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How do we prove it?

G~ R(0;1),  R(L;1), -, R(I-1I)
1 1 I

G™ Indz(0;1), Indz(1;1), ---, Indz(l—1;1)

U i i 1

(dim z(7;1) = dim z(j;1))

We can prove it by (H,{ z(i;1) }) providing the picture.
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The case of the Springer module.

In the case when
o G = S, the symmetric group,

®© R=R, =@, R),: the Springer module,
where p is a partition whose multiplicities are divisible by [,

dim R,,(0;1) = dim R,,(1;1) = dim R,,(2;1) = - - - ,

where R, (k;1) = @, RITF.
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Springer modules and Green polynomial

[Morita-Nakajima] gives the previous picture.

e H=5,xC,;, where

e S, the Young subgroup,
o C,; = (au,): some I-th cyclic group.

@ z(i,l): the following 1-dimensional representation:

2(i,0): S, xCyy — C*

W w
Sy > o — 1
C/Jﬂl 2 a/J"l — C;’

where (; is the primitive root of unity.
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They showed. . .

e dim z(7;1) = dim z(j;1)
o Clear by the definition of z(i;1).
o Indz(i;1) ~ Ry, (i51)
e They showed the coincidence of their characters.

o To show the fact, they explicitly calculated values Q% (/) of
Green polynomial at roots of unity.
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Motivation of this talk.

By their result,
o QL(¢}) is a nonnegative integer.
So we have the following questions:

@ Does the number have a combinatorial presentation?
(Describe as the number of some combinatorial objects.)

@ What do the combinatorial objects mean?
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Notation

Fix the following:
@ [: a positive integer.
o Let!=23.
@ u: a partition of m whose multiplicities are divisible by [.

o Let p = (3%,2%) =

@ p: a partition of m.
o Let p=(6,6,3) F 15.
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marked (p, [)-tableaux on

A marked (p,1)-tableau on p is a diagram obtained
e from a (p,l)-tableau on p

@ by putting * on one of left-most boxes where 7 lies for each i.

The following are marked (p, [)-tableaux:

11035 (113 |11 |3% 1% 1|3 |1]13%|1]1|3"
113113113113 [1*1[3][1]1]3
11311 [3][1* 1 |3][1]1]3][1|1[3][1*1]3
2%12] 12%2] T12¢ 2] |202] |2]2| |2]2]
2|2 2|2 2|2 22 22 2% 2
2|2 2|2 2|2 2|2 2|2 2|2

(b= (33,23)1 p=(6,6,3), 1=23)

v
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Main results

For o € S, of cycle type p,

> G Char (Ru(ks1)) (o)

keZ/IZ
= |{ marked (p,1)-tableaux on p }|.

<
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Main results

For o € S, of cycle type p,

> G Char (Ru(ks1)) (o)

keZ/IZ

= |{ marked (p,1)-tableaux on p }|.

Q4(G) = > ¢ Char (Ru(k;1)) (o)

kezZ/lz
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Key Lemma

For an integer j and o € S,,, of cycle type p,

> G Char (Ru (k1)) (o)

k€EZ/IZ

— H {T}: a tabloid on | oc{T} = {T}a;j H '

v
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Key Lemma

For an integer j and o € S,,, of cycle type p,

> ¢ Char (Ryu(k;1)) (o)

keZ/IZ.

— H {T}: a tabloid on u ‘ o{T} = {T}a,] H '

Lemma

For an integer j and o € S,,, of cycle type p,

{ marked (p,1)-tableaux on u }
A { {T}: a tabloid on \ o{T} = {T}a] } .
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How to construct 1-1.

113" 31613
1113 21515
113 11414
PR I
272 710
202 912

For each rectangle whose boxes has 7,
put numbers on the boxes of p from the marked box as follows:
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Key Lemma

Tabloids on p

Tabloids are row-equivalent classes of numberings on p, i.e.,
{T} = {T'} if corresponding rows of T" and T' contain the same

elements.

11213 211/3 41213
4156 415(6 1(5/6
71819y _ (17189 71819
{1011 }"{1011 }7é{1011 ¥
1213 12013 12[13
14[15 1415 14[15
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The S,,-module M* whose basis is the set of tabloids on p is
isomorphic to the Springer module R, as S,,-modules.

a;% acts on tabloids from the right as follows:

11213 718[9
4(5(6 11203
71819|+ -1 ,|4]5]6
Cronnr o =g 2
12113 1011
1415 1213
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For o, = (1,2,3,4,5,6)(7,8,9,10,11,12)(13, 14, 15)
3[6[13 11414
205115 3[6/13
11404, -1 _ ,[2]5]15

Ugmrr Yo ={fgng }
710 811
912 710
3[6]13 4114
215115 3[6[13
11414 21505

Argi } ninvEt
7110 811
912 10/ 7
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