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Grid polygons from permutations and their enumeration by the kernel
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ABSTRACT. A grid polygon is a polygon whose vertices are points of a grid. We define an injective
map between permutations of length n and a subset of grid polygons on n vertices, which we call
consecutive-minima polygons. By the kernel method, we enumerate sets of permutations whose
consecutive-minima polygons satisfy specific geometric conditions. We deal with 2-variate and
3-variate generating functions.

1. Introduction

The enumeration of permutations that satisfy certain constraints has recently attracted interest
(see e.g. [1, 3,4, 7,8,12,13, 14, 15]). In particular, permutation patterns have been extensively
studied over the last decade (see for instance [4] and references therein). The tools involved in these
works include generating trees (with either one or two labels), combinatorial approaches, recurrences
relations, enumeration schemes, scanning elements algorithms, etc.

Permutations are traditionally associated to a number of combinatorial and algebraic objects,
like matrices, trees, posets, graphs, etc. (see e.g. [5, 11]). The purpose of this work is to begin
a study of the interplay between permutations and polygons. A practical motivation comes from
computational geometry, where the complexity of algorithms for polygons is an important subject
[6]. Of course, it is intuitive that imposing combinatorial constraints on geometric objects com-
monly reduces generality; on the other side, techniques from combinatorics may provide a fertile
background for the design of algorithms, even if the analysis is restricted to toy-cases.

Here we associate permutations to a subset of the grid polygons and enumerate sets of per-
mutations whose polygons satisfy specific geometric conditions. Clearly, there are many potential
ways to associate permutations to polygons. Each way presumably has a special feature which
helps to underline some particular property of the permutations. If we want to keep a one-to-one
correspondence, this arbitrariness is materialized in two points:

e Of all possible polygons associated to a given permutation, we choose the one with a fixed
extremal property, for example, the polygon with minimum area or perimeter.

e We decide how to construct a polygon according to some chosen rule. The rule should
guarantee the association of each permutation to a single polygon, unequivocally.
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We opt here for the second approach, as it is formalized in what follows. A grid of side n is
an n x n array containing n? points, n in each row and each column. The distance between two
closest points in the same row or in the same column is usually taken to be 1 unit. A permutation
of length n is a complete ordering of the elements of the set [n] = {1,...,n}. We associate a grid of
side n, denoted by L., to a permutation 7 of length n. If the permutation takes i to j = m;, we
mark the point (¢, 7) of the grid, that is the point in the row ¢ and the column j. For example, the
grid L, represented in Figure 1 is associated to the permutation 7 = 4523176.
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F1GURE 1. The grid L4s03176 and the consecutive-minima polygon Pys03176-

A grid polygon on n vertices is a polygon whose vertices are n points of a grid. A permutation
polygon on n vertices is a grid polygon with the following properties: the side of the grid is n;
in every row and every column of the grid there is one and only one vertex of the polygon. It is
intuitive to observe that a permutation can be associated to more than one polygon depending on
how we connect the marked points of the grid. Let L, be a grid of side n of a permutation 7.

e A point (4,7) is said to be a left-right minimum of L, if there is no point (i',5’) of L,
such that i < i and j' < j.

e A point (4,7) is said to be a right-left minimum of L, if there is no point (¢, ;") of L,
such that i’ >4 and j' < j.

e A point (4, 7) is said to be a source of L, if either i =1, i = n, or (4,7) is not a left-right
minimum or a right-left-minimum.

We say that two points (¢,7) and (¢, j') of the grid L, (resp. of the set of left-right minima,
right-left minima, sources) are consecutive if there is no point (a,b) in the set of (resp. left-right
minima’s, right-left minima’s, sources) such that i < a < ¢’ or i/ < a < i. For example, the left-
right-minima of Lyse317¢ are (1,4), (3,2) and (5,1); the right-left-minima are (7,6) and (5, 1); the
sources are (1,4), (2,5), (4,3), (6,7), and (7,6) (see Figure 1).

DEFINITION 1.1. A consecutive-minima polygon (in what follows just polygon) of a permutation
m, denoted by Py, is a permutation polygon in which two vertices a = (i,5) and b= (i',j"), i </,
are connected if one of the following conditions is satisfied:
e a and b are consecutive left-right minima of L ;
e a and b are consecutive right-left-minima of L;
e a and b are consecutive sources of L.

In such a context (a,b) is called an edge of Py.
For example, the polygon P; for all w € Sy is represented in Figure 2. In the next sections we

will deal with several questions about the number of polygons on n vertices that satisfy a certain
set of conditions. In order to do so, we first need to give some further definition. Let P be a
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FIGURE 2. The consecutive-minima polygons on 4 vertices.

polygon, an edge ((i,7), (¢',5")), i < i, of P is said to be increasing (resp. decreasing) if j < j'
(resp. j > j'). A path of P is a sequence (ag,a1), (a1,a2),...,(as—1,as) of edges of P. A face of P
is either a maximal path of increasing edges or a maximal path of decreasing edges. For example,
there are exactly 4, 16, 4 polygons on 4 vertices of exactly two, three, four faces, respectively. This
can be observed in Figure 2.

A polygon is said to be k-faces if it has exactly k faces. We will present an explicit formula for
the number of k-faces polygons on n, where k = 2,3,4. It seems to be a challenging question to
find an explicit formula for any k.

The technique considered in this paper makes use of generating functions to convert recurrence
relations to functional equations which are then solved by the kernel method as described in [2]. It
may be interesting to remark that the kernel method is a routine approach when dealing with 2-
variate generating functions. However, for functional equations with more than two variables there
is no systematic approach. Bousquet-Mélou [3] enumerates four different pattern avoiding classes
of permutations by using the kernel method with 3-variate generating functions. We suggest here
another class, namely the square permutations, see Section 5. To these permutations corresponds
a functional equation defining 3-variate generating functions. Interestingly, such permutations are
not immediately related to pattern avoidance.

The remainder of the paper is composed of five sections. In Section 2, we make some general
observations about consecutive-minima polygons. We characterize convex polygons and enumerate
polygons on n vertices with maximum number of faces. In Section 3, 4 and 5, we enumerate 2-faces,
3-faces and 4-faces polygons, respectively. Section 6 is a list of open problems.
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2. Some general observations

2.1. Convexity. A polygon is convex if the internal angle formed at each vertex is smaller
than 180°. Give a sequence ai,as, ..., a,, we say that the subsequence a;,, ..., a;, with i; < iy <
s < gy 18 fast-growing if

m

@iy — iy Gijpr — Qijyo
- - < = - )
15 — 141 1j+1 — 1542
for any j =1,2,...,m — 2, and slow-growing if

Yij 7 Yjpr  Piger T Yo

Gj—ije1 A — e
forany j=1,2,...,m—2.
The consecutive-minima polygon P; is convex if and only if
e the subsequence of left-right-minima of 7 is fast-growing;

e the subsequence of right-left-maxima of 7 is fast-growing;
e the subsequence L, of the sources of 7 is slow-growing.

2.2. Number of faces. The number of 1-face polygons on n vertices is exactly 2, that is
the polygons corresponding to the two permutations 12...n and n...1. The number of different
consecutive-minima polygon on n vertices is exactly n. To clarify this observation, let P be any
consecutive-minima polygon on n vertices, such that k is maximal if each face is a segment con-
necting two vertices, and thus k < n. It is not difficult to show that there exists at least one k-face
consecutive-minima polygon for any k£ =1,2,...,n. Let

¢?F = 2436587 ... (2k — 2)(2k — 3)(2k)(2k + 1)(2k +2) ... n1(2k — 1)

and
H* T = 2436587 ... (2k)(2k — 1)1(2k + 1)(2k +2) ... n

be two permutations of length n for all k > 2, ¢! = 123...n, ¢ = 13245...n, and ¢ = 2134...n,
then we can see that szk’ has exactly k’-faces. Hence, for any n > 4 we have n different consecutive-
minima polygon on n vertices.
What about permutations with maximum number of faces? Let 7 be a permutation of length

n > 3. Since the maximum number of faces of P, is n, one of the following holds:

(1) = is an alternating permutation (7 is said to be alternating if either w1 > mo < 75 > My <

Cee T, O T < g > T3 < Ty > - mp) such that 73 = 1 and 7, = 2;
(2) m is an alternating permutation such that 7 = 2 and m, = 1;
(3) Removing the letter m; =1, 2 < ¢ <n — 1, from 7 then

(7‘(’1 - 1)~--(7Ti—1 - 1)(7T'i+1 - 1)(7Tn - 1)

is a permutation satisfying either (1) or (2).

Let E,, be the the number of alternating permutations of length n (see [10, A000111] and
references therein). Thus the number of permutations satisfying either (1) or (2) is exactly E,,_o if
n is odd, otherwise it is 0. Hence, we can state the following result.

PROPOSITION 2.1. The number of polygons on n wvertices with mazimum number of faces (n
faces) is given by 2F,_o if n odd, and 2(n — 2)E,,_5 if n even.
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3. Enumeration of two faces polygons

A permutation is said to be parallel if its polygon has exactly two faces. For instance, there
are 4 parallel permutations of length 4, namely 1234, 1324, 4231 and 4321. We denote the set of
all parallel permutations of length n by P,,.

We say that a permutation 7 = my7me -+ m, € S, avoids 7 = 7172 ... T € Sk (or T-avoiding) if
there no subsequence 1 < iy < iy < -+ < i < n such that m;, <, if and only if 7, < 7, for all
1 < p < q < k. For example, the permutation 4132 avoids 231 but it does not avoid 123. For any
pattern T we write S, (7) to denote the permutations of \S,, which avoid 7.

We will count the number of parallel permutations m € S,, whose faces are both increasing,
that is m; = 1 and 7w, = n. This number can then be doubled to find the total number of parallel
permutations in S,. On the other hand, it is easy to check that m = myms---m, is a parallel
permutation with two increasing faces if and only if 7 avoids 321, m; = 1 and 7, = n. Using [11,
Exercise 6.19(ee)], we obtain the following result.

THEOREM 3.1. The number of parallel permutations 7 of length n is —2— (2”_4), for allm > 2.

n—1\n-2
4. Enumeration of three faces polygons

A permutation 7 is said to be triangular if it begins at letter 1 and its polygon P, has at most 3
faces. For example, there exist 1,1, 2, 6, 20 triangular permutations of length 1,2, 3, 4, 5, respectively.
We denote the set of all triangular permutations of length n by 7,,. Given ay,as,...,aq € N, we
define

thiay as,...aq = FATIT2 ... Ty €| MT2 ... Tq = @102 ... a4},
The cardinality of the set 7,, is denoted by ¢,.
THEOREM 4.1. The number of triangular permutations of length n + 2 is (2:) Moreover, the

ordinary generating function t(v;x) = anz S o tn1,av* 22" is given by
22(1 —v)(1 — 2v)? 3 1
(1-220)(1 —v+a0v2) 1—v+av? 1I—4dx
PROOF. From the definitions, we have that

tp = tn;l = tn;1,2 + tn;1,3 R tn;l,n~

Foralla=3,4,...,n—1,

n n n—1
(4.1) tnita = tnit,a2 + E tnilay = tn—1;1,a—1 + E tp—1:1,j-1 = E tn-1:1,
j=a+1 j=a+1 j=a—1

with the initial conditions t,.1,9 = t,—1,1 and t,.1,, = 2"73. To see that

(4.2) tn;l,n — 2n—3

we consider the following equation ¢,,.1,5, = tn;1.n,24 1 nn—1 = tn—1;1,n—1F+tn—1;1,n-1 = 2tn_1,1,n—1
for all n > 4, and t3,13 = 1 which implies that ¢, , = 273 as claimed. To see (4.1), let

T = mmy T, be any triangular permutation such that 71 = 1 and w3 = a, and let us consider
the possibly values of 3. Since 7 has at most three faces we obtain that either m3 = 2 or w3 > 79:

e In the case m3 = 2 we have that 7 is a triangular permutation if and only if
7 =1a—-1)(mg —1) (7, — 1)

is a triangular permutation.
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e In the case m3 = j > a we have that 7 is a triangular permutation if and only if

/

o =1G—-Dry---7

/
n

is a triangular permutation, where 7} = 7; if m; < a — 1, otherwise n}, = m; — 1.

Summing over all possibly values of 73 we obtain (4.1). To solve (4.1), we need to define t,(v)
S o tni1,qv® 2. Thus, multiplying the above recurrence relation by v*~? and summing over a =
3,4,...,n — 1 we obtain that

n—1 n—1

tn(v) = tn_l(l) + on—3yn—2 -+ Z Z tn_1;17j11a72,

a=3 j=a—1

which is equivalent to

v
1—

th(v) =t 1 (1) + 2" 42 4 . (tn—1(1) = vt,_1(v)),

forn > 4. Let t(v;z) = >, 5 tn(v)2™. Multiplying the above recurrence relation with 2", summing
over all possibly n > 4, and using the initial conditions ¢3(v) = 1 and t3(v) = 1 + v, we obtain the
following functional equation

1— 2,.2
o) = 72 (1(150) — vtfos)) + (1) - LT
which is equivalent to
xv? x (1 — 2v)22?
1 tv;z) = ——t(lyz) — ) T
< Jrl—v> (v;2) 1—v(’x) 1—2zv

This type of equation can be solved using the kernel method. Substitute v = 1=/1=1 V21{4"” in the above

functional equation to get ¢(1;x) = \/%7 that is, the number of triangular permutations of length

n is exactly (2::24

equation, we get an explicit formula for ¢(v;z), as claimed. (]

), as required. Moreover, substituting the expression of ¢(1;2) in the functional

As a corollary of Theorem 3.1 and Theorem 4.1 we get the following.

COROLLARY 4.2. The number of polygons on n vertices with exactly three faces is
4n—2) (2n —4
n—1 \n—-2)

PrOOF. Theorem 3.1 and Theorem 4.1 give that the number of permutations 7 of length n
that begin at letter 1 and its polygon P, has exactly three faces is 2=2 (2”__24). If P, has exactly

n—1\n
three faces then also P,, and P~ have exactly three faces, where 7’ is the complement of m and
1

7" is the reversal of w. (Recall that the reversal of a permutation my7ma ... 7, is 7, ...mam; the
complement of is the permutation (n +1—m)(n+1—mg)...(n + 1 — m,)). From this fact, we
obtain that the number of polygons on n vertices with exactly three faces is four times the number

of permutations 7 of length n that begin at letter 1 and whose polygon P, has exactly three faces.
4(n—2) (2n74
n—1 n—2

for alln > 2.

This number is ), as required. O
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5. Enumeration of four faces polygons

A permutation 7 is said to be square if the subsequence of the sources of L, lies on at most
two faces of P,. For example, there exists 1,2,6,24,104,464,2088 square permutations of length
1,2,3,4,5,6,7, respectively. We denote the set of all square permutations of length n by Q,,. Given
ai,ag,...,aq € N, we define

Gniar,az,.aq = FATIT2 ... Ty € Qp | M2 ... Mg = ara2 . .. aq},
The cardinality of the set set Q,, by ¢,. Clearly, a triangular permutation is a square permutation.

We derive an explicit formula for the number of square permutations of length n as follows.

THEOREM 5.1. The ordinary generating function for the number of square permutations of
length n is given by
2(1 — 3x)a? 43
(1—42)2  (1—4x)3/?
Moreover, the number of square permutations of length n is

2(n + 2)4"~3 — 4(2n — 5) (2:__36> :

14+2x+

for alln > 3.

PRrROOF. From the symmetry arising in the construction of square permutations we have that
forallmn>a>b2>1,

(51) dn;a,b = dnin+1—a,n+1—b and dn;a,b = qn;b,a-

Define Qy,(u,v) = >0_1 Y01 Gniapv® 'ul™t, for all n > 2, and Q(u,v;2) = 350 Qu(v,u)z™ to
be the ordinary generating function for the sequence @, (u,v). Thus, (5.1) gives

(5.2) Q,u;x) = Q' (v,u; ) + Q' (u, v; ),
where .
(050 = Y Q0007 = 3 a3 s
n>2 n>2 a=2 b=1

To find an explicit formula for Q’(1,1;x), which leads us to explicit formula for Q(1,1,;x), the

) 9

ordinary generating function for the number of square permutations of length n, we need to divide
the generating function Q’(u,v;z) into three parts. For all n > a > b > 1, define

Avsz) = ZnZQ Ap(v)z" = Zn>2 DI 2qna 1

B(v;z) = anz By (v)z" = Zn>3 z" Zb 2 Anin, bUb L

Clv,uz) =37, 59 Co(u,v)a™ =37 - 2" >z Zb 5 Qnsa,pv® TubTL
Clearly, for all n > 2, Q! (v,u) = Cy(v,u) + v" B, (u) + A,(v) and then

(5.3) Q' (u,v;x) = Clv,u;x) + %B(u; xv) + A(v; x).

Expression for A(v;z): First, we find an explicit formula for the ordinary generating function
A(v;z). From the definitions and (5.1), we have that

n—1 n—1
qn;2,1 = 4n—1;1 = Zb:Q dn—1;1,b = Zb 2 qn—1;b,1 = An 1(1)

n
Gn:a,l1 = Qnia,1,2 + Zb:a—'ﬂ Qn:a,1,b = Gn—1;a—1,1 + Zb a+14n—-1;10—1 = Zb a—14n—1;b,1,
qnin,1 = qn;n,1,2 + qnn,in-1 = 2(]77. 1;n—1,1-
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Using ¢3,3.1 = 1 and the recurrence relation for the sequence ¢y, 1, we obtain that, for all n > 3,
(5.4) Gning = 2"75.
Multiplying by v*~! and summing over all @ = 3,4,...,n — 1, we obtain that

_ n—1 -1 n—1 -1
Ap(v) =vA,_1(1) + Zazg v? Zj:a—l n-1;5,1 + Gnn, 10" 7,

— n—2 v2—pitt w2t -1
- ’UAnfl(l) + ZQZQ dn—1;a,1 1—v + 1—v dn—1;n—1,1 + Qn;n,lvn .

Then (5.4) leads us to

2 2 ,Unfl

v vt —
A (1) — 2n74 — A 2n74 n—2 211747
1—7}( n 1() n 1(U)+ v )+ 1— v

An(’U) = ’L)An_l(l) —+ 4 277.73,071717

which is equivalent to

U2

1—w

An(v) =vA,_1(v) + (Ap_1(1) — Ap_1(v) + 274",

for all n > 4, with initial conditions As(v) = v and Az(v) = v + v%. Writing the above recurrence
relation in terms of generating functions,

2y,.3 2 2 av? 2 2 viz?
A(w;z) — (v +v*)a® —va® =ve(A(l;2) — 2°) + (A(L;z) — 2* — A(v; &) + vz®) + .
1—-w 1—2vz
Equivalently,
vl vizd v
1 A(v;z) = va® A(1; ).
( +1—v> (v;2) T e T T (L)

This type of equation can be solved systematically using the kernel method. We substitute v =

1=vi-de 3;‘4”” in the above functional equation to get A(1;x) = \/% and then

1

- 1—v+02z

v3(1 — )zt v
(5.5) A(v; x) (1—v) ) .

1_ 2
(q)( vjz” + 1—2vz +m

Expression for B(v;x): Using the symmetry on the set of square permutations, see (5.1), we
obtain that

n—1 n—1 n—1
. _ n —1 n —1 n n—j
B(U,l’) = E x E Qn;j,an = E Y E Qn;n-l—l—j,lvj = E z E qn;j,10 7,

n>3 =2 n>3  j=2 n>3  j=2

and from the definition of the generating function A(v;z) together with (5.4),

1 22(1 —2)
B(v:z) = —A(1/v:vz) — ———
(v:) = A1 vsva) - T
It follows that
vr3(1 — x) 302

(56) B(U;I):(1_21,)(1_,0_1.)7(1_1}_1‘)@.
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Expression for C(v,u;z): From the definitions and (5.1), foralln —1>a > b > 2,

b—1

Qn;a,b Z Qn a,b,j + Z Qn sa,b,g

Jj=1 j=a+1
b—1

= > qn-ta-1, + Z In—1;5—1,b
j=1 j=a+1
b—1 n—1

= Un—1ia—1,j + D Qn—1:5,b-
j=1 j=a

Thus, for all n > 5,

n—1a— — n—1
— —1,,b—1
Cn(v,u) = Z Z Gn—l;a—1,j T > In—135b | V47U
a=3 b=2 \ j=1 j=a
n—2a—1 n—la—1 vi i1
u’ _
= Qn—l;a,b 'U + E Z dn—1; ab U] .
a=2 b=1 a=3 b=

Therefore, by the definition of the sequences A,,(v), B, (v) and C,(n,u) together with (5.1), for all
n > 5,

Cn(v, )
= 124 (Cna(v,u) = Cpa (vu, 1)) + 125 (Cra (1, 00) = Gy (v, )

v

ﬂ%v(Bn_l(vu)—v”*2Bn_1<u>>+ W (A1 (v) = Apoi(vu)) — 2t e 0o

1—u 1—u

By converting the above recurrence relation in terms of generating functions with the use of the
initial condition Cy(v,u) = 2uv? (this holds immediately from the definitions), we can write

Clo,us) = 2uv?a?* + 242 (C(v,u; ) — Clvu, 15 2)) + 322 (C(1,vuyz) — C(v,u; 2))
+ 25 (B(vw; ) — vur®) — 72 (B(u; vx) — viua®)
L (A(v;x) — va? — v(1 4+ v)2?) — 2L (A(vy; z) — vuz? — vu(l + vu)z®)
5 4,45

2vtuz 2vu"x
“—2vn)(—w) T (O—2vua)(i=w)"

= (
v)

It is well known that this type of functional equations with several variables are in general very
hard to solve (see e.g. [3]). However, in our case, we are able to find an explicit formula for the
ordinary generating function C(1,1;x), as it is described below.

Explicit formula for C(1,1;x): Substituting v = v=! in the above functional equation gives

C(v, vil;x)
= 2uat —

+

1— U(C(’U,’l}_l; ) C(l 1; .T)) U'T (C(L 171-) — C(’l}7’l)_1;$))
(B( z) = @) = g5 (B(v™}ve) — UQIS) 2 (A(v; ) —va? —v(1 + v)a?)

-
20%2® 2vzx”

—a? —22° )+ (I—2vz)(I—v) (T-2z)(1-v)"

This is equivalent to

(1 + 1232) C(v,v™ 1)
—(1+z+vz)va® + 220(1, 1; x) +1 Y2 B(liz) — $5B(v™ o)
VT . VT . 202’ 202
— 15 AW 2) + 25 AL ) + o amy — G




10

TOUFIK MANSOUR AND SIMONE SEVERINI

By taking v = -~ and using (5.5) and (5.6),

1-2x
2(3x — 1)2? n 22%(1 — Tz + 1522 — 8z3)
(1 —4x)3/2 (1—22)/(1 — 4x)?

c(1,1;2) =

Explicit formula for Q(1,1;z): Equations (5.3), (5.5) and (5.6) give an explicit formula for

Q'(1,1;x), namely Q'(1,1;z) = ((11*_3;3)7”; — (1724’;3)3/2. Hence, by (5.2), we obtain that Q(1,1;x) =
2Q’'(1,1;x) and the ordinary generating function for the number of square permutations of length
n is given by 14+ x4+ 2Q’(1,1;x) (1 for the empty permutation and z for the permutation of length

1), as required. O

COROLLARY 5.2. The number of polygons on n vertices with four faces such that the sources
of the polygon lies on exactly two faces is given by

2(n +2)4"% — 2(n + 1) <2:_;> .

PrOOF. The formula is obtained directly from Theorem 5.1 and Corollary 4.2. ]

6. Open problems

In this paper we have used a technique based on the kernel method to solve functional equations
for enumerating k-faces polygons on n vertices, where k = 2, 3,4. The results suggest the following
problems:

e The most important question in our context is to find an explicit formula for the number
of k-faces polygons on n vertices for any k.
e Can we find a combinatorial interpretations for the formula

2n —4
2n +2)4" 3 —2(n+1 ,
(n+2) R
the number of square permutations of length n.
e All questions about geometric properties of consecutive-minima polygons remain open (for
example, maximal perimeter, maximal area, number of different polygons up to symme-
tries, etc.).
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