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Extended quadrati
 algebra and a model of the equivariant 
ohomology ring of
ag varietiesAnatol N. Kirillov and Toshiaki MaenoAbstra
t. For the root system of type A we introdu
e and study a 
ertain extension of the quadrati
algebra invented by S. Fomin and the �rst author, to 
onstru
t a model for the equivariant 
ohomology ringof the 
orresponding 
ag variety. As an appli
ation of our 
onstru
tion we des
ribe a generalization of theequivariant Pieri rule for double S
hubert polynomials. For a general �nite Coxeter system we 
onstru
t anextension of the 
orresponding Ni
hols-Woronowi
z algebra. In the 
ase of �nite 
rystallographi
 Coxetersystems we present a 
onstru
tion of \extended Ni
hols-Woronowi
z algebra model" for the equivariant
ohomology of the 
orresponding 
ag variety.R�esum�e. Pour le syst�eme de ra
ines de type A nous introduisons et �etudions une 
ertaine extension del'alg�ebre quadratique invent�ee par S. Fomin et le premier auteur, 
onstruire un mod�ele pour la 
ohomologie�equivariante de la vari�et�e des drapeaux 
orrespondante. Comme une appli
ation de notre 
onstru
tion nousd�e
rivons une g�en�eralisation de la formule de Pieri �equivariante pour les polynômes de S
hubert doubles.Pour un syst�eme de Coxeter �ni g�en�eral nous 
onstruisons une extension de l'alg�ebre de Ni
hols-Woronowi
z
orrespondante. Dans le 
as de syst�emes de Coxeter 
ristallographique �ni nous pr�esentons une 
onstru
tionde "mod�ele par l'alg�ebre de Ni
hols-Woronowi
z �etendu" pour la 
ohomologie �equivariante de la vari�et�e desdrapeaux 
orrespondante. 1. Introdu
tionIn the paper [4℄ S. Fomin and the �rst author have introdu
ed and study a model for the 
ohomologyring of 
ag varieties of type A as a 
ommutative subalgebra generated by the so-
alled Dunkl elements in a
ertain non
ommutaive quadrati
 algebra En. One of the main advantages of an approa
h developed in [4℄is that it admits a simple generalization whi
h is suitable for des
ription of the quantun 
ohomology ringof 
ag varieties, as well as (quantum) S
hubert polynomials. Constru
tions from the paper [4℄ have beengeneralized to other �nite root systems by the authors in [8℄. One of the main 
onstituents of the above
onstru
tions is the Dunkl element. The basi
 properties of the Dunkl elements are: 1) they are pairwise
ommuting; 2) in the so-
alled Calogero-Moser representation [4, 8℄ they 
orrespond to the trun
ated (i.e.without di�erential part) Dunkl operators [3℄; 3) in the 
rystallographi
 
ase they 
orrespond { after applyingthe so-
alled Bruhat representation [4, 8℄{ to the Monk formula in the 
ohomology ring of the 
ag variety inquestion; 4) in the 
rystallographi
 
ase, a subtra
tion-free expressions of S
hubert polynomials 
al
ulatedat the Dunkl elements in the algebragBE (�), if exist, provide a 
ombinatorial rule for des
ribing the S
hubertbasis stru
tural 
onstants, i.e. the interse
tion numbers of S
hubert 
lasses.In the 
ase of 
lassi
al root systems �; the �rst author [6℄ has de�ned a 
ertain extension gBE (�) of thealgebra BE (�) together with a pairwise 
ommuting family of elements, 
alled Dunkl elements, whi
h afterapplying the Calogero-Moser representation exa
tly 
oin
ide with the rational Dunkl operators. One of themain obje
tive of our paper is to study a 
ommutative subalgebra generated by the Dunkl elements in theextended algebra gBE (�) in the 
ase of type A root systems. Our main result in this dire
tion is:Key words and phrases. quadrati
 algebras, double S
hubert polynomials, 
ag varieties.This work is supported by Grant-in-Aid for S
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 Resear
h.2000 Mathemati
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2 A. N. KIRILLOV AND T. MAENOTheorem 1.1. (Pieri formula in the algebra EnhRi[t℄)ek(�(n)1 ; : : : ; �(n)m ) =Xp�0(�t)p�2p� 1p �� XS;I;JXS jIjYa=1ia2I; ja2J [ia; ja℄�:See Se
tion 2, Theorem 2.5, for a detailed explanation of 
onditions on sets I; J and S in the se
ondsummation, and those on indi
es fia; jagjIja=1 in the produ
t.Important 
onsequen
e of the above Theorem is that in the 
ase t = 0; a 
ommutative subalgebra gener-ated by the Dunkl elements in the algebra EnhRi is 
anoni
ally isomorphi
 to the T -equivariant 
ohomologyring of the type A 
ag variety F ln: Our formula, in the 
ase t = 0, des
ribes a multipli
ation rule for theS
hubert polynomial 
orresponding to the (m + 1)-
y
le 
[k;m℄ := (k �m + 1; : : : ; k; k + 1) 2 Sn and thedouble S
hubert polynomial 
orresponding to a permutation in Sn. An analog of Pieri's formula for multi-pli
ation of the S
hubert 
lass 
orresponding to spe
ial permutation 
[k;m℄ and the one 
orresponding toarbitrary permutation w 2 Sn has been obtained by by S. Veigneau [14, Se
tion 5.3, Proposition 5.7℄. Herewe treat S
hubert and double S
hubert polynomials as 
ertain elements in the algebra En�1; see Theorem3.1. In order to obtain the 
orresponding formula in the equivariant 
ohomology ring of a 
ag variety of typeA; one needs to use the Bruhat representation of the algebra En�1; see Se
tion 3. The existan
e of the Bruhatrepresentation of the algebra EnhRi[t℄ plays a 
ru
ial role in appli
ation to the equivariant S
hubert 
al
ulus,and 
onstitutes an important step in the proof of Corollary 2.2. Note that the Bruhat representation hasa huge kernel, so that it's not evident why our formula (in the 
ase t = 0) implies the known analogs ofthe equivariant Pieri formula due to B. Kostant and S. Kumar [10℄, S. Robinson [13℄, S. Veigneau [14℄and vise versa, if so. We expe
t that for general t our formula des
ribes an analog of the Pieri rule in theA-equivariant 
ohomology of (type An�1) 
ag variety for the group A := T � C� :So far as we know, for the �rst time a Pieri-type formula in the equivariant 
ohomology ring of generalized
ag varieties for Ka
-Moody groups has been proved by B. Kostant and S. Kumar [10, Proposition 3.41, 3.42℄,see also [10℄, p.190, Note added in proof. In the 
ase of 
ag varieties of type An�1; a signi�
ant simpli�
ationof Kostant and Kumar's Pieri-type formula has been obtained by S. Robinson [13℄. Robinson's Pieri-typeformula gives an answer in terms of a linear 
ombination of the value of the Kostant polynomials on somespe
ial permutations, [13, De�nition 4.2℄. A 
ompa
t expression for the value of a Kostant polynomial onan arbitrary permutation has been obtained by S. Billey [2℄. It seems an interesting task to understandrelationships between the equivariant Pieri-type formulas obtained in our paper with those obtained by S.Robinson and S. Veigneau.Another obje
tive of our paper is to 
onstru
t the \Ni
hols-Woronowi
z model" for the 
oinvariantalgebra of a �nite Coxeter group W . Re
all that the Ni
hols-Woronowi
z algebra model for the 
ohomologyring of 
ag varieties has been invented by Y. Bazlov [1℄. In Se
tion 4 we introdu
e a 
ertain extensionof the Ni
hols-Woronowi
z algebra BW and 
onstru
t a 
ommutative subalgebra in the extended Ni
hols-Woronowi
z algebra. Our se
ond main result states that for 
rystallographi
 root systems and t = 0; the
ommutative subalgebra in question is isomorphi
 to the T -equivariant 
ohomology ring of the 
orresponding
ag variety. 2. Extension of the quadrati
 algebraDefinition 2.1. The algebra En is an asso
iative algebra generated by the symbols [i; j℄; 1 � i; j � n;i 6= j; subje
t to the relations:(0) : [i; j℄ = �[j; i℄(1) : [i; j℄2 = 0;(2) : [i; j℄[k; l℄ = [k; l℄[i; j℄; if fi; jg \ fk; lg = ;;(3) : [i; j℄[j; k℄ + [j; k℄[k; i℄ + [k; i℄[i; j℄ = 0:Let us 
onsider the extension EnhRi[t℄ of the quadrati
 algebra En by the polynomial ring R[t℄ =Z[x1; : : : ; xn℄[t℄ de�ned by the 
ommutation relations:(A): [i; j℄xk = xk[i; j℄; for k 6= i; j;



EXTENDED QUADRATIC ALGEBRA 3(B): [i; j℄xi = xj [i; j℄ + t; [i; j℄xj = xi[i; j℄� t; for i < j;(C): [i; j℄t = t[i; j℄:Note that the Sn-invariant subalgebra RSn[t℄ of R[t℄ is 
ontained in the 
enter of the algebra EnhRi[t℄:Definition 2.2. (1) We de�ne the R[t℄-algebra eEn[t℄ byeEn[t℄ = EnhRi[t℄
RSn R:More expli
itly, eEn[t℄ is an algebra over the polynomial ring Z[y1; : : : ; yn℄ generated by the symbols [i; j℄;1 � i; j � n; i 6= j; and x1; : : : ; xn; t satisfying the relations in the de�nition of the algebra EnhRi[t℄ togetherwith the identi�
ation ei(x1; : : : ; xn) = ei(y1; : : : ; yn); for i = 1; : : : ; n: Denote by eEn;t0 the spe
ialization ofeEn[t℄ at t = t0:(2) The Dunkl elements �i 2 eEn[t℄; i = 1; : : : ; n; are de�ned by the formula�i = �(n)i = xi +Xj 6=i [i; j℄:Remark 2.3. Note that xi's do not 
ommute with the Dunkl elements, but only symmetri
 polynomialsin xi's do. By this reason we need the se
ond 
opy of R = Z[y1; : : : ; yn℄, where yi's are in the 
enter of thealgebra eEn[t℄; and f(x1; : : : ; xn) = f(y1; : : : ; yn) for any symmetri
 polynomial f:Lemma 2.4. The Dunkl elements 
ommutes ea
h other.Proof. This follows from the fa
t that(xi + xj)[i; j℄ = [i; j℄(xi + xj):Let ek(x1; : : : ; xn), 1 � k � n; stand for the elementary symmetri
 polynomial of degree k in the variablesx1; : : : ; xn: We put by de�nition, e0(x1; : : : ; xn) = 1; and ek(x1; : : : ; xn) = 0; if k < 0:Theorem 2.5. (Pieri formula in the algebra EnhRi[t℄)ek(�(n)1 ; : : : ; �(n)m ) =Xp�0(�t)p�2p� 1p ��ek�2p(x1; : : : ; xm) +Xr�1 XS � [1;::: ;m℄jSj=k�r�2p XS XI;J Yia2I;ja2J [ia; ja℄!;where XS := Qs2S xs; I and J are subsets of the same 
ardinality r in the set [1; : : : ; n℄ n S; the produ
t istaken over pairs fia; jagr=jIja=1 su
h that 1 � ia � m < ja � n and the indi
es i1; : : : ; ijIj are all distin
t.Sket
h of Proof. Sin
e the de�ning relations for the algebra EnhRi[t℄ are invariant with respe
t to thea
tion of the symmetri
 group Sn, we havek!(m� k)!ek(�(n)1 ; : : : ; �(n)m ) = Xw2Smw(ek(�(n)1 ; : : : ; �(n)k ));where we regard Sm as the subgroup of Sn whi
h inter
hanges only indi
es 1; : : : ;m: So, the �rst step ofour proof is to show that it is enough to prove the statement of Theorem 2.5 in the 
ase m = k only. In the
ase m = k; we 
ompute the produ
t Qkj=1 �(n)j by indu
tion on k taking into a

ount an observation thatall 
omputations have to be invariant with respe
t to the a
tion of the symmetri
 group Sk:Corollary 2.1. The list of relations in the algebra eEn[t℄ek(�(n)1 ; : : : ; �(n)n ) =Xp�0(�t)p �2p� 1p � ek�2p(y1; : : : ; yn); 1 � k � n;des
ribes the 
omplete set of relations among the Dunkl elements �(n)1 ; : : : ; �(n)n :Corollary 2.2. For t = 0; the sublagebra of eEn;0 generated by the Dunkl elements �1; : : : ; �n overZ[y1; : : : ; yn℄ is isomorphi
 to the T -equivariant 
ohomology ring H�T (F ln):



4 A. N. KIRILLOV AND T. MAENOProof. First of all it follows from Theorem 2.5 that the natural map �i 7! zi = �
1(Ui=Ui�1); yi 7! yide�nes a well-de�ned homomorphismZ[y1; : : : ; yn℄[�1; : : : ; �n℄ �! H�T (F ln);(2.1)where (0 = U0 � U1 � � � � � Un) is the universal 
ag over F ln:On the other hand, it follows from the de�nitions that the image of Dunkl's element �i in the Bruhatrepresentation (see Se
tion 3) a
ts a

ording to the rule:�i w = yw(i)w + Xj>il(wtij)=l(w)+1 wtij � Xj<il(wtij)=l(w)+1 wtij :This rule exa
tly 
orresponds to the Monk formula for double S
hubert polynomials, see e.g. [11, Exer-
ise 2.7.2℄. Therefore the images of the 
oset 1 under the a
tion of the 
ommutative subalgebra generated bythe Dunkl elements span the entire quotient Z[y1; : : : ; yn; z1; : : : ; zn℄=Jn; where Jn denotes the ideal gener-ated by the elements ek(z1; : : : ; zn)�ek(y1; : : : ; yn); 1 � k � n: This exa
tly means that the homomorphism(2.1) is an isomorphism.Theorem 2.6. The subalgebra generated by the elements g1 := [1; 2℄; g2 := [2; 3℄; � � � ; gn�1 := [n� 1; n℄in the algebra EnhRi[t℄ is isomorphi
 to the nil degenerate aÆne He
ke algebra of type A(1)n�1; i.e. the algebragiven by two sets of generators g1; � � � ; gn�1 and x1; � � � ; xn subje
t to the set of de�ning relations:g2i = 0; gigj = gjgi; if ji� jj > 1; gigjgi = gjgigj ; if ji� jj = 1;gixi � xi+1gi = t:3. Bruhat representationLet us re
all the de�nition of the Bruhat representation of the algebra En on the group ring of thesymmetri
 group ZhSni = �w2SnZ � w: The operator �ij ; i < j; is de�ned as follows:�ij(w) = � wtij ; if l(wtij) = l(w) + 1;0; otherwise.Then the Bruhat representation of En is de�ned by [i; j℄:w := �ij(w):Now we extend the Bruhat representation to that of the algebra EnhRi[t℄ de�ned onR[t℄hSni = �w2SnZ[y1; : : : ; yn℄[t℄ � w:For f(y) 2 Z[y1; : : : ; yn℄[t℄ and w 2 Sn; we de�ne the Z[t℄-linear operators ~�ij ; i < j; and �k as follows:~�ij(f(y)w) = � t(�w(i)w(j)f(y))w + f(y)wtij ; if l(wtij) = l(w) + 1;t(�w(i)w(j)f(y))w; otherwise,�k(f(y)w) = (yw(k)f(y))w:Proposition 3.1. The algebra EnhRi[t℄ a
ts Z[t℄-linearly on Z[y℄[t℄hSni via [ij℄ 7! ~�ij and xk 7! �k:Proof. Let us 
he
k the 
ompatibility with the de�ning relations of the algebra eEn[t℄: We show the
ompatibility only with the relations (1), (3) and (B). The rest are easy to 
he
k.Let us start with the relation (1). We have~�2ij(f(y)w) = ~�ij �t(�w(i)w(j)f(y))w + f(y)�ij(w)�= t2(�2w(i)w(j)f(y))w + t(�w(i)w(j)f(y))�ij(w)+t(�w(j)w(i)f(y))�ij(w) + f(y)�2ij(w):Sin
e �2w(i)w(j) = 0; �2ij = 0 and �w(i)w(j) = ��w(j)w(i); we get ~�2ij = 0:For the relation (3), we have~�ij ~�jk(f(y)w) = ~�ij �t(�w(j)w(k)f(y))w + f(y)�jk(w)�= t2(�w(i)w(j)�w(j)w(k)f(y))w + t(�w(j)w(k)f(y))�ij(w)



EXTENDED QUADRATIC ALGEBRA 5+t(�w(i)w(k)f(y))�jk(w) + f(y)�ij�jk(w):We also obtain ~�jk~�ki(f(y)w) and ~�ki~�ij(f(y)w) by the 
y
li
 permutation of i; j; k: The 3-term relations�w(i)w(j)�w(j)w(k) + �w(j)w(k)�w(k)w(i) + �w(k)w(i)�w(i)w(j) = 0and �ij�jk + �jk�ki + �ki�ij = 0show the desired equality ~�ij ~�jk + ~�jk~�ki + ~�ki~�ij = 0:Finally, we 
he
k the relation (B). We have~�ij�i(f(y)w) = ~�ij(yw(i)f(y)w)= t�w(i)w(j)(yw(i)f(y))w + (yw(i)f(y))�ij(w)= t(f(y)w) + t(yw(j)�w(i)w(j)f(y))w + ywtij(j)�ij(w)= �j ~�ij(f(y)w) + t(f(y)w):Denote by Ln the submodule ofZ[x1; : : : ; xn; y1; : : : ; yn℄ generated by the monomials xi11 � � �xin�1n�1 yj11 � � � yjn�1n�1 ;0 � ik � n� k; 0 � jk � n� k:Theorem 3.1. Let Sw(x; y) be the double S
hubert polynomial 
orresponding to w 2 Sn: Then, we haveSw(�; y)(id:) = w:Conversely, if a polynomial F (x; y) 2 Ln satis�es the 
onditionF (�; y)(id:) = w;then F (x; y) = Sw(x; y):Proof. The �rst statement follows from the Monk formula for the double S
hubert polynomials and(�i � yw(i))(w) = �i(w) +Xj 6=i �ij(w)� yw(i)w= Xj<i;l(wtij )=l(w)+1wtij � Xj>i;l(wtij )=l(w)+1wtij :The se
ond statement is a 
onsequen
e from the fa
t that the double S
hubert polynomials are the uniquesolution in Ln for the system of equations 
oming from the Monk formula.Remark 3.2. Only when t = 0; one 
an extend Z[y℄[t℄-linearly the Bruhat representation of the algebra
EnhRi[t℄ to that of the algebra eEn[t℄: In fa
t, Theorem 3.1 des
ribes the multipli
ative stru
ture of the Z[y℄-subalgebra generated by the Dunkl elements in eEn;0; whi
h is isomorphi
 to H�T (F ln): Nevertheless, the
hara
terization of the double S
hubert polynomials in Theorem 3.1 holds for arbitrary t:



6 A. N. KIRILLOV AND T. MAENO4. Ni
hols-Woronowi
z modelThe model of the equivariant 
ohomology ring H�T (F ln) in the algebra eEn has a natural interpretationin terms of the Ni
hols-Woronowi
z algebra. The Ni
hols-Woronowi
z approa
h leads us to the uniform
onstru
tion for arbitrary root systems.We denote by BW the Ni
hols-Woronowi
z algebra asso
iated to the Yetter-Drinfeld moduleV = M�2�R[�℄=([�℄ + [��℄)over the �nite Coxeter group W of the root system �: Let h be the re
e
tion representation of W andR = Symh� the ring of polynomial fun
tions on h: Let us 
onsider the extension BW hRi[t℄ of the algebra
BW by the polynomial ring R[t℄ de�ned by the 
ommutation relation[�℄x = s�(x)[�℄ + t(x; �) for x 2 h�:Definition 4.1. We de�ne the R-algebra eBW byeBW = BW hRi[t℄
RW R:Choose a W -invariant 
onstants (
�)�: Let us 
onsider a linear map � : h� ! eBW de�ned as�(x) = x+ X�2�+ 
�(x; �)[�℄for x 2 h�:Proposition 4.1. [�(x); �(y)℄ = 0; x; y 2 h�:The linear map � extends to a homomorphism of algebras� : R! BW hRi[t℄:Denote by e� the 
omposite of the homomorphismsR
ZR �
1! BW hRi[t℄
ZR! eBW :Theorem 4.2. If t = 0 and the 
onstants (
�)� are generi
, the image of the homomorphism e� isisomorphi
 to the algebra R 
RW R: In parti
ular, when W is the Weyl group, it is isomorphi
 to theT -equivariant 
ohomology ring H�T (G=B) of the 
orresponding 
ag variety G=B:The proof is based on the 
orresponden
e between the twisted derivation D� and the divided di�eren
eoperator ��: We de�ne the operator D� as the twisted derivation on eBW determined by the 
onditions:(1): D�(x) = 0; for x 2 R;(2): D�([�℄) = Æ�;�; for �; � 2 �+;(3): D�(fg) = D�(f)g + s�(f)D�(g):The operator D� is linear with respe
t to R on the se
ond 
omponent.Proposition 4.2. \�2�+Ker(D�) = R[t℄
RW RProof. Any element ! 2 BW hRi[t℄ 
an be written as! = f1'1 + � � �+ fk'k;where f1; : : : ; fk 2 R[t℄ are linearly independent, and '1; : : : ; 'k 2 BW : We haveD�(!) = s�(f1)D�('1) + � � �+ s�(fk)D�('k)from the twisted Leibniz rule. If D�(!) = 0; we have D�('1) = � � � = D�('k) = 0: Hen
e, ! 2\�2�+Ker(D�) implies that 'i 2 B

0W = R for i = 1; : : : k: This means ! 2 R[t℄:Proposition 4.3. D�(e�(x)) = 
�e�(��(x))for x 2 R
ZR:



EXTENDED QUADRATIC ALGEBRA 7Proof. When x = � 
 1; � 2 �; we 
an 
he
k thatD�(e�(� 
 1)) = 
�(�; �) = 
�e�(��(�)):Hen
e, we have D�(e�(x)) = 
�e�(��(x)) for x 2 h� 
R: On the other hand, the both-hands sides satisfy thesame twisted Leibniz rule, so it follows that D�(e�(x)) = 
�e�(��(x)) for x 2 R
R:(Proof of Theorem 4.2) If x 2 RW 
ZR; we have D�(e�(x)) = 0 for every � 2 �+ from Proposition 4.3.This implies from Proposition 4.2 that e�(x) 2 RW 
RW R: When t = 0; e�(x) 
oin
ides with the element ofR whi
h is obtained by repla
ing all the symbols [�℄ by zero in e�(x): Hen
e, the homomorphism e� fa
torsthrough R
RW R! eBW : Sin
e a linear basis of the 
oinvariant algebra of W gives an RW -basis of R; it iseasy to see that R
RW R! eBW is inje
tive.5. Multiparameter quantum deformation E
qn [t℄ of the algebra En[t℄:Let q := fqij j1 � i < j � mg be a set of parameters. Repla
e the relation (1) [ij℄2 = 0 in De�nition 2.1by [ij℄2 = qij , 1 � i < j � n: Denote by ek(x1; : : : ; xn j q) the multiparameter quantum deformation of theelementary symmetri
 fun
tions [4, (15.2)℄:ek(x1; : : : ; xn j q) =Xp X1�i1<:::<ip�ni1<j1;::: ;ip<jp ek�2p(XI[J) pYa=1 qiaja ;where i1; : : : ; ip and j1; : : : ; jp should be distin
t elements of the set f1; : : : ; ng and XI[J denotes the set ofvariables xa for whi
h the subs
ript a is neither one of ik nor one of jk: We de�ne the Dunkl elements �qi bythe same formula as for �i:Theorem 5.1. (Pieri formula in the algebra E

qn [t℄)ek(x1; : : : ; xn j q) = RHS of the formula in Theorem 2.5Conje
ture 5.2. The list of relations in the algebra E
qn [t℄ek(�q1; : : : ; �qn j q) =Xp�0(�t)p �2p� 1p � ek�2p(y1; : : : ; yn); 1 � k � n;des
ribes the 
omplete set of relations among the Dunkl elements �q1; : : : ; �qn:Now we assume thar qij = 0 ex
ept the 
ase j = i+ 1:Conje
ture 5.3. For t = 0 the sublagebra of E

qn;0 generated by the Dunkl elements �q1; : : : ; �qn overZ[y1; : : : ; yn℄ is isomorphi
 to the T -equivariant quantum 
ohomology ring QH�T (F ln):A 
onstru
tion of the equivariant small quantum 
ohomology of 
ag varieties has been done by A.Givental and B. Kim [5℄, and more re
ently by L. Mihal
ea [12℄.Referen
es[1℄ Y. Bazlov, Ni
hols-Woronowi
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hubert 
al
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