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Classes of quiver cycles

Q quiver (finite directed graph) 1 2 3 j 4
Vertex set: [n] ={1,2,...,n} 5
Dimension vector: e = (e1,...,e,) € N”

Set E; =F% , where F is a field.

Representation space: X = Mat(ej X &) = Homp(E;, E;
J j

i—j i—j



Classes of quiver cycles

Q quiver (finite directed graph) 1 2 3 j 4
Vertex set: [n] ={1,2,...,n} 5
Dimension vector: e = (e1,...,e,) € N”

Set E; =F% , where F is a field.

Representation space: X = @ Mat(e; x €) = @Homﬂr(E;, Ej)

i—j i—j
Group action: G = GL(Ey) x --- x GL(E,) actson X by
(g1, 8n)-(0i~j) = (g Pi—j g ")

Def: A quiver cycle is a G-stable closed subvariety Q C X

Problem: Describe the cohomology class [Q] and Grothendieck class [Ogq]



Write E; = E,',l DD Ei,e,- where Ei,s =F
T(E) := GL(Ei1) x --- x GL(E; ) C GL(E;) diagonal matrices
Set T = T(E)x---xT(E,) CG



Write E; = E,',l DD Ei,e,- where Ei,s =F
T(E) := GL(Ei1) x --- x GL(E; ) C GL(E;) diagonal matrices
Set T = T(E)x---xT(E,) CG

F[X] = { polynomial functions p: X — F }
T acts on F[X] by (t.p)(¢) = p(t~1.9)
Oq = F[X]/Z(Q2) where Z(Q2) = {p € F[X] : p(¢) =0 V¢ € Q}



Write Ej=Ej1@® - & Ejo, where Ejg=TF

T(E)) = GL(Ej1) x --- x GL(Ej¢) C GL(E;) diagonal matrices
Set T = T(E)x---xT(E,) CG

F[X] = { polynomial functions p: X — F }

T acts on F[X] by (t.p)(¢) = p(t~1.9)

Oq = F[X]/Z(Q2) where Z(Q2) = {p € F[X] : p(¢) =0 V¢ € Q}

T-equivariant resolution: 0 — F — -+ — Fg — Oq — 0 where F; is a free

F[X]-module with linear T-action, s.t. t.(pm) = (t.p) (t.m) for all m € F;

Note: Fj/mF; is a T-representation, m =Z({0}) C F[X]



Write E;=E;1 ®---® Ej where E; =T
T(E)) = GL(Ej1) x --- x GL(Ej¢) C GL(E;) diagonal matrices
Set T = T(E)x---xT(E,) CG

F[X] = { polynomial functions p: X — F }
T acts on F[X] by (t.p)(¢) = p(t~1.9)
Oq =F[X]/Z(2) where Z(Q) = {p € F[X] : p(¢) =0 V¢ € Q}

T-equivariant resolution: 0 — F — -+ — Fg — Oq — 0 where F; is a free
F[X]-module with linear T-action, s.t. t.(pm) = (t.p) (t.m) for all m € F;
Note: Fj/mF; is a T-representation, m =Z({0}) C F[X]

Def: Kr(X) = " ring of virtual representations of T" = Z [Eifl}
Grothendieck class: [Oq] = Y. i5o(=1)'[Fi/mFi] € K7(X)

Note: K7(X) C Z[[xis]] where xjs=1-— Ei,s_l Chern roots
Hr(X) :=Z[xis] ; [Q] = leading term of [Oq]



Example: Q = {1—-2}

GL(E1) x GL(E) acts on X = Homp(Ey, E2) by (g1,8).¢0 = & qbgl_l
Q=Q,={¢ e X |rank(¢) < r}

Thom—Porteous : [Q] = SA(E2 — El) = SA(X2’1, ce ey X2 e X11 e - 7X1,e1)

where XA = (e — )27 " = e—r
€1—r

Theorem (B) [Oq] = Gx\(E2 — E1) € K1 (X)

where Gy = for A



Set-valued tableaux (B)

1,3| 3 | 451568

7T =| 4 |58

6,7




il XT H Xi# boxes 3i = X1 X32 X42 X53 X62 X7 X82
T =| 4|58 =
i T _
6.7 7| = deg(x”) =13
Define: G)(x) = Z (_1)|T\—|>\\ 7

shape(7)=\



Set-valued tableaux (B)

1,3 3 |4,55,6,8 XT HX,# boxes 3i _ X1X32X42X53X62X7X82
T =| 4|58 i>1
_ Ty _
6.7 |7| = deg(x’) =13
Define: Gy(x) = > (=177
shape(7)=\

Bialgebra of stable Groth. polys. ' =@, Z- G\ C Z[[x1, x2, .

N



Set-valued tableaux (B)

1,3| 3 [4515,6,8
7T =| 4 |58
6,7

Define: G)(x) =

LR-rule (B) :

T _ # boxes i __ 2.2.3.2 2
i>1

17| = deg(x?) =13

(—1)I7I=IA T

shape(7)=\

Bialgebra of stable Groth. polys. =@, Z- G\ C Z[[x1,x,...]]

Gr-Gu=D) &, G where |v|>|X+]|u| and

Xy = (—1)PI=A=lul . 4 certain set-valued T



Set-valued tableaux (B)

1,3| 3 | 4,5 5,6,8 XT — HX,# boxes i = x X32X42 X53X62X7 X82
T =|4|58 i>1
_ Ty _
6.7 |7| = deg(x’) =13
Define: Gy(x) = > (=177
shape(7)=\

Bialgebra of stable Groth. polys. =@, Z- G\ C Z[[x1,x,...]]

LR-rule (B) : Gx-Gu=>_ X, Gy where [v| > |+ |u| and
14

Xy = (—1)PI=A=lul . 4 certain set-valued T

Coproduct (B): A:T—->T'®T R |\

A(Gy) = Zd)\uu a®G, d)\V#:C,gW where p:jﬁ_‘

A




Notation:

Given a rational T-rep. U, write U=U1 ®---® U, , dmU; =1
Set GA(U) = G\(1—U;t,...,1-U;1,0,0,...) € Kr(X)

Definition Given two rational T-representations U and V/, set

G (U—=V)=3 d¥, G\(U)-Gu(V*) € Kr(X)
A p

Note: S, (U — V) € Hr(X) isthe leading term of G, (U — V)



Equioriented quiver of type A: Q@ = {1—-2— .- —>n}

n—
X:{(¢17"'a¢n—1):E1¢_1>E2¢—2>“'_’ n1 —— Ep}
Any quiver cycle is given by r={rij} . 1<i<j<n

Q, = {6 € X | rank(E 2% EY < 1y Vi < )



Equioriented quiver of type A: Q@ = {1—-2— .- —>n}

X:{(¢17"'a¢n—1):E1¢_1>E2¢—2>“‘_’ n—1%—_1>En}

Any quiver cycle is given by rank conditions r={r;} ,1<i<j<n
Q, = {6 € X | rank(E 2% EY < 1y Vi < )
Thm (B-Fulton): Formula for [Q/] € HF(X)

Thm (B) [Oq,] = ) cu(r) G (E2 — E1) Gy (Bs — E2) -+ Gy, (En — En-1)

sum over sequences i = (p1, ..., tn—1) of partitions p; = EEEP
for which )~ |pi| > codim(2,)

c.(r) € Z is an (equioriented) quiver coefficient

cu(r) is a cohomological quiver coefficient if Y~ |ui| = codim(€2,)



Equioriented quiver of type A: Q@ = {1—-2— .- —>n}

X:{(¢17"'a¢n—1):E1¢_1>E2¢—2>“‘_’ n—1%—_1>En}

Any quiver cycle is given by rank conditions r={r;} ,1<i<j<n
Q, = {6 € X | rank(E 2% EY < 1y Vi < )
Thm (B-Fulton): Formula for [Q/] € HF(X)

Thm (B) [Oq,] = ) cu(r) G (E2 — E1) Gy (Bs — E2) -+ Gy, (En — En-1)

sum over sequences i = (p1, ..., tn—1) of partitions p; = EEEP
for which )~ |pi| > codim(2,)

c.(r) € Z is an (equioriented) quiver coefficient
cu(r) is a cohomological quiver coefficient if Y~ |ui| = codim(€2,)

Conjecture (B-Fulton) , Theorem (Knutson—Miller-Shimozono, B, Miller)

Quiver coefs. have alternating signs: (—1)2 [kil—codim(@) ¢ (1) > 0



Stable Grothendieck polynomials

Fomin—Kirillov: Defined G, (x) for any permutation w € Sy
B: Gw=>, awAGx . aw = quiver coefficient
Lascoux: (—PA=W) ., > 0



Stable Grothendieck polynomials

Fomin—Kirillov: Defined G, (x) for any permutation w € Sy

B: Gw=>_awxGx ., awx = quiver coefficient
Lascoux: (—PA=W) ., > 0

5[4]3]1]
Def. (BKSTY) A decreasing tableau is a Young 7 =[3]1
tableau with strictly decreasing rows and columns. 2]

Define w(7):=sy-s3-51-S5-S4-53-51 where s;=(i,i+1) , using

ws; if lws;) > (w)

Hecke product of permutations: w-s; = ]
w otherwise



Stable Grothendieck polynomials

Fomin—Kirillov: Defined G, (x) for any permutation w € Sy

B: Gw=>_awxGx ., awx = quiver coefficient
Lascoux: (—PA=W) ., > 0

5[4]3]1]
Def. (BKSTY) A decreasing tableau is a Young 7 =[3]1
tableau with strictly decreasing rows and columns. 12 ]

Define w(7):=sy-s3-51-S5-S4-53-51 where s;=(i,i+1) , using

ws; if lws;) > (w)

Hecke product of permutations: w-s; = ]
w otherwise

Thm (B—Kresch-Shimozono—Tamvakis—Yong)
awx = (=)= . # decreasing T of shape A such that w(7) = w.

Example: w=2143 =35, "53

Gw = QEH-QED—QEP

3/1]
:




Thm (Knutson—Miller-Shimozono , Rimdnyi)
Component formula for [Q,] € H¥(X) in terms of minimal lace diagrams.

Implies positivity of cohomological quiver coefficients.



Thm (Knutson—Miller—=Shimozono , Rimanyi)
Component formula for [Q,] € H¥(X) in terms of minimal lace diagrams.

Implies positivity of cohomological quiver coefficients.

Generalization: For 1 </ < j < n, define permutation W;; by
p+rijo1—rij ifrij<p<rip
Wij(p) =S p—rig1j+rij ifripij <p<riyij+rij1—rij
p otherwise



Thm (Knutson—Miller—=Shimozono , Rimanyi)
Component formula for [Q,] € H¥(X) in terms of minimal lace diagrams.

Implies positivity of cohomological quiver coefficients.

Generalization: For 1 </ < j < n, define permutation W;; by
p+rijo1—rij ifrij<p<rip
Wij(p) =S p—rig1j+rij ifripij <p<riyij+rij1—rij
p otherwise

Permutation diagram: (n = 4)
Wia Was3 W34
Wi3 Was
Wi4



Thm (Knutson—Miller—=Shimozono , Rimanyi)
Component formula for [Q,] € H¥(X) in terms of minimal lace diagrams.

Implies positivity of cohomological quiver coefficients.

Generalization: For 1 </ < j < n, define permutation W;; by
p+rijo1—rij ifrij<p<rip
Wij(p) =S p—rig1j+rij ifripij <p<riyij+rij1—rij
p otherwise

Permutation diagram: (n = 4) Factorize:
Wi Wa3 W34 Wis =a-f
Wi3 Waq
Wia



Thm (Knutson—Miller—=Shimozono , Rimanyi)
Component formula for [Q,] € H¥(X) in terms of minimal lace diagrams.

Implies positivity of cohomological quiver coefficients.

Generalization: For 1 </ < j < n, define permutation W;; by
p+rijo1—rij ifrij<p<rip
Wij(p) =S p—rig1j+rij ifripij <p<riyij+rij1—rij
p otherwise

Permutation diagram: (n = 4) Factorize:
Wi Wa3 W34 Wis =a-f

Wis Way
a- 0



Thm (Knutson—Miller—=Shimozono , Rimanyi)
Component formula for [Q,] € H¥(X) in terms of minimal lace diagrams.

Implies positivity of cohomological quiver coefficients.
Generalization: For 1 </ < j < n, define permutation W;; by
p+rijo1—rij ifrij<p<rip

Wij(p) =S p—rig1j+rij ifripij <p<riyij+rij1—rij
p otherwise

Permutation diagram: (n = 4) Factorize:
Wi Wa3 W34 Wis =a-f

Wiz -« B Way



Thm (Knutson—Miller—=Shimozono , Rimanyi)
Component formula for [Q,] € H¥(X) in terms of minimal lace diagrams.

Implies positivity of cohomological quiver coefficients.

Generalization: For 1 </ < j < n, define permutation W;; by
p+rijo1—rij ifrij<p<rip
Wij(p) =S p—rig1j+rij ifripij <p<riyij+rij1—rij

p otherwise
Permutation diagram: (n = 4) Factorize:
Wi Wa3 W34 Wis =a-f
Wis - « G- Way Wis-a =027

B-Woy =033



Thm (Knutson—Miller—=Shimozono , Rimanyi)

Component formula for [Q,] € H¥(X) in terms of minimal lace diagrams.

Implies positivity of cohomological quiver coefficients.

Generalization: For 1 </ < j < n, define permutation W;; by
p+rijo1—rij ifrij<p<rip
Wij(p) =S p—rig1j+rij ifripij <p<riyij+rij1—rij
p otherwise

Permutation diagram: (n = 4) Factorize:

Wi Wa3 W34 Wis =a-f

O - T 03 T3 Wiz -a =027
B-Woy =033



Thm (Knutson—Miller—=Shimozono , Rimanyi)

Component formula for [Q,] € H¥(X) in terms of minimal lace diagrams.

Implies positivity of cohomological quiver coefficients.

Generalization: For 1 </ < j < n, define permutation W;; by
p+rijo1—rij ifrij<p<rip
Wij(p) =S p—rig1j+rij ifripij <p<riyij+rij1—rij
p otherwise

Permutation diagram: (n = 4) Factorize:

Wip-02 1 Wa- 03 13- Way Wis =a-f

W13~Oz=0’2-7’2
B-Way =03-73



Thm (Knutson—Miller—=Shimozono , Rimanyi)
Component formula for [Q,] € H¥(X) in terms of minimal lace diagrams.

Implies positivity of cohomological quiver coefficients.

Generalization: For 1 </ < j < n, define permutation W;; by
p+rijo1—rij ifrij<p<rip
Wij(p) =S p—rig1j+rij ifripij <p<riyij+rij1—rij

p otherwise
Permutation diagram: (n = 4) Factorize:
Wiz o2 1 Waz-o3 13- Wsy Wis =a-f

W13~Oz=0’2-7’2

B-Woy =033

Def (B) A KMS-factorization is a sequence of permutations of the form
(Wiz 02, 0 Wz -03, 13- Waa)



Theorem (B, Miller)
[0q,] =) (—1)=Aw)=cedm@) G (E, — E1) -+ Gu,_,(En — En1)

sum over all KMS-factorizations (wa, ..., Wp_1).
Corollary Equioriented quiver coefficients have alternating signs.

Formula (B—Kresch-Shimozono—-Tamvakis—Yong)

cu(r) = =% # sequences (7y,...,7p—1) of decreasing tableaux of
shapes u for which (w(71),...,w(7,-1)) is a
KMS-factorization.



Non-equioriented quiver of type A: Q={1—-2-—3—4—-5-6}
B-Rimanyi: Positive formula for [€]

Alternating conjecture for [Oq]



Non-equioriented quive

B-Rimanyi:

roftype A: Q={1-2-~3—~4-55-6}

Positive formula for [€]

Alternating conjecture for [Ogq]

Quiver of Dynkin type:

Gabriel :
Fehér—Rimanyi :
Bobinski—Zwara :
Reineke :

Knutson—Shimozono :

B:

5

Q =71—2—>>3—>4
\6
Classification of orbit closures.
Equations for [Q] € H3(X)
Rational singularities for quivers of types A and D
Explicit desingularization of Q

Formula for [Oq] based on Demazure operators

Formula for [Oq] based on quiver coefficients



Generalized Quiver coefficients
Q@ quiver without oriented loops. Let Q C X be a quiver cycle.
For i € [n] set I\/I,-:@Ej

J—i

Example: Q ={1 22«3} gives Mo =E; & E1 B E;3



Generalized Quiver coefficients

Q@ quiver without oriented loops. Let Q C X be a quiver cycle.

For i € [n] set I\/I,-:@Ej

J—=i

Example: Q ={1 22«3} gives Mo =E; & E1 B E;3

Define: The quiver coefficients for Q are the unique ¢,(Q2) € Z for which

[00] = > (@) G (Er = M1) -+ Gy (En — M) € K7(X)

sum over sequences p = (p1, ..., tn) of partitions with £(u;) < e



Generalized Quiver coefficients

Q@ quiver without oriented loops. Let Q C X be a quiver cycle.

For i € [n] set I\/I,-:@Ej

j—i

Example: Q ={1 22«3} gives Mo =E; & E1 B E;3

Define: The quiver coefficients for Q are the unique ¢,(Q2) € Z for which

[00] = > (@) G (Er = M1) -+ Gy (En — M) € K7(X)

sum over sequences p = (p1, ..., tn) of partitions with £(u;) < e

Short-hand: [Oq| = Z“CM(Q) G ®Gu, ®---®G,,

Note: sum may be infinite !!



Example

Q = {122} , dimension vector e = (3,3)
a-asex oo - (41

Zwara : €2 has bad singularities.

With help from Macaulay 2 :

Q] = 3®531+451053+1052+25®51+35 05+ 5®S511
42535 +5,®1



Grothendieck class:
[Oa] = 3®G31+4G1®G3+1®G22+2G1®G21+3G2®G2+G2®G11
+2G3@G1+0Ga®1

—3®G32-8G1®G31-6G2®G3-2G1®G22-5G2®G21 —4G3 RG>
—2G3®G11-2G4®G1

—1®G42-3®G411-6G1®G41-3G2®G4—6G110G4 +4G1 ®G32
+7G®G31+203®0G3+G2®Go2+4G30Go1+G4RG+G4®G11

+1®Gs3+5®Gs21 +10G1 ®Gap +10G1 ® Ga11 +14G> ® Ga 1
+15G11 ®G41 +4G3 R G4 +12G21 ® Ga —Go ® G32
—2G3®G31—G4®G21

—2®G431—4G1®G43—1®G422—16G1 ®Gaz1 —16G> ® G4
—12G11®Ga2 —12G2 ® G411 —10G11 ®Ga1,1 — 1063 ® G41
—29G1®Ga1 —G4®Gs —7G31®Gs —3G2o® G4

+ “ e
—G21®G432—2G31®Ga31—G41®Ga21—3G32®Ga21



Conjecture:
(1) There are finitely many non-zero quiver coefficients ¢, (2) for each Q.
(2) Cohomological quiver coefficients are non-negative, i.e.
> |uil = codim(Q) = ¢,(2) >0
(3) If Q has rational singularities, then the quiver coefficients
for Q have alternating signs, i.e. (—1)2 Ikil=codim(@) ¢ (Q) >0



Conjecture:

(1) There are finitely many non-zero quiver coefficients ¢, (2) for each Q.

(2) Cohomological quiver coefficients are non-negative, i.e.
> |uil = codim(Q) = ¢,(2) >0

(3) If Q has rational singularities, then the quiver coefficients
for Q have alternating signs, i.e. (—1)2 Ikil=codim(@) ¢ (Q) >0

Analogy: Y = G/P flag variety, Q C Y closed subvariety.
(2) [Q] € H*(Y) is a non-negative combination of Schubert classes.

(3) Brion: If Q has rational singularities, then [Oq] € K(Y) is an
alternating combination of Schubert classes.



Conjecture:
(1) There are finitely many non-zero quiver coefficients ¢, (2) for each Q.
(2) Cohomological quiver coefficients are non-negative, i.e.
> |uil = codim(Q) = ¢,(2) >0
(3) If Q has rational singularities, then the quiver coefficients
for Q have alternating signs, i.e. (—1)2 Ikil=codim(@) ¢ (Q) >0

Analogy: Y = G/P flag variety, Q C Y closed subvariety.
(2) [Q] € H*(Y) is a non-negative combination of Schubert classes.

(3) Brion: If Q has rational singularities, then [Og| € K(Y) is an
alternating combination of Schubert classes.

Status of Conjecture:
e True if @ is equioriented of type A
e True if @ is any quiver of type Az
e (1) is true if Q is of Dynkin type and € has rational singularities.



Outbound quiver of type A;: Q = {1—2—-3}

X = Hom(E2, El) & Hom(E2, E3)

: . . ° M3
Orbit closures 2 C X correspond to vectors
6 ——<—e My2
(m11, moz, m33, myz, mo3, mz) € N
———e M3

for which e = Y myj for k=1,2,3.
i<k<j

e /M1 e M2y e M33



Outbound quiver of type A;: Q = {1—2—-3}

X = Hom(E2, El) & Hom(Eg, E3)

: . ° M3
Orbit closures 2 C X correspond to vectors
6 ——<—e My2
(m11, moz, m33, myz, mo3, mz) € N
———e M3

for which e = Y myj for k=1,2,3.
i<k<j

e /M1 e M2y e M33

Q={(¢1,¢3) € X | rank(¢1) < mia + m3 , rank(¢3) < moz + m3
rank(¢1 @ ¢3 1 Ep — E1 & E3) < mio + mo3 + mi3 }



Outbound quiver of type A;: Q = {1—2—-3}

X = Hom(E2, El) & Hom(Eg, E3)

g e M3
——<—e My2
———e M3

e /M1 e M2y e M33

Orbit closures 2 C X correspond to vectors
6
(m11, moz, m33, myz, mo3, mz) € N

for which e = Y myj for k=1,2,3.
i<k<j

Q= {(¢1,¢3) € X | rank(¢1) < mia + my3 , rank(¢3) < mpz + mi3
rank(¢1 @ ¢3 1 Ep — E1 & E3) < mio + mo3 + mi3 }

Set R = (mp)™3.  Write A?( Z d)\“ LN ®G, 00,
AV

Thm: [OQ] Z dk,u, (moo+mp3)™M1 A ® g# ® g(m22+m12)m337’/
7#7



Inbound quiver of type A;: Q = {1—->2—3}
X = Hom(El, E2) & Hom(E3, E2)

Q = {(¢1,93) € X | rank(¢1) < mio+ miz , rank(¢3) < moz + my3
rank(¢1 + ¢3 1 E1 + E3 — Ex) < myo + mo3 + mi3 }

| mi2 ma3
Define: c,\,u,,j:z d/(\:zas) d§2u) b

o, T

Thm: [OQ] = Z C)‘HU‘7V g>\ ® g(m11+m13+m33)m227ﬂ ® gV
InZ



Inbound quiver of type A;: Q = {1—->2—3}
X = Hom(El, E2) & Hom(E3, E2)

Q = {(¢1,93) € X | rank(¢1) < mio+ miz , rank(¢3) < moz + my3
rank(¢1 + ¢3 1 E1 + E3 — Ex) < myo + mo3 + mi3 }

| mi2 ma3
Define: c,\,u,,j:z dﬁfz“) d_ﬁzu) b

o, T

Thm: [OQ] = Z (D WIRY G ® g(m11+m13+m33)m227u ® Gy
InZ

Open problem: Show that the inbound and outbound

formulas are equivalent, i.e.

Z d){tﬁ?} ” g(mu)(m22+m23)+)\(E2 - El) : gu(_E2) : g(m33)(m22+m12)+y(E2 - E3)
LWINYZ

= Z WY gA(El) ’ g(m11+m13+m33)m22 ,u(E2 —E® E3) : gu(E3)
LWINYZ



Quiver coefficients of Dynkin type

Def: Forj € [n], let 4 : M1 — T@n+1 be the linear map

wj(gu1®®guj®®gun®g)\) =
o (Lr i €20) G @+ 9 Gy ©G0 © Gy © - © G, 0,

e apply coproduct A to G,
e then multiply one of the factors to Gy



Quiver coefficients of Dynkin type

Def: Forj € [n], let 4 : M1 — T@n+1 be the linear map
lljj(gul ®®guj®®gun®g)\) =

ZO',I/ (ZTd(/;,J;'C;_/’)\) g/»ll ®'”®gﬂj—1 ®ga®guj+1 ®®gp,, ®gll

Def: For i € [n] and R rectangle, A; g : ¥ — ¥+ is the linear map
Ai,R(gul - '®gun®g'/) = gul - '®gui—1 ®gR+V,ui®gui+1®' ’ ’®gun®1

|
R _”,_l_l




Quiver coefficients of Dynkin type
Def: Forj € [n], let ¢; : T®™1 — 9L be the linear map
V(G ® @G, @ ®G, ®G\) =
Zo’u ( df;TCTA) g#l ®.“®g#j71 ®ga®guj+1 ®®g,u,n ®gl/

Def: For i € [n] and R rectangle, A; g : ¥ — ¥+ is the linear map
Air(G @ ®G,,0G,) = Gu®- QG ®GR411 ®Gu;,, @ @G, @1

Theorem
Let @ quiver of Dynkin type , Q C X quiver cycle with rational sings.

Then [Og]l®1 = > ()G, ® - ®G,, @1

is obtained by applying an explicitly determined sequence of operators
¥; and .A,'yR to 1®@---®1 e renmtl

Note: Choice of operators and proof is based Reineke's desingularization.



Open questions:

1)

Q quiver of Dynkin type, € C X orbit closure.
Find reduced equations for Q, i.e. generators for Z(Q) C F[X]

Known for equioriented quivers of type A (Lakshmibai-Magyar)
Type A: Orbit closures defined by rank conditions (Abeasis—Del Fra).

Gives obvious guess in terms of minors of matrices.



Open questions:

1)

Q quiver of Dynkin type, € C X orbit closure.
Find reduced equations for Q, i.e. generators for Z(Q) C F[X]

Known for equioriented quivers of type A (Lakshmibai-Magyar)
Type A: Orbit closures defined by rank conditions (Abeasis—Del Fra).

Gives obvious guess in terms of minors of matrices.

Q general quiver (with loops), Q C X quiver cycle, M;=€D;_;E;
Can we write [Oq] = ZMCM(Q) Gy (Er — My) -G (En — My) 7
Can it be done with alternating signs 77

Note: Coefficients ¢, (£2) are not unique.

Examples suggest affirmative answer, e.g. equioriented cyclic quivers.



