaced row reading words

The spaced row reading word of S, denoted r(S), is the
row reading word of S augmented with 0Os in (u}")/pu.

617[5
A[1]10
319]2][8
f Y 1 )
r(S) = 67504110039 28
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Spaced row reading words

The spaced row reading word of S, denoted r(S), is the
row reading word of S augmented with 0Os in (u}")/pu.

617[5
A[1]10
319]2][8
f Y 1 )
r(S) = 67504110039 28
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Spaced row reading words

The spaced row reading word of S, denoted r(S), is the
row reading word of S augmented with 0Os in (u}")/pu.

617[5
A[1]10
319]2][8
f Y 1 )
r(S) = 67504110039 28
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Spaced row reading words

The spaced row reading word of S, denoted r(S), is the
row reading word of S augmented with 0Os in (u}")/pu.

61715
4[1]10
319]2]8
f R 1 Y
r(S) = 6 7504110039 28
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Spaced row reading words

The spaced row reading word of S, denoted r(S), is the
row reading word of S augmented with 0Os in (u}")/pu.

61715
411110
3192|838
( 3 1 R
rS) = 6 750411003928
N J ___J
Desg(r) := {i :ri>nri >0} = Des(S5)
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Spaced row reading words

The spaced row reading word of S, denoted r(S), is the
row reading word of S augmented with 0Os in (u}")/pu.

61715
411110
3192|838
( 3 1 R
rS) = 6 750411003928
N J ___J
Desg(r) := {i :ri>nri >0} = Des(S5)

Invy(r)

Lo ri >1r; >0,
(i,7) : o
k>97—1>0
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Spaced row reading words

The spaced row reading word of S, denoted r(S), is the
row reading word of S augmented with 0Os in (u}")/pu.

61715
411110
3192|838
( 3 1 R
rS) = 6 750411003928
N J ___J
Desg(r) := {i :ri>nri >0} = Des(S5)

Invy(r) {(i,j) : ri > 1 >0, } = Inv(S)

k>97—1>0
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The involution ka)
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The involution ka)

Define involutions
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The involution ka)

Define involutions

S. Assaf - Dual equivalence graphs and Macdonald polynomials — p.14/1



The involution ka)

Define involutions

i iT1 < T i
) Tl < i1l i
di(r) if dist(i—1,4,i+1) > k

. { () it dist |
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The involution ka)

Define involutions

i iT1 < T i
) Tl < i1l i

d;(r) if dist(i—1,4,i4+1) > k
d;(r) if dist(i—1,i,i+1) < k

O
=
=
|
— N
!
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The involution ka)

Define involutions

7 1 Fl1 «— 1F1 7
) Tl < i1l i

" di(r) if dist(i—1,i,i+1) > k
T —
di(r) if dist(i—1,i,i+1) <k

Tnv(S |—‘Inv(D(”1 )|

Des(S) = Des (D
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The involution ka)

Define involutions

7 1 Fl1 «— 1F1 7
) Tl < i1l i

" di(r) if dist(i—1,i,i+1) > k
T —
di(r) if dist(i—1,i,i+1) <k

[Inv(9)| = ‘Inv (D(”1 >| inv(S) = inv (D(M)(S))
9)

Des(S) = Des (D
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Making H, into a DEG
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Making H, into a DEG

define /-colored edges by

IS D(m)(s)
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Making H, into a DEG

Almost define /-colored edges by
IS D(’”)(S)

but with a bit of tweaking when p; > 3:
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Making H, into a DEG

Almost define /-colored edges by
IS D) (9)
but with a bit of tweaking when p; > 3:
DéS) D§3) DéS) D§3)

2314 ——-3124 ——---2143 —— - 1342 - ——-- 1423
—++ +—+ —4— +—+ ++—
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Making H, into a DEG

Almost define /-colored edges by
IS D(’”)(S)

but with a bit of tweaking when p; > 3:

DéS) D§3) DéS) Dé?;)
2314 ———-3124 - ———-92143 — - — 1342 - — — - 1423
—++ +—+ —+— +—+ ++-—
9 2 3 3[4 214]_° [3]4
11314 11214 11213 113 [1]2
—++ +—+ ++-— —+— +—+
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Making H, into a DEG

Almost define /-colored edges by
IS D(’”)(S)

but with a bit of tweaking when p; > 3:

2 D§? - Dy
2314 3124 - ---2143 1342 - ---1423
—++ +—+ —+— +—+ ++—
2 > 13 > |4 214 3
11314 11214 112]3 113 1
—++ +—+ ++— —+— +
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Making H, into a DEG

Almost define /-colored edges by
IS D(’”)(S)

but with a bit of tweaking when p; > 3:

2 2
2314 3124-- 2143 1342  —-1423
—++ +—+ . +4—
2 2 [3 3[4 2[4] ° [3]4
1134 1124 11213 113 5 [1]2
—++ +—+ +4— —+- +—+
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Making H, into a DEG

Almost define /-colored edges by

IS D(’”)(S)

but with a bit of tweaking when p; > 3:

3

2 —/////’ 2
3124 2143

13;;\\\\\~1423

2314

—++ +—+ . +4—
2 2 [3 3[4 2[4] ° [3]4
1134 1124 11213 113 5 |12
—++ +—+ - —+— +—+
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Back to Macdonald positivity
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Back to Macdonald positivity

Conjecture. The graph H, is a DEG for which inv and maj
are constant on connected components.
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Back to Macdonald positivity

Conjecture. The graph H, is a DEG for which inv and maj
are constant on connected components.

Theorem. (A.) The conjecture is true for u; < 3.
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Back to Macdonald positivity

Conjecture. The graph H, is a DEG for which inv and maj
are constant on connected components.

Theorem. (A.) The conjecture is true for u; < 3.

Corollary. (A.) For u; < 3, we have

K)\,,u q, Z qmv tmaj
C=G0y
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