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Macdonald polynomials

The transformed Macdonald polynomials H̃µ(x; q, t) are the
unique functions satisfying the following conditions:

(i) H̃µ(x; q, t) ∈ Q(q, t){sλ[X/(1− q)] : λ ≥ µ},

(ii) H̃µ(x; q, t) ∈ Q(q, t){sλ[X/(1− t)] : λ ≥ µ′},

(iii) H̃µ[1; q, t] = 1.
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Macdonald polynomials

The transformed Macdonald polynomials H̃µ(x; q, t) are the
unique functions satisfying the following conditions:

(i) H̃µ(x; q, t) ∈ Q(q, t){sλ[X/(1− q)] : λ ≥ µ},

(ii) H̃µ(x; q, t) ∈ Q(q, t){sλ[X/(1− t)] : λ ≥ µ′},

(iii) H̃µ[1; q, t] = 1.

The Kostka-Macdonald polynomials K̃λ,µ(q, t) give the
Schur expansion for Macdonald polynomials, i.e.

H̃µ(x; q, t) =
∑

λ

K̃λ,µ(q, t)sλ(x).
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Macdonald positivity

Theorem. (Haiman 2001) We have K̃λ,µ(q, t) ∈ N[q, t].
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Macdonald positivity

Theorem. (Haiman 2001) We have K̃λ,µ(q, t) ∈ N[q, t].

Original proof realizes H̃µ(x; q, t) as the Frobenius series of
doubly graded Sn-module (Garsia-Haiman module) using
algebraic geometry of the Hilbert scheme.
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Theorem. (Haiman 2001) We have K̃λ,µ(q, t) ∈ N[q, t].

Original proof realizes H̃µ(x; q, t) as the Frobenius series of
doubly graded Sn-module (Garsia-Haiman module) using
algebraic geometry of the Hilbert scheme.

Newer proof due to Grojnowski and Haiman relates
H̃µ(x; q, t) to LLT positivity (Haglund’s formula) and then
uses Kazhdan-Lusztig theory.
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Macdonald positivity

Theorem. (Haiman 2001) We have K̃λ,µ(q, t) ∈ N[q, t].

Original proof realizes H̃µ(x; q, t) as the Frobenius series of
doubly graded Sn-module (Garsia-Haiman module) using
algebraic geometry of the Hilbert scheme.

Newer proof due to Grojnowski and Haiman relates
H̃µ(x; q, t) to LLT positivity (Haglund’s formula) and then
uses Kazhdan-Lusztig theory.

Problem: Find a combinatorial proof of positivity.
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Macdonald positivity

Theorem. (Haiman 2001) We have K̃λ,µ(q, t) ∈ N[q, t].

Original proof realizes H̃µ(x; q, t) as the Frobenius series of
doubly graded Sn-module (Garsia-Haiman module) using
algebraic geometry of the Hilbert scheme.

Newer proof due to Grojnowski and Haiman relates
H̃µ(x; q, t) to LLT positivity (Haglund’s formula) and then
uses Kazhdan-Lusztig theory.

Problem: Find a combinatorial proof of positivity.

Better yet, find a combinatorial formula for K̃λ,µ(q, t).
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A monomial expansion for H̃µ(x; q, t)
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A monomial expansion for H̃µ(x; q, t)

Theorem. (Haglund, Haiman, Loehr 2005)

H̃µ(x; q, t) =
∑

S:µ→N

qinv(S)tmaj(S)xS
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A monomial expansion for H̃µ(x; q, t)

Theorem. (Haglund, Haiman, Loehr 2005)

H̃µ(x; q, t) =
∑

S:µ→N

qinv(S)tmaj(S)xS

The Schur functions may be defined by

sλ(x) =
∑

T∈SSYT(λ)

xT
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A monomial expansion for H̃µ(x; q, t)

Theorem. (Haglund, Haiman, Loehr 2005)

H̃µ(x; q, t) =
∑

S:µ→N

qinv(S)tmaj(S)xS

Proposition. (Gessel 1984)

sλ(x) =
∑

T∈SSYT(λ)

xT

=
∑

T∈SYT(λ)

Qσ(T )(x)

S. Assaf - Dual equivalence graphs and Macdonald polynomials – p.4/17



A monomial expansion for H̃µ(x; q, t)

Theorem. (Haglund, Haiman, Loehr 2005)

H̃µ(x; q, t) =
∑

S:µ→N

qinv(S)tmaj(S)xS

=
∑

S:µ→̃[n]

qinv(S)tmaj(S)Qσ(S)(x)

Proposition. (Gessel 1984)

sλ(x) =
∑

T∈SSYT(λ)

xT

=
∑

T∈SYT(λ)

Qσ(T )(x)
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Quasi-symmetric functions

For σ ∈ {±1}n−1, define the quasi-symmetric function

Qσ(x) =
∑

i1≤···≤in
ij=ij+1⇒σj=+1

xi1 · · ·xin .
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Quasi-symmetric functions

For σ ∈ {±1}n−1, define the quasi-symmetric function

Qσ(x) =
∑

i1≤···≤in
ij=ij+1⇒σj=+1

xi1 · · ·xin .

Define the descent signature σ : SYT→ {±1}n−1 by

σ(T )i =

{
+1 i left of i+1 in w(T )

−1 i+1 left of i in w(T )
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Quasi-symmetric functions

For σ ∈ {±1}n−1, define the quasi-symmetric function

Qσ(x) =
∑

i1≤···≤in
ij=ij+1⇒σj=+1

xi1 · · ·xin .

Define the descent signature σ : SYT→ {±1}n−1 by

σ(T )i =

{
+1 i left of i+1 in w(T )

−1 i+1 left of i in w(T )

σ

(
5 7 10
2 6 8
1 3 4 9

)
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Quasi-symmetric functions

For σ ∈ {±1}n−1, define the quasi-symmetric function

Qσ(x) =
∑

i1≤···≤in
ij=ij+1⇒σj=+1

xi1 · · ·xin .

Define the descent signature σ : SYT→ {±1}n−1 by

σ(T )i =

{
+1 i left of i+1 in w(T )

−1 i+1 left of i in w(T )

σ

(
5 7 10
2 6 8
1 3 4 9
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Quasi-symmetric functions

For σ ∈ {±1}n−1, define the quasi-symmetric function

Qσ(x) =
∑

i1≤···≤in
ij=ij+1⇒σj=+1

xi1 · · ·xin .

Define the descent signature σ : SYT→ {±1}n−1 by
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Making a vertex-signed graph

Given a quasi-symmetric expansion

G(x) =
∑

v∈V

Qσ(v)(x),
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Making a vertex-signed graph

Given a quasi-symmetric expansion

G(x) =
∑

v∈V

Qσ(v)(x),

define a vertex-signed graph G with vertex set V and
signature function σ : V → {±1}n−1.
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Making a vertex-signed graph

Given a quasi-symmetric expansion

G(x) =
∑

v∈V

Qσ(v)(x),

define a vertex-signed graph G with vertex set V and
signature function σ : V → {±1}n−1.

Goal: Give sufficient conditions for a vertex-signed graph
G = (V, σ, E) to have connected components which satisfy

∑

v∈C

Qσ(v)(x) = sλ(x).
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Dual equivalence and graphs

An elementary dual equivalence for i−1, i, i+1 on a
standard word is given by

· · · i · · · i± 1 · · · i∓ 1 · · · ≡∗ · · · i∓ 1 · · · i± 1 · · · i · · ·
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Dual equivalence and graphs

An elementary dual equivalence for i−1, i, i+1 on a
standard word is given by

· · · i · · · i± 1 · · · i∓ 1 · · · ≡∗ · · · i∓ 1 · · · i± 1 · · · i · · ·

For T, U ∈ SYT, connect T and U with an i-colored edge
whenever w(T ) and w(U) differ by an elementary dual
equivalence for i−1, i, i+1.
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Dual equivalence and graphs

An elementary dual equivalence for i−1, i, i+1 on a
standard word is given by

· · · i · · · i± 1 · · · i∓ 1 · · · ≡∗ · · · i∓ 1 · · · i± 1 · · · i · · ·
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whenever w(T ) and w(U) differ by an elementary dual
equivalence for i−1, i, i+1.
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1 3 4 5
−+++
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Standard dual equivalence graphs

Proposition. (Haiman 1992) For T, U of partition shape,

T ≡∗ U ⇔ shape(T ) = shape(U).
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Standard dual equivalence graphs

Proposition. (Haiman 1992) For T, U of partition shape,

T ≡∗ U ⇔ shape(T ) = shape(U).

Definition. Let Gλ denote the connected component of the
graph containing SYT(λ).
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Standard dual equivalence graphs

Proposition. (Haiman 1992) For T, U of partition shape,

T ≡∗ U ⇔ shape(T ) = shape(U).

Definition. Let Gλ denote the connected component of the
graph containing SYT(λ).

The generating function of Gλ is
∑

T∈SYT(λ)

Qσ(T )(x) .
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Standard dual equivalence graphs

Proposition. (Haiman 1992) For T, U of partition shape,

T ≡∗ U ⇔ shape(T ) = shape(U).

Definition. Let Gλ denote the connected component of the
graph containing SYT(λ).

The generating function of Gλ is
∑

T∈SYT(λ)

Qσ(T )(x) = sλ(x).

Goal: Give sufficient conditions for a vertex-signed,
edge-colored graph G = (V, σ, E) to have connected
components isomorphic to Gλ.
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Examples of Gλ

2
1 3 4 5
−+++

3
1 2 4 5

+−++

4
1 2 3 5

++−+

5
1 2 3 4

+++−

2 3 4
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Examples of Gλ

2
1 3 4 5
−+++

3
1 2 4 5

+−++

4
1 2 3 5

++−+

5
1 2 3 4

+++−

2 3 4

3 4
1 2 5
+−++

2 4
1 3 5
−+−+

2 5
1 3 4
−++−

3 5
1 2 4
+−+−

4 5
1 2 3
++−+

2

3

4 2 3

4
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Examples of Gλ

2
1 3 4 5
−+++

3
1 2 4 5

+−++

4
1 2 3 5

++−+

5
1 2 3 4

+++−

2 3 4

3 4
1 2 5
+−++

2 4
1 3 5
−+−+

2 5
1 3 4
−++−

3 5
1 2 4
+−+−

4 5
1 2 3
++−+

2

3

4 2 3

4

4
3
1 2 5
+−−+3

2
1 4 5
−−++

4
2
1 3 5
−+−+

5
3
1 2 4
+−+−

5
4
1 2 3
++−−5

2
1 3 4
−++−

3

2

4

4

2

3
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Examples of Gλ

−+++

•

+−++

•

++−+

•

+++−

•
2 3 4

+−++

•

−+−+

•

−++−

•

+−+−

•

++−+

•
2

3

4 2 3

4

+−−+

•

−−++

•

−+−+

•

+−+−

•

++−−

•

−++−

•

3

2

4

4

2

3
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Dual equivalence graphs
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Dual equivalence graphs

Definition. A vertex-signed, edge-colored graph G is a
dual equivalence graph if it satisfies 5 local axioms about
signatures and edge colors.
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Dual equivalence graphs

Definition. A vertex-signed, edge-colored graph G is a
dual equivalence graph if it satisfies 5 local axioms about
signatures and edge colors.

Theorem. (A.) Every connected component of a DEG is
isomorphic to Gλ for a unique partition λ.
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Dual equivalence graphs

Definition. A vertex-signed, edge-colored graph G is a
dual equivalence graph if it satisfies 5 local axioms about
signatures and edge colors.

Theorem. (A.) Every connected component of a DEG is
isomorphic to Gλ for a unique partition λ.

Corollary. (A.) If G is a DEG and α, β are statistics on V (G)
which are constant on connected components, then

∑

v∈V (G)

qα(v)tβ(v)Qσ(v)(x) =
∑

λ

(
∑

C∼=Gλ

qα(C)tβ(C)

)
sλ(x).
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Back to Macdonald polynomials

H̃µ(x; q, t) =
∑

S:µ→̃[n]

qinv(S)tmaj(S)Qσ(S)(x)
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Back to Macdonald polynomials

H̃µ(x; q, t) =
∑

S:µ→̃[n]

qinv(S)tmaj(S)Qσ(S)(x)

V = {standard fillings of µ}
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Back to Macdonald polynomials

H̃µ(x; q, t) =
∑

S:µ→̃[n]

qinv(S)tmaj(S)Qσ(S)(x)

V = {standard fillings of µ}

σ : V → {±1}n−1 using w(S)
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Back to Macdonald polynomials

H̃µ(x; q, t) =
∑

S:µ→̃[n]

qinv(S)tmaj(S)Qσ(S)(x)

V = {standard fillings of µ}

σ : V → {±1}n−1 using w(S)

E must preserve inv and maj
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Back to Macdonald polynomials

H̃µ(x; q, t) =
∑

S:µ→̃[n]

qinv(S)tmaj(S)Qσ(S)(x)

V = {standard fillings of µ}

σ : V → {±1}n−1 using w(S)

E must preserve inv and maj

Hµ = (V, σ, E) must be a DEG
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The inv and maj statistics

For S a filling of the Young diagram of µ, define
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The inv and maj statistics

For S a filling of the Young diagram of µ, define

maj(S) := |Des(S)|+
∑

c∈Des(S)

l(c),
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The inv and maj statistics

For S a filling of the Young diagram of µ, define

maj(S) := |Des(S)|+
∑

c∈Des(S)

l(c),

Des

(
6 7 5
4 1 10
3 9 2 8

)

S. Assaf - Dual equivalence graphs and Macdonald polynomials – p.12/17



The inv and maj statistics

For S a filling of the Young diagram of µ, define

maj(S) := |Des(S)|+
∑

c∈Des(S)

l(c),

Des

(
6 7 5
4 1 10
3 9 2 8

)
= {6, 7, 4, 10}
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The inv and maj statistics

For S a filling of the Young diagram of µ, define

maj(S) := |Des(S)|+
∑

c∈Des(S)

l(c),

inv(S) := |Inv(S)| −
∑

c∈Des(S)

a(c).

Des

(
6 7 5
4 1 10
3 9 2 8

)
= {6, 7, 4, 10}
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The inv and maj statistics

For S a filling of the Young diagram of µ, define

maj(S) := |Des(S)|+
∑

c∈Des(S)

l(c),

inv(S) := |Inv(S)| −
∑

c∈Des(S)

a(c).

Des

(
6 7 5
4 1 10
3 9 2 8

)
= {6, 7, 4, 10}

Inv

(
6 7 5
4 1 10
3 9 2 8

)

S. Assaf - Dual equivalence graphs and Macdonald polynomials – p.12/17



The inv and maj statistics

For S a filling of the Young diagram of µ, define

maj(S) := |Des(S)|+
∑

c∈Des(S)

l(c),

inv(S) := |Inv(S)| −
∑

c∈Des(S)

a(c).

Des

(
6 7 5
4 1 10
3 9 2 8

)
= {6, 7, 4, 10}

Inv

(
6 7 5
4 1 10
3 9 2 8

)
=





(6, 5), (7, 5), (7, 4), (5, 4),

(5, 1), (10, 3), (10, 9),

(3, 2), (9, 2), (9, 8)




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Spaced row reading words

The spaced row reading word of S, denoted r(S), is the
row reading word of S augmented with 0s in (µµ1

1 )/µ.
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Spaced row reading words

The spaced row reading word of S, denoted r(S), is the
row reading word of S augmented with 0s in (µµ1

1 )/µ.

6 7 5
4 1 10
3 9 2 8
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Spaced row reading words

The spaced row reading word of S, denoted r(S), is the
row reading word of S augmented with 0s in (µµ1

1 )/µ.

6 7 5 0
4 1 10 0
3 9 2 8

S. Assaf - Dual equivalence graphs and Macdonald polynomials – p.13/17



Spaced row reading words

The spaced row reading word of S, denoted r(S), is the
row reading word of S augmented with 0s in (µµ1

1 )/µ.

6 7 5 0
4 1 10 0
3 9 2 8

r(S) = 6 7 5 0 4 1 10 0 3 9 2 8
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Spaced row reading words

The spaced row reading word of S, denoted r(S), is the
row reading word of S augmented with 0s in (µµ1
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6 7 5 0
4 1 10 0
3 9 2 8

r(S) = 6 7 5 0 4 1 10 0 3 9 2 8
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Spaced row reading words

The spaced row reading word of S, denoted r(S), is the
row reading word of S augmented with 0s in (µµ1

1 )/µ.

6 7 5 0
4 1 10 0
3 9 2 8

r(S) = 6 7 5 0 4 1 10 0 3 9 2 8

Desk(r) := {i : ri > ri+k > 0}
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Spaced row reading words

The spaced row reading word of S, denoted r(S), is the
row reading word of S augmented with 0s in (µµ1

1 )/µ.

6 7 5 0
4 1 10 0
3 9 2 8

r(S) = 6 7 5 0 4 1 10 0 3 9 2 8

Desk(r) := {i : ri > ri+k > 0} = Des(S)

S. Assaf - Dual equivalence graphs and Macdonald polynomials – p.13/17



Spaced row reading words

The spaced row reading word of S, denoted r(S), is the
row reading word of S augmented with 0s in (µµ1

1 )/µ.

6 7 5 0
4 1 10 0
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Spaced row reading words

The spaced row reading word of S, denoted r(S), is the
row reading word of S augmented with 0s in (µµ1
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6 7 5 0
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r(S) = 6 7 5 0 4 1 10 0 3 9 2 8
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Spaced row reading words

The spaced row reading word of S, denoted r(S), is the
row reading word of S augmented with 0s in (µµ1

1 )/µ.

6 7 5 0
4 1 10 0
3 9 2 8

r(S) = 6 7 5 0 4 1 10 0 3 9 2 8

Desk(r) := {i : ri > ri+k > 0} = Des(S)

Invk(r) :=

{
(i, j) :

ri > rj > 0,

k > j − i > 0

}
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Spaced row reading words

The spaced row reading word of S, denoted r(S), is the
row reading word of S augmented with 0s in (µµ1

1 )/µ.

6 7 5 0
4 1 10 0
3 9 2 8

r(S) = 6 7 5 0 4 1 10 0 3 9 2 8

Desk(r) := {i : ri > ri+k > 0} = Des(S)

Invk(r) :=

{
(i, j) :

ri > rj > 0,

k > j − i > 0

}
= Inv(S)
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The involution D
(k)
i
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The involution D
(k)
i

Define involutions

i i± 1 i∓ 1
di←→ i∓ 1 i± 1 i
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The involution D
(k)
i

Define involutions

i i± 1 i∓ 1
di←→ i∓ 1 i± 1 i

i i± 1 i∓ 1
edi←→ i± 1 i∓ 1 i

S. Assaf - Dual equivalence graphs and Macdonald polynomials – p.14/17



The involution D
(k)
i

Define involutions

i i± 1 i∓ 1
di←→ i∓ 1 i± 1 i

i i± 1 i∓ 1
edi←→ i± 1 i∓ 1 i

D
(k)
i (r) =

{
di(r) if dist(i−1, i, i+1) > k

d̃i(r) if dist(i−1, i, i+1) ≤ k
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The involution D
(k)
i

Define involutions

i i± 1 i∓ 1
di←→ i∓ 1 i± 1 i

i i± 1 i∓ 1
edi←→ i± 1 i∓ 1 i

D
(k)
i (r) =

{
di(r) if dist(i−1, i, i+1) > k

d̃i(r) if dist(i−1, i, i+1) ≤ k

|Invk(r)| =
∣∣∣Invk

(
D

(k)
i (r)

)∣∣∣

Desk(r) = Desk

(
D

(k)
i (r)

)
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The involution D
(k)
i

Define involutions

i i± 1 i∓ 1
di←→ i∓ 1 i± 1 i

i i± 1 i∓ 1
edi←→ i± 1 i∓ 1 i

D
(k)
i (r) =

{
di(r) if dist(i−1, i, i+1) > k

d̃i(r) if dist(i−1, i, i+1) ≤ k

|Inv(S)| =
∣∣∣Inv

(
D

(µ1)
i (S)

)∣∣∣

Des(S) = Des
(
D

(µ1)
i (S)

)
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The involution D
(k)
i

Define involutions

i i± 1 i∓ 1
di←→ i∓ 1 i± 1 i

i i± 1 i∓ 1
edi←→ i± 1 i∓ 1 i

D
(k)
i (r) =

{
di(r) if dist(i−1, i, i+1) > k

d̃i(r) if dist(i−1, i, i+1) ≤ k

|Inv(S)| =
∣∣∣Inv

(
D

(µ1)
i (S)

)∣∣∣

Des(S) = Des
(
D

(µ1)
i (S)

)  

inv(S) = inv
(
D

(µ1)
i (S)

)

maj(S) = maj
(
D

(µ1)
i (S)

)
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Making Hµ into a DEG
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Making Hµ into a DEG

define i-colored edges by

S D
(µ1)
i (S)

i
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Making Hµ into a DEG

Almost define i-colored edges by

S D
(µ1)
i (S)

i

but with a bit of tweaking when µ1 ≥ 3:
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Making Hµ into a DEG

Almost define i-colored edges by

S D
(µ1)
i (S)

i

but with a bit of tweaking when µ1 ≥ 3:

2314 3124 1 2143 1342 1 1423
−++ +−+ −+− +−+ ++−

D
(3)
2 D

(3)
2D

(3)
3 D

(3)
3
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Making Hµ into a DEG

Almost define i-colored edges by

S D
(µ1)
i (S)

i

but with a bit of tweaking when µ1 ≥ 3:

2314 3124 1 2143 1342 1 1423
−++ +−+ −+− +−+ ++−

D
(3)
2 D

(3)
2D

(3)
3 D

(3)
3

2
1 3 4
−++

3
1 2 4
+−+

4
1 2 3
++−

2 4
1 3
−+−

3 4
1 2
+−+

2 3 2

3
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Making Hµ into a DEG

Almost define i-colored edges by

S D
(µ1)
i (S)

i

but with a bit of tweaking when µ1 ≥ 3:

2314 3124 1 2143 1342 1 1423
−++ +−+ −+− +−+ ++−

2 2D
(3)
3 D

(3)
3

2
1 3 4
−++

3
1 2 4
+−+

4
1 2 3
++−

2 4
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3 4
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2 3 2

3

S. Assaf - Dual equivalence graphs and Macdonald polynomials – p.15/17



Making Hµ into a DEG

Almost define i-colored edges by

S D
(µ1)
i (S)

i

but with a bit of tweaking when µ1 ≥ 3:

2314 3124 1 2143 1342 1 1423
−++ +−+ −+− +−+ ++−

2 2

3

2
1 3 4
−++

3
1 2 4
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4
1 2 3
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2 3 2

3

S. Assaf - Dual equivalence graphs and Macdonald polynomials – p.15/17



Making Hµ into a DEG

Almost define i-colored edges by

S D
(µ1)
i (S)

i

but with a bit of tweaking when µ1 ≥ 3:

2314 3124 1 2143 1342 1 1423
−++ +−+ −+− +−+ ++−

2 2

3

3

2
1 3 4
−++

3
1 2 4
+−+

4
1 2 3
++−

2 4
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3 4
1 2
+−+

2 3 2

3
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Back to Macdonald positivity
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Back to Macdonald positivity

Conjecture. The graph Hµ is a DEG for which inv and maj
are constant on connected components.
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Back to Macdonald positivity

Conjecture. The graph Hµ is a DEG for which inv and maj
are constant on connected components.

Theorem. (A.) The conjecture is true for µ1 ≤ 3.
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Back to Macdonald positivity

Conjecture. The graph Hµ is a DEG for which inv and maj
are constant on connected components.

Theorem. (A.) The conjecture is true for µ1 ≤ 3.

Corollary. (A.) For µ1 ≤ 3, we have

K̃λ,µ(q, t) =
∑

C∼=Gλ

qinv(C)tmaj(C).
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