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Schur Functions

Let A(X') be the ring of symmetric functions in the variables X, and
s\ (X') denote the Schur function corresponding to a partition A

Jacobi—Trudi identity :

5y(X) = det (h)\i_Hj(X)) — det (%_W(X)).

Cauchy identity :

> s X)) = [[——
A i, id;

Littlewood—Richardson coefficients :

su(X) - su(X) = Z LRi\L,V sx(X)
A

with non-negative integers LRQ’V



Bi-determinant expression :

i+
det( AR ‘7)
1<4.5<n
det( ; ])
1<i.5<n

Bernstein operators : If we define operators B, by

Z B2 = exp Z exp | — p,lf -k ;

meZ k=1

S\(@1, -+, ap) =

where pk denotes the adjoint operator of the multiplication by p;., then
we have

S\X) = By By, - By, (1):



Representation Theory of GL (C) :

The Schur function sy(x1,--- ,x ) is the character of the irreducible
polynomial representation of the general linear group GL 5;(C) with high-
est weight

(AL A 0,4 0).
And
N+c(x)

h(z) ’

AN TT L4

I —q
TEA
where c¢(z) and h(x) are the content and the hooklength respectively.

N—l)

S)\<17Q7q27"' » 4

Remark : The (isomorphism classes of) finite dimensional irreducible
representations of the algebraic group GL(C) are indexed by non-
increasing sequence of integers

(Y1, ) (12 >N



Representation Theory of G, :
The irreducible representations of the symmetric group &,, of n letters
are indexed by partitions of n.
Irr G,, «— Pp,
SA A
Let Ky(S,,) be the Grothendieck group of the category of finite dimen-
sional representations of Gn and put

n>0
By using the natural embedding G,,, X &,, — &;,,41,, we can define a

graded algebra structure on K(G,). And, it follows from the Frobenius
formula that, as graded algebras,

Ko(Ge) = A
SA] —— s



Rational Universal Characters



Definition of Rational Universal Characters (Koike)
For a pair of partitions (A, i) with [(A) < p and [(u) < q, put

( (huq+1—z‘+i—j <Y>) 1§i§q,1§j§p+q\

S[)\,,LL]<X7 Y) — det

\ (ha—i+i—aX)) 1<i<p 1< j<prq )
c A(X) @ A(Y),

and call it the rational universal character.



= det

e

hu1+1 (Y>

Pug1(Y) oY)
hM1<Y) hm—l(Y)

h/\1—1<X> h/\1<X>
hag—2(X) hay—1(X)

h>\1+1<X>

h)\Q (X)




It is clear from this definition that
s (XL Y) = s\ (X)),
sip, ) (X, Y) = spu(Y).

Example :

s((1),(1)) (X, Y) = det (hl(y hO(Y)) = h(X)h(Y) -1,
1

S[(2,1),(1,1)] (X, Y) = det




Cauchy identity for Rational Universal Characters
Theorem (Koike)

11 6(1 — ujop)

D5 (XY )sa(U)su(V)

W L0 = 2ug) T £ (1= i)

Proposition

S[A,u](Xv Y) = Z (Z(—l)T LRi\’g LRZ_W) Sg(X)Sn(Y>,

& T

SA(X)sp(Y) = (Z LR& LR/;,U> sien) (X, Y).
&N T

Corollary  {s7y 1}, forms a basis of A(X) @ A(Y).



Structure Constants w.r.t. Rational Universal Characters

Proposition

Sic. /(30 Y) - 515.77(X,Y) = ;j M s (XY
ye

with

A, p]
M[€ 1)l

3 (Z LR} o LRT, ﬁ> (Z LR! LR ) LR} s LR
CK,/B,/Y,(S K n
eN.



Duality
Proposition Letw: A(X)® A(Y) — A(X) @ A(Y) be an algebra
automorphism defined by

w(hp(X)) = ep(X), w(hg(Y)) = er(Y).
Then we have

W (SP\’M] <X, Y)) — S[t)\,t,u] (X, Y)

Corollary  For a pair of partitions (X, 1) with [(\) < p and {(Iu) < ¢,
we have

( (etﬂq+1—z’+i—j<y>)léiéq,1§j§p+q\

S[)\,/L]<X7 Y) — det

\ (et)\z’_i"‘j_q(X))1§i§p,1§j§p—|—q)



Another Determinant Expression

Theorem (cf. El Samra—King) For a pair of partitions (A, 1), take an
integer f satisfying f > I(\), {(%u). Then we have

S (X Y)

— () U=1)/2 gt (XY
- “Clo-ip i)
Remark : For two non-negative integers a and b, we have

5(a),(1%)] (X,Y) = Z(—l)kha—k(X)eb—k(Y)-
k

1<i,j<f



Vertex Operators
Theorem (Tsuda) If we define operators B;, B, (n € Z) by

1
SB[ 30 (Pki{X) _Pk(? ) K

nez k>1
X
exp _Zpk( )k |
k>1
- py(X) (XN
Zann—eXp Z(yk -
nes k>1




then we have

_ np+ pt + p—p- —
5] (X,Y) = BAlBAQ o BAZ()\>BM13N2 By,

).

(1
Remark : [B} B ]=0.

Tsuda uses these vertex operators to introduce a series of non-linear
differential equations of infinite order, called the UC hierarchy, which can
be regarded as an extension of the KP hierarchy. And he shows that the
rational universal characters are solutions to the UC hierarchy.



Representation Theory of GL j/(C)
If L(N\) + () < N, then

N —1
S[)\,,u]@jl? ,ZCN,O,“' 7331 g 7$N7O7...>

is the character of the irreducible rational representation of GL (C)
with highest weight

Y = ()‘17 )\27 U 7)‘l()\>7 07 Tt 707 _:ul<lu>7 Ty, T2, _/'Ll)
Equivalently,
det (azzﬁn_])K. »
Co—1 —1 >1,)SN
S[A)ﬂ](£17“'7mN7$1 7'°'7x]\/’>: .

det (xn_J )
¢ 1<i,5<n



Example :

(5,4,1,0,0, =2, —3) «—




Example : It A = u = L, then
S[D,D](X7 Y) — hl(X)hl(Y> — 1.

On the other hand, the irreducible rational representation of GL (C)
with highest weight (1,0,---,0, —1) is the representation on

5[y (C) = {A € My(C) : tr(A) = 0},

where GL 7 (C) acts on s (C) by g- A = gAg—!. And the character
of this representation is

N N
inxj_lJrN—l: z;xz : Z;le — 1.
1= 7=

17]



g-Dimenstion Formula

Theorem  (El Samra—King) Suppose that [(\) + I(u) < N. If we
substitute

"o i>nN) 7 '

then we have

A4
T N =% =D +i+5—1] 11 N + g+ N — k=1 +1]
e (2, 7)) llen gk, 1))

where we use the notation
[k] _k/2 q—k/Q.



Representation Theory of Rational Brauer algebras

These algebras are defined and studied by Benkart—Chakrabarti—Halverson—
Leduc—Lee—Stroomer.

Let m, n be non-negative integers. A (m, n)-diagram is a graph with
2(m + n) vertices arranged in two rows of equal lengths and (m + n)
edges, satisfying the following three conditions:

e each vertex is incident to exactly one edge,
e each horizontal edge begins and ends on opposite side of the wall,
e no vertical edge crosses the wall,

where the wall is placed between the m-th and (m + 1)-th columns.
Let D)y, ;, be the set of all (m, n)-diagrams.



Example : m =5, n = 3.

' /

AN 7
‘ i 4 & ./\1

Let 53}, ,, be the C(z) vector space with basis Dy, . Then we can
define an associative algebra structure on 5, ,, by concatenating two
diagrams and replacing each loop by . We call this algebra the rational
Brauer algebra. (Similarly, we can define a C-algebra By, ,, for a € C.)
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Schur—Weyl type Duality
Let V = C be the vector representation of GL \(C) and consider
the mixed tensor representation

T = YR @ (VO
Theorem (BCHLLS) There exist an algebra homomorphism
¢ : By — Endgr, o) (T™"),
such that B%’n and GLj(C) form a dual pair in End(7T"™), i.e.,

Endgy,, c)(T"™") = ¢(B.n),
Endgy (") = (GLy/(C)).

Moreover, it N > m + n, then ¢ is an isomorphism.



Theorem (BCHLLS) The rational Brauer algebra By, , is a semisimple
C(z) algebra and the irreducible representations are indexed by triples

(A, i, k) with A\Fm —kand p-n — k.
e By, p, «— {( A k) s AEm —k, pkn—k}
VALK s (A, )

Let Ko(By,,,) be the Grothendieck group of the category of finite
dimensional 3}, ,,-modules and put

K()(B:f.): @ K0<B7a;1,n)'

)

Then we can use the canonical embedding Dy, 5, X Dy ¢ = Diytpntg
to define a bi-graded algebra structure on K(Byg ,).



Theorem As bi-graded algebras,
Ko(Beo) = (AX)QAY))[t]
[V)"'u’k] — S[)\’M](X,Y;t)tk

where the grading on the right-hand side is given by
deg hi(X) = (k,0), deghy(Y) = (0,k), degt=(1,1)
Also s7y (X, Y t) is defined by

11 x(1 = tujuy)

Z S[)\”LL] (X, Y: t)S)\(U)SIu(V) _ H

W i (1= xug) [ p(1 — yiop)

Remark : spy (X, Y1) is the rational universal character.



Rational Universal Characters
and
Kawanaka’s g-Cauchy ldentity



Notation
For two partitions A and i, we define

oy (i, 7) = A + 0 —i— 41,

n<)‘7 :u) — Z (t)\] o 7’)7

(ZJ)G)\_M
and
(@) hu(@)
14 t"An A\ 1+ " mwA
) _th h
xIEI)\ 1 — ¢tha(@) xIeIu 1 — ¢hulz)

Note that the hook length is given by
ha(z, 7) = ha (e, 7).



Kawanaka's ¢g-Cauchy Identity
Theorem (Kawanaka)

1=1 1,7=1
_un HHEI=ALT (@) sa(U) (V)
Al
where
(a:q)oo = | [ (1 = ag").
r>0

If we put ¢ = 0, then this reduces to the classical Cauchy identity

1
| |1_ — =) s\(U)s\(V
1,] A




Kawanaka's motivation is an explicit computation of a g-Frobenius—
Schur indicator for imprimitive complex reflection groups G = G(m, p, n):

det1+q,0( )
ve GZX det(1 — gp(w))’

where p : G — GLy,(C) is the reflection representation and Yy is an
irreducible character of G

Kawanaka's proof uses the induction on the number of the variables
in X . Ishikawa—\Wakayama provides another proof by giving a determi-
nant expression of q|)‘_“|+|“_>“<])\7u(q2) and applying the Cauchy—Binet
formula. However both of two proofs are complicated.



Proof : We give a proof of the dual form of the Kawanaka's g-Cauchy
identity

ﬁ (—uiq; ¢*)oo(—0iq; ¢°) 0 IO—O[ 1+ o)
T (0ig50%) oo (Vi 47) o e o
t t
= N g AIJW(Q%SA(U)SM(V)
A

where

k] = ¢*2 — %2 and Ja: k] = a'/2qF/% — o712k,

?



The g-binomial theorem gives

< TI 1 (a'2¢"?u; q)oc
L=z | (0™ 2¢"2u; %) 0

[/

And, by using El Samra—King's ¢g-dimension formula, we see that
W(S[)\,,LL](Xa Y))
_ H [UL;—tM—t)\jJriJrj—l] H a; g + A — k — 1+ 1]
hy(2, 7 h,(k,l '

By applying 7 to the both hand sides of the Cauchy identity for rational
universal characters

B Hj,k(l — ujvy)
)\zﬂ; S[A,,LL] (X7 Y)S)\(U)S,Lb(V) - Hi,j(l _ xiuj) Hz’,k(l — yivk)’




we have

a; —"p; = Nj i+ — 1] a; g+ N =k — 1+ 1]

At \(7,7) €A (k,D)ep

xs)(U)su(V)
2 (a2 2 g)oo(aM2q1 205 @)oo
:H a—1/2q1/2y,; ~1/2,1/2 H — uvy).

i=1 ( ui? Q)OO<CL U’L)

By replacing

at/? \/—1a1/2, u; — vV —lu;, v; — v —1v,.

and then substituting a = 1, it turns out that the proof of Kawanaka's
g-Cauchy identity is reduced to proof of the following lemma.



Lemma

b+ —i— 5+ 1] e + N\ —k —1+1]¢
(—nH T I T
(i.])EN [h>\<27 ])] (k1) [hﬂ(kv l)]

AN _t
— A=t AI)/Q{]%M(CIQ).

where
Ky = "2+ g2

The proof of this Lemma is reduced to showing

Z ,uz"‘ Z Nl A1)

(7,7)EA (k,l)eu
= A — pl + | = A+ 200N, 1) + 2n(p, ).



Rational Universal Characters and Painlevé-type equations



Painlevé equations

The Painlevé equations are non-linear ordinary differential equations
of 2nd order, which were discovered by P. Painlevé around 1900 in his
study of algebraic differential equations 3"/ = R(t,y,y’) without movable
singularities (branching points).

Example : The fifth Painlevé equation Ay is

dy (1 1\ (dy\ _1ldy
a2 \2y y—1/) \ dt t dt

y—12%( 5 K} y  yly+1)
_0) g2 -

where Koo, Ko and 6 are parameters.



It was known that the Painlevé equations admit algebraic or rational
solutions for special values of parameters, which are obtained by special-
izing Schur functions. These specializations of Schur functions are called
Yablonskii—Vorob'ev polynomials, Okamoto Polynomials, and Umemura

polynomials. And these special polynomials are interesting from the com-
binatorial point of view.

In 2002, Masuda—Ohta—Kajiwara found a family of rational solutions of

the fifth Painlevé equation R, which are described in terms of rational
universal characters.



Theorem (Masuda—Ohta—Kajiwara) For non-negative integers m and
n, we define Sy, n(t, s) to be the specialization of

Sl(n,n—1,--,1),(mm—1,---,1)]
obtained by substituting

t t
pr(X) — _ik +2s—m+mn), pip(Y)r— 5/@ + (2s = m +n).

Then
y = Sm,n—l(ta 3>Sm—1,n(ta s)
Sm—l,n(ta S — 1)Sm,n—1(ta s+ 1)
gives a rational solution of P, with the parameters

Koo =S8, kop=S—m+n, O6=m+n—1.

Several Painlevé-type equations have algebraic or rational solutions ob-
tained by specializing rational universal characters.



Algebraic solutions of g- Py

The sixth g-Painlevé equation ¢-F is the following system of ¢-
difference equations:

- (g + b5)(g + be) (f +b)(f + bo)
f-f = 0brbg , g-g=>bsby )
(9 +b7)(g + bs) - (f +03)(f + bs)
where f and g are the unknown functions in variables ag, ay, - - - , as with

agala%agm% = ¢, and

I3 —1 —1
f:f<"'7qa27q CL3,'°°), g:g(aq CLQ,(]CLB,"').
(The ratio as/as plays the role of an independent variable and the other

a;'s are parameters.) Also by, - - - , bg are defined by

2 —1 2 3 —2 —1 -2 —1_—3
b = a3a14 a5,2 by = a3a4§z5, 3 b32: as “ay agi, 624 = aq a43 as 2,
bs = aq aja, =, bg=ay a;"ay ", by =a, ajaz, bg=agajas.



Let RP\,M] (£,1,C, q) be the specialization of the rational universal char-

acter sy obtained by substituting
o= (=)= (=)
pn<X> ' 1 — qzn y
oo+ (= = (="
pn(Y) 1 —g—2n '
Remark ( C )
nt, —Gi; q
R

SO R[(l’f) 0] (ﬁ, n,(, q) is essentially the Al-Salam—Chihara polynomial.



Using Ry N](f, n,C,q), we define p; (i =0,1,2,3) as follows:

P0 = Bism—1).6(n—1)(&: 1, €, ),
P1 = R5(m) 5(n—1 (f n,q ¢, q),
P2 = Rs(m) (n)] (f n,¢: ),

p3 = Ris(m—1)s(m)](&: 1,4 C:q),

where

S(k) = (k,k—1,---,1) ifk>0,
5(k)=6(—k —1) ifk <0.



Theorem (Tsuda—Masuda) The pair

s pla” & a G ana)
prla™*, a7 ¢ an.q) - p3(€,m, ¢, q)
_p0&m:¢a) a6 an,q)

pola=1€, a7 an, ) - p2(&m. ¢, @)
give an algebraic solution of sixth ¢-Painlev'e equation g- P with

)

a2 anai1a
f — asa3, nN=— C — )
as a43a4a5
and
@ _ . m—n % _ qm+n
— : —

aj as



Positivity of Tsuda—Masuda polynomials

Consider
Py (&m, ¢ q)
_ eyl il =20 TR 1 — g0 T (g2 — 1
beEA Cep
Ry (&, € a),
where

v = max(0, 1u; — A;)

Conjecture  (Tsuda) Py, 1(£,7,C,q) is a polynomial in &, 7, ¢ and

¢* with non-negative integer coefficients :

P l(€m.¢,q) € N[E . ¢, ¢



Theorem Conjecture is true if either A or 1 is the empty partition 0.
Pg, and Py € N[E, 7, ¢, ¢7).

)

More generally, let EP\M be the specialization of S\ obtained by

substituting

¥

pn<X) : 1 — q’n
pul) s ==L

Theorem



