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What are primitive derivations?

V: anℓ-dimensional Euclidean space
W: a finite Coxeter group acting onV
S := S(V∗): the symmetric algebra of the dual spaceV∗

R := SW: the invariant subring
.
Theorem..

......

(Chevalley1955) The exist algebraic independent homogeneous
polynomials P1,P2, . . . ,Pℓ (basic invariants) such that

2 = degP1 < degP2 ≤ · · · ≤ degPℓ−1 < degPℓ = h

and R= R[P1, . . . ,Pℓ]. Let di := degPi − 1 (exponents) and
h := degPℓ = dℓ + 1 (Coxeter number).
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What are primitive derivations?

DerS = S(∂/∂x1) ⊕ · · · ⊕ S(∂/∂xℓ): thederivation module ofS
DerR = R(∂/∂P1) ⊕ · · · ⊕ R(∂/∂Pℓ): thederivation module ofR

Simply we write∂xi = ∂/∂xi and∂Pi = ∂/∂Pi .

(chain rule)∂xi =
∑ℓ

k=1 (∂Pk/∂xi) ∂Pk ⇒ DerR ⊂ (1/Q)DerS, where
Q := det

[
∂Pj/∂xi

]
: (defining polynomial)

.
Definition..

......

(K. Saito1977) Define D:= ∂Pℓ , which is independent of choice of
basic invariants P1,P2, . . . ,Pℓ. The derivation D is unique up to a
constant multiple and is calleda primitive derivation.
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Logarithmic derivation module D(A,m)

A := A(W) : the set of all reflecting hyperplanes ofW

Let kerαH = H, αH ∈ V∗. ThenQ =
∏

H∈A αH.
.
Definition..

......

(K. Saito (m= 1 ) 1977,G. Ziegler (m≥ 2 ) 1988) Define, for m≥ 0,

D(A,m) := {θ ∈ DerS | θ(αH) ∈ αm
HS for all H ∈ A}.

D(A) := D(A,1) = {θ ∈ DerS | θ(Q) ∈ QS}.
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Primitive covariant derivative ∇D

Thecovariant derivativeof a primitive derivationD gives a shifting
T-isomorphism

∇D : D(A(W),2k+ 1)W ˜−→D(A(W),2k− 1)W,

whereT := {f ∈ S | D(f ) = 0} = R[P1,P2, . . . ,Pℓ−1].

We may defineD(A(W),m) for m ∈ Z. For example,

∇D : (DerS)
W = D(A(W),1)W ˜−→D(A(W),−1)W = DerR.
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Primitive covariant derivative ∇D

Define

I ∗ : ΩR→̃D(A(W),1)W by I ∗(dPi)(f ) := I ∗(dPi ,df),

whereI ∗ is theW-invariant inner productonΩ1
S.

The derivationsI ∗(dPi) (1 ≤ i ≤ ℓ) form aW-invariant basisfor
D(A(W),1).
Thethe contact order filtration

· · · ⊂ D(A(W),2k+ 1)W ⊂ D(A(W),2k− 1)W ⊂ . . .

coincides with theHodge filtrationin the sense of K. Saito (flat
structure≈ Frobenius manifold structure). Recall that

∇D : D(A(W),2k+ 1)W ˜−→D(A(W),2k− 1)W

shifts up the filtration.
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Free arrangements
.
Definition..

......

For a centralarrangementA and a positive integer m, we say that
(A,m) is free, if D(A,m) is a free S-module. When(A,m) is free,

D(A,m) ≃ S(−d1) ⊕ S(−d2) ⊕ · · · ⊕ S(−dℓ)

(isomorphic as graded S-modules).

The nonnegative integers
(d1,d2, . . . , dℓ) are called theexponentsof (A,m).

.
Theorem..

......

( K. Saito(m= 1), L. Solomon-H.T.(m= 2), H. T. (m≥ 3))
D(A(W),m) is a free S-module with exponents

(kh, kh, . . . , kh) if m = 2k,

(kh+ d1, . . . , kh+ dℓ) if m = 2k+ 1.
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Primitive covariant derivative ∇D

Thesimplestexample is as follows: LetW = A1,
A(W) = {one point} = {x1 = 0}, P1 = x2

1. Then

D =
1

2x1
∂x1,

∇D : D(A(W), 3)W = R(x3
1∂x1)→̃D(A(W),1)W = R(x1∂x1).

Let E := x1∂x1 be theEuler derivation.Then

∇−1
D E =

2
3

x3
1∂x1 ∈ D(A(W),3)W.

Note that
∇∂x1
∇−1

D E = 2x2
1∂x1

forms a basisfor D(A(W),2). In general, we have . . .
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Primitive covariant derivative ∇D

.
Theorem..

......

(M. Yoshinaga2002) TheW-isomorphism

Ξk : (DerS)0 = V ˜−→D(A(W),2k)kh

can be described asΞk(θ) = ∇θ∇−k
D E for a primitive derivationD. Thus

∇∂xi
∇−k

D E (1 ≤ i ≤ ℓ) form a basisfor D(A(W),2k).

Now we will go to the world withan extra coordinatez.

From now on, assume thatW is an irreducible Weyl group arising from
an irreducibleroot systemΦ.
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What are the Shi arrangements?

Φ: an irreducible root system inV, W: the corresponding Weyl group
Φ+: a set of positive roots
Hα : the hyperplane orthogonal to a positive rootα ∈ Φ+
Hα,j : the affine hyperplane defined by the equationα = j for α ∈ Φ+
andj ∈ Z

The(generalized) Shi arrangementis defined by

Shik := {Hα,j | 1− k ≤ j ≤ k, α ∈ Φ+} (k ≥ 1).

(J.-H. ShidefinedShi1 for the typeAℓ (the braid arrangement case) in
1986. Studied byR. Stanley, Ch. Athanasiadiset al,)
Define a central arrangement
Sk := Sk(Φ) := theconeof Shik in Rℓ+1 (by homogenizing using
an extra coordinatez: α = j −→ α = jz)
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the braid arrangementA(A2)

Hx1−x3,0 Hx1−x2,0 Hx2−x3,0

2-dim braid arrangement A(A2)

FPSAC 2012 Nagoya, August 2, 2012 34/96



the Shi arrangementShi1 of the typeA2

Hx1−x3,0 Hx1−x3,1 Hx1−x2,0 Hx1−x2,1 Hx2−x3,1 Hx2−x3,0

2-dim Shi arrangementShi1(A2)
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Free arrangements

.
Theorem..

......

(Factorization TheoremH.T. (1981))WhenA is a free arrangement
with exponents d1,d2, . . . ,dℓ, its Poincaré polynomialfactors as:

π(A, t) =
ℓ∏

i=1

(1+ dit).

Thanks toZaslavsky’s chamber-counting formula, the number of
chambersofA is equal to

∏ℓ
i=1(1+ di).

.
Theorem..

......

(Yoshinaga (2004) (conjectured by Edelman-Reiner(1996))The cone
of every Shi arrangementSk(Φ) is a freearrangement with exponents
(1, kh, kh, . . . , kh) = (1, (kh)ℓ).
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The number of chambers ofS1(A2)

(with the hyperplane defined byz= 0 at infinity)

free arrangement with exponents(1,3,3)
2× (3+ 1)2 = 2× 16= 32(chambers)
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Proof of Yoshinaga’s theorem

Yoshinaga proved the theorem by proving the surjectivity of the
restriction map (settingz= 0):

ρ : D0(Sk)kh −→ D(A(W),2k)kh

by showing a sheaf cohomology vanishing. Here,

D0(Sk)kh := {θ ∈ D(Sk) | degθ = kh, θ(z) = 0}.

We donot know the inverse mapρ−1 explicitly.
——————————————————————
Let us seethe big picture:

FPSAC 2012 Nagoya, August 2, 2012 39/96



Proof of Yoshinaga’s theorem

Yoshinaga proved the theorem by proving the surjectivity of the
restriction map (settingz= 0):

ρ : D0(Sk)kh −→ D(A(W),2k)kh

by showing a sheaf cohomology vanishing. Here,

D0(Sk)kh := {θ ∈ D(Sk) | degθ = kh, θ(z) = 0}.

We donot know the inverse mapρ−1 explicitly.

——————————————————————
Let us seethe big picture:

FPSAC 2012 Nagoya, August 2, 2012 40/96



Proof of Yoshinaga’s theorem

Yoshinaga proved the theorem by proving the surjectivity of the
restriction map (settingz= 0):

ρ : D0(Sk)kh −→ D(A(W),2k)kh

by showing a sheaf cohomology vanishing. Here,

D0(Sk)kh := {θ ∈ D(Sk) | degθ = kh, θ(z) = 0}.

We donot know the inverse mapρ−1 explicitly.
——————————————————————
Let us seethe big picture:
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the big picture

a bird and its shadow
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the big picture
D0(Sk(Φ))kh

ρ (restriction)

˜
��

Θ∗k Θk

˜̃ ˜̃ ˜̃ ˜̃ ˜̃ ˜̃ ˜̃ ˜̃ ˜̃ ˜̃ ˜̃ ˜̃ ˜̃ ˜̃ ˜̃ ˜̃ ˜̃ ˜̃ ˜̃ ˜̃

D(A(W),2k)kh

⟳

V∗ = (ΩS)0 I ∗
//

Ξ∗k˜
::uuuuuuuuuuuuuuuuuuuuuuu

⟳

FF
W-iso.

(DerS)0 = V

˜Ξk

ddIIIIIIIIIIIIIIIIIIIIIIII

⟳

XX22222222222222222222222222222222222222222222W-iso.

Θk is the liftingof Ξk(θ) := ∇θ∇−k
D E (unique bySchur’s lemma)

a bird in the SKY
with root system

z, 0

HORIZON

shadow on the GROUND
without root system

z= 0
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Two bases: SRB and dSRB

.
Problem..
......Find anexplicit description of Θk and/or Θ∗k.

Fix a primitive derivationD and a simple system{α1, . . . , αℓ}.
.
Definition..

......

The basisφ∗i := Θ∗k(dαi), 1 ≤ i ≤ ℓ, is called thesimple root basis
=SRBfor D0(Sk) and another basisφi := Θk(∂αi ), 1 ≤ i ≤ ℓ, is called
thedual simple root basis=dSRBfor D0(Sk).

They have the following nicecharacterization:
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Two bases: SRB and dSRB

.
Proposition
..

......

(T. Abe-H.T.arXiv: 1111.3510)
(1) Theφ∗i (SRB) is divisible byαi − kzfor each i,
(2) If θi ∈ D0(Sk) satisfy(αi − kz) | θi for 1 ≤ i ≤ ℓ, thenθi = ciφ

∗
i for

suitable nonzero constant ci for 1 ≤ i ≤ ℓ.

——–
(1)’ Theφi(αj) (dSRB) is divisible byαj + kzif j , i,
(2)’ If θi ∈ D0(Sk) satisfy(αj + kz) | θi(αj) for 1 ≤ i ≤ ℓ, 1 ≤ j ≤ ℓ, i , j,
thenθi = diφi for suitable nonzero constant di for 1 ≤ i ≤ ℓ.
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Two bases: SRB and dSRB (the typeAℓ )

.
Example
..

......

(root system ofthe type Aℓ) Suppose that
V := {(x1, . . . , xℓ+1) ∈ Rℓ+1 | x1 + · · · + xℓ+1 = 0},
Φ := {xi − xj | 1 ≤ i ≤ ℓ + 1, 1 ≤ j ≤ ℓ + 1, i , j} and
Φ+ := {xi − xj | 1 ≤ i < j ≤ ℓ + 1}. Then

{αi := xi − xi+1 | 1 ≤ i ≤ ℓ}

is a set ofsimple roots. In this case, there exists anexplicit formula for
SRB and dSRB (D. Suyama-H.T. 2012).

TheSRB for the typeAℓ looks like this:
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An example : the SRB in the case ofA3

φ∗1 = (x1 − x2 − z)

{
x3x4x1 −

1
2

(x3 + x4)(x2
1 − x1z) +

1
3

(
x3
1 −

3
2

x2
1z+

1
2

x1z2
)}
∂1 ←−σ(1,2)

2 B0,0(x1, z)−σ(1,2)
1 B0,1(x1, z)+σ

(1,2)
0 B0,2(x1, z)

+ (x1 − x2 − z)

{
x3x4x2 −

1
2

(x3 + x4)(x2
2 − x2z) +

1
3

(
x3
2 −

3
2

x2
2z+

1
2

x2z2
)}
∂2 ←−σ(1,2)

2 B0,0(x2, z)−σ(1,2)
1 B0,1(x2, z)+σ

(1,2)
0 B0,2(x2, z)

− 1
6

x3(x1 − x2 − z)(x3 + z)(x3 − 3x4 − z)∂3

− 1
6

x4(x1 − x2 − z)(x4 + z)(x4 − 3x3 − z)∂4,

φ∗2 = −
1
6

x1(x2 − x3 − z)(x1 − z)(x1 − 3x4 − 2z)∂1

+ (x2 − x3 − z)

{
x1x4x2 −

1
2

x1(x2
2 − x2z) − 1

2
x4(x2

2 + x2z) +
1
3

(x3
2 − x2z2)

}
∂2

+ (x2 − x3 − z)

{
x1x4x3 −

1
2

x1(x2
3 − x3z) − 1

2
x4(x2

3 + x3z) +
1
3

(x3
3 − x3z2)

}
∂3

+
1
6

x4(x2 − x3 − z)(x4 + z)(3x1 − x4 − 2z)∂4,

φ∗3 = −
1
6

x1(x3 − x4 − z)(x1 − z)(x1 − 3x2 + z)∂1

− 1
6

x2(x3 − x4 − z)(x2 − z)(x2 − 3x1 + z)∂2

+ (x3 − x4 − z)

{
x1x2x3 −

1
2

(x1 + x2)(x2
3 + x3z) +

1
3

(
x3
3 +

3
2

x2
3z+

1
2

x3z2
)}
∂3 ←−σ(3,1)

2 B0,0(x3, z)σ
(3,1)
1 B1,0(x3, z)σ

(3,1)
0 B2,0(x3, z)

+ (x3 − x4 − z)

{
x1x2x4 −

1
2

(x1 + x2)(x2
4 + x4z) +

1
3

(
x3
4 +

3
2

x2
4z+

1
2

x4z2
)}
∂4 ←−σ(3,1)

2 B0,0(x4, z)σ
(3,1)
1 B1,0(x4, z)σ

(3,1)
0 B2,0(x4, z)
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+ (x2 − x3 − z)

{
x1x4x3 −

1
2

x1(x2
3 − x3z) − 1

2
x4(x2

3 + x3z) +
1
3

(x3
3 − x3z2)

}
∂3 are the main ingredients!

+
1
6

x4(x2 − x3 − z)(x4 + z)(3x1 − x4 − 2z)∂4,

φ∗3 = −
1
6

x1(x3 − x4 − z)(x1 − z)(x1 − 3x2 + z)∂1

− 1
6

x2(x3 − x4 − z)(x2 − z)(x2 − 3x1 + z)∂2

+ (x3 − x4 − z)

{
x1x2x3 −

1
2

(x1 + x2)(x2
3 + x3z) +

1
3

(
x3
3 +

3
2

x2
3z+

1
2

x3z2
)}
∂3 ←−σ(3,1)

2 B0,0(x3, z) − σ(3,1)
1 B1,0(x3, z) + σ

(3,1)
0 B2,0(x3, z)
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{
x1x2x4 −

1
2

(x1 + x2)(x2
4 + x4z) +

1
3

(
x3
4 +

3
2

x2
4z+

1
2

x4z2
)}
∂4 ←−σ(3,1)

2 B0,0(x4, z) − σ(3,1)
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Explicit formulas for the SRB /dSRB

So far,explicit formulas(in terms ofBernoulli-like polynomilas) have
been obtained in the cases of the typesA, B, C, D, F andG (by R. Gao,
D. Pei, D. Suyama, H.T.2012).

However, not for the typesE6,E7 or E8.
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A characterization for simple roots

Fix a set of simple roots. Letβ be a positive root. Then we have
.
Proposition
..

......

(T. Abe-H.T.arXiv: 1111.3510) The following three condtions are
equivalent:
(1) β is a simple root (=of height one),
(2)Sk \ {β = kz} is a free arrangement,
(2)’ Sk ∪ {β = −kz} (disjoint) is a free arrangement.

α1 + α2 = 0 α1 = 0 α2 = 0

"
"

"
"

"
"

"
"

"
"

"
"

"
"

""

b
b

b
b
b
b

b
b
b
b

b
b
b
b

b
bb

-






�

J
J

J
J]

α1 (simple)

α2 (simple) α1 + α2 (not simple)
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A characterization for simple roots

'
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S1 of the typeA2 is free with exponents (1,3,3)
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A characterization for simple roots
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S1 \ {α1 + α2 = 1} of the typeA2 is NOT free
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Height distribution and exponents

This characterization reminds me of thedual partition theoremdue to
A. Shapiro, R. Steinberg, B. Kostant, I.G. Macdonaldet al. (I learned
this fromL. Solomonback in 1990.)

For example, for the typeD5

he
ig

ht
di

st
rib

ut
io

n

1 •
1 •
2 • •
3 • • •
4 • • • •
4 • • • •
5 • • • • •

7 5 4 3 1 exponents
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Height-free conjecture

.
Problem..

......

Verify (or disprove) that everyheight subarrangementis a free
arrangementwith the exponentsdetermined by the height
distribution?(the height-free conjecture)

.
Definition..

......

Let {α1, . . . , αℓ} be a set of simple roots. For a positive rootβ, express
β =

∑ℓ
i=1 ciαi with nonnegative integers ci (1 ≤ i ≤ ℓ). Recall the

heightof β, denote by ht(β): ht(β) =
∑ℓ

i=1 ci . Define

A≤m := {ker(α) | α ∈ Φ+, ht(α) ≤ m}.

A subarrangementB ofA is called aheight subarrangementif

A≤m ⊆ B ⊆ A≤m+1.
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an example of height subarrangement

A≤3 ⊆ B ⊆ A≤4. The red squares indicateB.
he

ig
ht

di
st

rib
ut

io
n

1 •
1 •
2 • •
3 • • •
4 • • • •
4 • • • •
5 • • • • •

4 4 3 3 1 exponents
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Height-free conjecture

.
Proposition
..

......

(T. Abe-H.T.2012)Suppose the height-free conjecture is true.LetB
be aheight subarrangementofA(W) in Rℓ. Then
(1)

Sk ∪ {Hα,−k | Hα ∈ B} (= Catalan ifB = A(W))

in Rℓ+1 is a free arrangementwith exponents

(1, (kh)ℓ) + (0,exp(B)) (vector sum).

(1)’
Sk \ {Hα,k | Hα ∈ B} (= Catalan ifB = A(W))

in Rℓ+1 is a free arrangementwith exponents

(1, (kh)ℓ) − (0,exp(B)) (vector sum).
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Height-free conjecture

So far,the height-free conjecturehas been verified byT. Abe(-H.T.) in
the cases of the typesA, B, C, D, E6, F andG.

However, not for the typesE7 or E8.
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I stop here.

Thank you!
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Bernoulli numbers and Bernoulli polynomials
.
Definition..

......

TheBernoulli numbers Bn are characterized by

B0 = 1,
n∑

k=0

(
n+ 1

k

)
Bk = 0 (n ≥ 1).

.
Definition..

......

TheBernoulli polynomials Bn(x) are defined for n≥ 0 by

Bn(x) :=
n∑

k=0

(
n
k

)
Bk xn−k.

.
Theorem..

...... Bn(x+ 1)− Bn(x) = nxn−1
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Bernoulli numbers and Bernoulli polynomials

Bernoulli numbers

B0 = 1, B1 = −1/2, B2 = 1/6, B3 = 0,

B4 = −1/30, B5 = 0, B6 = 1/42, B7 = 0,

B8 = −1/30, . . . ,Bn = 0 (n ≥ 3, odd )

Bernoulli polynomials

B0(x) = 1, B1(x) = x− (1/2), B2(x) = x2 − x+ (1/6),

B3(x) = x3 − (3/2)x2 + (1/2)x, B4(x) = x4 − 2x3 + x2 − (1/30),

B5(x) = x5 − (5/2)x4 + (5/3)x3 − (1/6)x,

B6(x) = x6 − 3x5 + (5/2)x4 − (1/2)x2 + (1/42),

B7(x) = x7 − (7/2)x6 + (7/2)x5 − (7/6)x3 + (1/6)x,

B8(x) = x8 − 4x7 + (14/3)x6 − (7/3)x4 + (2/3)x2 − (1/30),

. . .
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The polynomialsBp,q(x)

.
Definition..

......

The polynomialsBp,q(x) are characterized by:

...1 Bp,q(x+ 1)− Bp,q(x) = (x+ 1)pxq,

...2 −Bp,q(x) = Bp,q(−x).

Then Bp,q(x) is uniquely determinedby these two conditions.

.
Example
..

......

B0,q(x) = 1
q+1

{
Bq+1(x) − Bq+1

}
, Bp,0(x) = (−1)p+1B0,p(−x)

Bp,q(x) =
∑p

i=0

(
p
i

)
B0,q+i(x)

B0,2(x) = (1/3)(x3 − (3/2)x2 + (1/2)x)
B2,0(x) = (1/3)(x3 + (3/2)x2 + (1/2)x)
B1,1(x) = B0,1(x) + B0,2(x) = (1/3)(x3 − x)
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The homogenizationBp,q(x, z) of Bp,q(x)

.
Definition..

......

ThehomogenizationBp,q(x, z) of Bp,q(x) is a homogeneous polynomial
of degree p+ q+ 1 defined by

Bp,q(x, z) := zp+q+1Bp,q

(x
z

)
.

.
Example
..

......

B0,2(x, z) = (1/3)(x3 − (3/2)x2z+ (1/2)xz2)
B2,0(x, z) = (1/3)(x3 + (3/2)x2z+ (1/2)xz2)
B1,1(x, z) = (1/3)(x3 − xz2)
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An explicit construction

.
Definition..

......

Let1 ≤ j ≤ ℓ. DefineI (j)
1 = {x1, x2, . . . , xj−1}, I (j)

2 = {xj+2, xj+3, . . . , xℓ+1}.
Letσ(j,s)

k denote theelementary symmetric functionin the variables in
I (j)
s of degree k(s= 1,2 , k ∈ Z≥0). Let∂i (1 ≤ i ≤ ℓ + 1) and∂z denote
∂/∂xi and∂/∂z respectively. Define homogeneous derivations
η1 :=

∑ℓ+1
i=1 ∂i ∈ D(Sℓ), η2 := z∂z+

∑ℓ+1
i=1 xi∂i ∈ D(Sℓ), and

φ∗j := (xj − xj+1 − z)
ℓ+1∑
i=1

∑
0≤k1≤j−1
0≤k2≤ℓ−j

(−1)k1+k2σ
(j,1)
j−1−k1
σ

(j,2)
ℓ−j−k2

Bk1,k2(xi , z)∂i

for 1 ≤ j ≤ ℓ.
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