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What are primitive derivations?

V: an{-dimensional Euclidean space

W: a finite Coxeter group acting on

S:= §V*): the symmetric algebra of the dual spate
R := SV: the invariant subring

Theorem

(Chevalleyl955) The exist algebraic independent homogeneous
polynomials R, P, ..., P, (basic invariant} such that

2 = degP; < degP, < --- < degP,_; < degP, = h

and R= R[P,...,P,/]. Letd := degP; — 1 (exponentsand
h := degP, = d; + 1 (Coxeter numbgr
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What are primitive derivations?

Ders = S0/0%1) @ - - - ® S0/0%,): thederivation module o
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What are primitive derivations?

Ders = S0/0%) & - - - ® S0/9x,): thederivation module o6
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What are primitive derivations?

Ders = S0/0%) & - - - ® S0/9x,): thederivation module o6
Derg = R(0/0P,) @ - - - ® R(0/9P;): thederivation module oR

Simply we writedy, = d/0x anddp, = 9/9P;.
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What are primitive derivations?

Ders = S0/0%) & - - - ® S0/9x,): thederivation module o6
Derg = R(0/0P,) @ - - - ® R(0/9P;): thederivation module oR

Simply we writedy, = d/0x anddp, = 9/9P;.

(chain rule)dy, = Yt_; (OP«/0x) dp, = Derg c (1/Q)Ders, where
Q:= det[@Pj /8xi] : (defining polynomigl
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What are primitive derivations?

Ders = S0/0%) & - - - ® S0/9x,): thederivation module o6
Derg = R(0/0P,) @ - - - ® R(0/9P;): thederivation module oR

Simply we writedy, = d/0x anddp, = 9/0P;.

(chain rule)dy, = Yt_; (OP«/0x) dp, = Derg c (1/Q)Ders, where
Q:= det[@Pj /Bxi] : (defining polynomigl

Definition

(K. Saito1977) Define D= dp,, which is independent of choice of
basic invariants R, P, ..., P,. The derivation D is unique up to a
constant multiple and is callea primitive derivation.
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Logarithmic derivation module D(A, m)

A = AW) : the set of all reflecting hyperplanes\of
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Logarithmic derivation module D(A, m)

A = AW) : the set of all reflecting hyperplanes\of
Letkeray = H, ay € V*. ThenQ = [[qeq @n-

FPSAC 2012 Nagoya, August 2, 2012 17/96



Logarithmic derivation module D(A, m)

A = AW) : the set of all reflecting hyperplanes\of
Letkeray = H, ay € V*. ThenQ = [[qeq @n-

Definition

(K. Saito (m= 1) 1977,G. Ziegler (m> 2) 1988) Define, for nx 0,
D(A, m) := {0 € Ders| 8(an) € ayyS for all H € A}.

D(A) := D(A,1) = {6 € Ders| (Q) € QS.
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Primitive covariant derivative Vp
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Primitive covariant derivative Vp

Thecovariant derivativef a primitive derivatiorD gives a shifting
T-isomorphism

Vb : D(AW), 2k + 1)V—5D(A(W), 2k — 1),

whereT = {f € S| D(f) = 0} = R[P, P>, ..., P,4].
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Primitive covariant derivative Vp

Thecovariant derivativef a primitive derivatiorD gives a shifting
T-isomorphism

Vo : D(AW), 2k + 1)VS5D(AW), 2k — DV,
whereT = {f € S| D(f) = 0} = R[Py, P2, ..., P,4].
We may defindd(A(W), m) for me Z. For example,

Vo : (Ders)" = D(AW), 1)—5D(AW), -1)" = Derg.
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Primitive covariant derivative Vp

Define
1* : QrSD(AW), D)V by 1*(dP)(f) := 1*(dP;, df),

wherel* is theW-invariant inner produadn Q.
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Primitive covariant derivative Vp

Define
1* : QrSD(AW), D)V by 1*(dP)(f) := 1*(dP;, df),

wherel* is theW-invariant inner produadn Q.
The derivationg*(dP,) (1 <i < ¢) form aW-invariant basigor

D(A(W), 1).
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Primitive covariant derivative Vp

Define
1* : QrSD(AW), D)V by 1*(dP)(f) := 1*(dP;, df),

wherel* is theW-invariant inner produadn Q.
The derivationg*(dP,) (1 <i < ¢) form aW-invariant basigor

D(A(W), 1).

Thethe contact order filtration
- D(AW), 2k + D)V ¢ D(A(W), 2k — 1)

coincides with thedodge filtrationin the sense of K. Saitdlét
structure~ Frobenius manifold structuyeRecall that

Vo : D(AW), 2k + DV =D(AW), 2k — 1)V

shifts up the filtration.
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Free arrangements

Definition
For a centralarrangementA and a positive integer m, we say that
(A, m) isfree, if D(A, m) is a free S-module. WheH, m) is free,

D(A, m) = §(—d;) ® Y-dz) ®--- & Y—dy)

(isomorphic as graded S-modules).
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Free arrangements

Definition
For a centralarrangementA and a positive integer m, we say that
(A, m) is free, if D(A, m) is a free S-module. WherH, m) is free,

D(A, m) = §(—d;) ® Y-dz) ®--- & Y—dy)

(isomorphic as graded S-module$he nonnegative integers
(dg, do, ..., d,) are called theexponentof (A, m).

(K. Saito(m = 1), L. Solomon-H.Tm = 2), H. T.(m > 3))
D(A(W), m) is a free S-module with exponents

(Knkh, ... kh) if m = 2k,
(Kh+di,....kh+d,)if m=2k+1.
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Primitive covariant derivative Vp

Thesimplestexample is as follows: Lat/ = Ay,
A(W) = {one poin} = {X; = 0}, P, = x5. Then

1
D= — 4y,
2Xq x

Vo : D(AW), 3)" = Rdx,)>D(AW), 1) = R(xady,).
Let E := X10x, be theEuler derivationThen

2
V5'E = éxiaxl e D(A(W), 3)".

Note that
Vs, Vo E = 240y,
forms a basifor D(A(W), 2). In general, we have ...
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Primitive covariant derivative Vp

(M. Yoshinag&002) Thew -isomorphism

Ey : (Derg)y = V=5D(A(W), 2K)n

can be described &8(6) = V,V; E for a primitive derivationD. Thus
Vo, Vo'E (1 <i < ¢) form a basigfor D(A(W), 2K).

v
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Primitive covariant derivative Vp

(M. Yoshinag&002) Thew -isomorphism

Ey : (Derg)y = V=5D(A(W), 2K)n

can be described &8(6) = V,V; E for a primitive derivationD. Thus
Vo, Vo'E (1 <i < ¢) form a basigfor D(A(W), 2K).

v

Now we will go to the world withan extra coordinate
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Primitive covariant derivative Vp

Theorem
(M. Yoshinag&002) Thew -isomorphism

Ey : (Derg)y = V=5D(A(W), 2K)n

can be described &8(6) = V,V; E for a primitive derivationD. Thus
Vo, Vo'E (1 <i < ¢) form a basigfor D(A(W), 2K).

v

Now we will go to the world withan extra coordinate

From now on, assume thél is an irreducible Weyl group arising from
an irreducibleroot systenb.
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What are the Shi arrangements?

®: an irreducible root system M, W: the corresponding Weyl groug
®,: a set of positive roots

H. : the hyperplane orthogonal to a positive ract ®,

H,, : the dfine hyperplane defined by the equatiog j for a € @,

andj € Z

FPSAC 2012 Nagoya, August 2, 2012 31/96



What are the Shi arrangements?

®: an irreducible root system M, W: the corresponding Weyl groug
®,: a set of positive roots

H. : the hyperplane orthogonal to a positive ract ®,

H,, : the dfine hyperplane defined by the equatiog j for a € @,

andj € Z

The(generalized) Shi arrangemasidefined by

Shf:={H,j|1-k<j<kaed,} (k>1)

(J.-H. ShidefinedSht for the typeA, (the braid arrangement case) in
1986. Studied byr. Stanley, Ch. Athanasiadet al,)
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What are the Shi arrangements?

®: an irreducible root system M, W: the corresponding Weyl groug
®,: a set of positive roots

H. : the hyperplane orthogonal to a positive ract ®,

H,, : the dfine hyperplane defined by the equatiog j for a € @,

andj € Z

The(generalized) Shi arrangemasidefined by

Shf:={H,j|1-k<j<kaed,} (k>1)

(J.-H. ShidefinedSht for the typeA, (the braid arrangement case) in
1986. Studied byr. Stanley, Ch. Athanasiadet al,)

Define a central arrangement

Sk = S¥(®) := theconeof Shk in R“* (by homogenizing using

an extra coordinate @ =j — a =j2)

FPSAC 2012 Nagoya, August 2, 2012 33/96



the braid arrangement A(A,)

HXl—)(’S,O Hxl—X2,0 HX2—>@,0

2-dim braid arrangement A(A,)
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the Shi arrangementSht of the type A,

HXl—)Q’”O HXl—X3,1 Hxl—Xz,O Hxl—Xz,l HXZ—XS,]- HXz—>@,0

2-dim Shi arrangement Shit(A,)
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Free arrangements

(Factorization TheoremH.T. (1981))When4A is afree arrangement
with exponents gdd,, ..., d,, its Poincaré polynomialfactors as:

4
(A1) = [ [@+d).
i=1
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Free arrangements

(Factorization TheoremH.T. (1981))When4A is afree arrangement
with exponents gdd,, ..., d,, its Poincaré polynomialfactors as:

4

(A1) = [ [@+d).

i=1

Thanks toZaslavsky’s chamber-counting formythe number of
chamberof A is equal to[ ], (1 + d).

(Yoshinaga (2004) (conjectured by Edelman-Reiner(1996¢ cone
of every Shi arrangeme®(®) is a free arrangement with exponent
(1, kh kh, ... kh) = (1, (kh)Y).
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The number of chambers ofSY(A,)

1

10

(with the hyperplane defined kzy= 0 at infinity)

free arrangement with exponeris 3, 3)
2x (3+ 1)? = 2x 16 = 32(chambers)
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Proof of Yoshinaga’s theorem

Yoshinaga proved the theorem by proving the surjectivity of the
restriction map (setting = 0):

p 1 Do(S)n —> D(A(W), 2K)in
by showing a sheaf cohomology vanishing. Here,

Do(S )n 1= {0 € D(SY) | degd = kh, 6(2) = 0.
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Proof of Yoshinaga’s theorem

Yoshinaga proved the theorem by proving the surjectivity of the
restriction map (setting = 0):

p 1 Do(S)n —> D(A(W), 2K)in
by showing a sheaf cohomology vanishing. Here,
Do(S¥)n := {8 € D(S¥) | degd = kh, 6(2) = 0}.

We donot know the inverse map* explicitly.
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Proof of Yoshinaga’s theorem

Yoshinaga proved the theorem by proving the surjectivity of the
restriction map (setting = 0):

p 1 Do(S)n —> D(A(W), 2K)in
by showing a sheaf cohomology vanishing. Here,
Do(S¥)n := {8 € D(S¥) | degd = kh, 6(2) = 0}.

We donot know the inverse map* explicitly.

Let us seehe big picture
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the big picture

its shadow

a bird and its shadow
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the big picture

Do(S*(®))kn

a bird in the SKY
e ®, With root system

p (re riction)z #0
HORIZON

shagjow on the GROUND
D(AW), 2K without root system

V™ = (Qs)o (Ders)o =V

I*
Oy is the Iifting; of Zx(6) := V4V¥E (unique bySchur’s lemmp
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Two bases: SRB and dSRB

Problem
Find anexplicit description of ®, and/or Oy.
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Two bases: SRB and dSRB

Problem
Find anexplicit description of ®, and/or Oy.

Fix a primitive derivatiorD and a simple systeffa, . .., a,}.
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Two bases: SRB and dSRB

—

Problem
Find anexplicit description of ®, and/or Oy.

Fix a primitive derivatiorD and a simple systeffa, . .., a,}.

Definition

The basisy := O;(da;), 1 <i < ¢, is called thesimple root basis
=SRBfor Do(S¥) and another basig; := ©(d,,), 1 <i < ¢, is called
thedual simple root basisdSRBfor Dg(SY).
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Two bases: SRB and dSRB

—

Problem
Find anexplicit description of ®, and/or Oy.

Fix a primitive derivatiorD and a simple systeffa, . .., a,}.

Definition

The basisy := O;(da;), 1 <i < ¢, is called thesimple root basis
=SRBfor Do(S¥) and another basig; := ©(d,,), 1 <i < ¢, is called
thedual simple root basisdSRBfor Dg(SY).

They have the following niceharacterization
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Two bases: SRB and dSRB

Proposition

(T. Abe-H.TarXiv: 1111.3510)

(1) Theg (SRB is divisible bya; — kzfor eachii,

(2) If 6, € Do(S*) satisfy(ai — k2) | 6 for 1 < i < ¢, thend, = cig; for
suitable nonzero constantfor 1 <i < ¢.
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Two bases: SRB and dSRB

Proposition

(T. Abe-H.TarXiv: 1111.3510)

(1) Theg (SRB is divisible bya; — kzfor eachii,

(2) If 6, € Do(S*) satisfy(ai — k2) | 6 for 1 < i < ¢, thend, = cig; for
suitable nonzero constantfor 1 <i < ¢.

(1)’ Thegi(a;) (ASRB is divisible bye; + kzifj # i,
(2)' If 6; € Do(S¥) satisfy(a; + k2) [ 6i(aj) forl<i <€, 1<j<¢,i#],
thend, = dig; for suitable nonzero constantfibr 1 <i < ¢.

o’
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Two bases: SRB and dSRB (the typé\ )

Example

(root system ofhe type A) Suppose that

Vo= {(Xe, ..o Xer1) €ERPH Xg + -+ 4 Xpia = 0},
O:={x-x|1l<i<f+11<j<¢+1li+#jland
O, ={x—-X|1<i<j<{+1}. Then

{op =% %X |11<i<¢€)

is a set ofsimple roots In this case, there exists axplicit formula for
SRB and dSRB (D. Suyama-H.T. 2012)

4
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Two bases: SRB and dSRB (the typé\ )

Example

(root system ofhe type A) Suppose that

Vo= (X, ..o Xee1) € R Xq + -+ + Xeyg = 0},
O:={x-x|1l<i<f+11<j<¢+1li+#jland
O, ={x—-X|1<i<j<{+1}. Then

{op =% %X |11<i<¢€)

is a set ofsimple roots In this case, there exists axplicit formula for
SRB and dSRB (D. Suyama-H.T. 2012)

4

The SRB for the typeA, looks like this
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An example : the SRB in the case ofg

. 1 1 3 1
p1=1-%-2) {X3X4X1 -3 (X3 + x4)(x% —X12) + 3 (x"l" - EX%Z‘F éxlzz)} 91
1 1 3 1
+(X1—X%X2 -2 {X3X4X2 - é(x;; + X4)(x§ —%2) + 3 (xg - éx§z+ éxzzz)} 7
1
— gXet X2 ~A(x3 + A(x3 ~ 3x4 - 293
1
- 5X4(X1 = X2 = 2)(Xa + D(X4 — 33 — 204,
.1
¥y = *gxl(xz = X3 = 2)(X1 — 2)(X1 — 3X4 — 22)01
1.2 1 .2 13 w2
+(x2 = %3 = 2 Pxaxaxz = X106 ~X02) = S0 + %) + é(Xz = XZ%) 1 B2
1.2 12 103 a2
+(x2 = X3 = 2 Y xaxaxg — 5 X1 (X3~ X32) — Sxa(3 +%32) + §(X3 —X37%) 03
1
+ §X4(X2 = X3 = 2)(Xq +2)(3x1 — X4 — 2204,
. 1
@3 = -6><1(><3 —X4 = 2)(x1 ~ D(xg — 3x2 + 21

1
- gXels — x4 = A(x2 ~ Ax ~ 3x¢ + P2

l‘\))io
+

1 1
+(X3—X4—2) {xlxzx;; - é(xl + xz)(xg +X32) + 3 (

3
2
1 1 3 1
+(3-X4-2) {x1><2><4 -5+ %) (X2 + Xq2) + 3 (x?1 + é><‘212+ é><422)} N
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An example : SRB in the case o

« 1 1 3 1 12)5 25 12)5
p1=(1-%-2) {X3X4X1 -3 (x3 + X4)(><% -X12) + 3 (X"f - §X§Z+ éxlzz)} 01 HU'(Z )BO,O(XLZ) - 0'(1]" )BO,l(XLZ) + 0’8 IBo204.2)

+0-X-2) {X3X4><2 - %(X3 +X4) 03 — X02) + % (Xg - gX§Z+ %Xzzz)} 92 %Uél'z)ﬁo,o(xz- 2)- 0(11"2)50.10(2- 2+ Gél"z)go.z(xz 2)
- %X3(X1 — X2 = 2)(x3 +2)(x3 — 3x4 — I3
- $Xa0 %~ 0 + 2% - 366 - 2,
5 =~ X200 ~ X5 ~ 20 ~ A<t -~ 34 ~ 201
(%52 {xmxz_ 23008 ~x22) - 2xa0 + 300 + é(xg_xzzz)}az Bernoulli polynomials
g —xg—2) {xl)qu— 23008 - x52) - 23408 + 330 + %(xg—X322)}63 are the main ingredients!

1
+ 5402 — X3 = (e + 2(3x1 — Xa ~ 22)0a,
L1
93=— 6X1(X3 —X4 = 2)(x1 — (X1 — 3%z + 291

1
- gxz(X:a = X4 = 2)(X2 — 2)(X2 — 3x1 + 2)d2

1 1 3 1 — — _
+(X3—X4—2) {x1><2><3 -5 (X1 + xz)(xg +X32) + 3 (x3 t5 x%z +3 ><322)} 03 <—(r(23’1)80'0(><3, 7)— 0(13‘1)81'0(><3. 2) + 0-53‘1)82'0()(3. 2)
1 2 1(3,302,, 1 2 G5 G5 [CENS
+ (X3 — X4 — 2) {X1XoXg — é(x1 +%2)(%5 +X42) + 3%+ 5%zt 5%z 0a o3 "Boo(xa.2) ~ o7 'Brolu.2) + o5 "Bro(xe. )
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Explicit formulas for the SRB/dSRB

So far,explicit formulas(in terms ofBernoulli-like polynomilay have
been obtained in the cases of the typeB, C, D, F andG (by R. Gao,
D. Pei, D. Suyama, H.2012).
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Explicit formulas for the SRB/dSRB

So far,explicit formulas(in terms ofBernoulli-like polynomilay have
been obtained in the cases of the typeB, C, D, F andG (by R. Gao,
D. Pei, D. Suyama, H.2012).

However, not for the typeBe, E7 or Es.
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A characterization for simple roots

Fix a set of simple roots. L¢t be a positive root. Then we have

Proposition

(T. Abe-H.TarXiv: 1111.3510) The following three condtions are
equivalent:

(1) B is asimple root Eof height one)

(2) Sk\ {8 = kz is a free arrangement,

(2) Sku (B = —kz (disjoint) is a free arrangement.

FPSAC 2012 Nagoya, August 2, 2012
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A characterization for simple roots

Fix a set of simple roots. L¢t be a positive root. Then we have

(T. Abe-H.TarXiv: 1111.3510) The following three condtions are
equivalent:

(1) B is asimple root Eof height one)

(2) Sk\ {8 = kz is a free arrangement,

(2) Sku (B = —kz (disjoint) is a free arrangement.

a1+a2=0 a1 =0 a=0

a (simple)
*

\

a1 (simple)
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A characterization for simple roots

/nlJraz:O ap+ap=1 a1 =0 a1 =1 ap=1 az:ﬁ

<

- )

S? of the typeA; is free with exponents (B, 3)
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A characterization for simple roots

/nl+a2=0 a1 +ap=1 a1 =0 ap=1 az:ﬁ

-

S\ {a1 = 1} of the typeA; is free with exponents (2, 3)
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A characterization for simple roots

/nlJraz:O ap+ap=1 a1 =0 a;=1 az:ﬁ

- )

S\ {a, = 1} of the typeA; is free with exponents (2, 3)
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A characterization for simple roots

/ﬂfl+a2=0 a1 =0 a1 =1 ap=1 az:ﬁ

- )

S\ {a1 + @, = 1) of the typeA, is NOT free
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Height distribution and exponents

This characterization reminds me of theal partition theorerdue to
A. Shapiro, R. Steinberg, B. Kostant, |.G. Macdonetal. (I learned
this fromL. Solomonback in 1990.)
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Height distribution and exponents

This characterization reminds me of thieal partition theorerdue to
A. Shapiro, R. Steinberg, B. Kostant, |.G. Macdonetal. (I learned
this fromL. Solomonback in 1990.)or example, for the typBs

11 e

gl | Bl W N

1 exponents

height distribution

N o| o o o0 e
Ulle|e e e e
DNieoe|lo o e
Wl e|e e

N
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Height-free conjecture

Problem

Verify (or disprove) that everiyeight subarrangemeris a free
arrangementwith the exponentdetermined by the height
distribution? (the height-free conjecture)

FPSAC 2012 Nagoya, August 2, 2012 64/96



Height-free conjecture

Verify (or disprove) that everiyeight subarrangemeris a free
arrangementwith the exponentdetermined by the height
distribution? (the height-free conjecture)

v

Definition
Let{ay,...,a,} be a set of simple roots. For a positive rghtexpress
B = Y, ca; with nonnegative integers €1 < i < ¢). Recall the

heightof 8, denote by HB): ht(8) = >.'_, ¢;. Define

Am = {ker(@) | @ € ., ht(a) < m}.

A subarrangemer® of A is called aheight subarrangemeiift

ﬂgm g B g ﬂgm.\\_]_.
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an example of height subarrangement

Az C B C Ay The red squares indicate:

gl | Bl WD =

height distribution

41413|3|1 exponents
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Height-free conjecture

Proposition

(T. Abe-H.T2012)Suppose the height-free conjecture is truet 8
be aheight subarrangemenof A(W) in R¢. Then

1)
S“U{H,_« | H, € B} (= Catalan if 8 = A(W))

in R is afree arrangemenwith exponents

(1, (k) + (0, exp@®B)) (vector sum
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Height-free conjecture

(T. Abe-H.T2012)Suppose the height-free conjecture is truet 8
be aheight subarrangemenof A(W) in R¢. Then

(1)

S“U{H,_« | H, € B} (= Catalan if 8 = A(W))

in R is afree arrangemenwith exponents

(1, (k) + (0, exp@®B)) (vector sum

)
S\ {Hux | H, € B} (= Catalan if8 = A(W))

in R is afree arrangementwith exponents

(1, (kh)Y) — (0, exp@B)) (vector sun
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Height-free conjecture

So far,the height-free conjectuteas been verified by. Abe (-H.T.) in
the cases of the typds B, C, D, Eg, F andG.
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Height-free conjecture

So far,the height-free conjectuteas been verified by. Abe (-H.T.) in
the cases of the typds B, C, D, Eg, F andG.

However, not for the typel; or Es.
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| stop here.
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| stop here.

Thank you!
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Bernoulli numbers and Bernoulli polynomials

Definition
TheBernoulli numbers B are characterized by

n
By =1, Z(nll)sk:o (n=1).
k=0

FPSAC 2012 Nagoya, August 2, 2012 7396



Bernoulli numbers and Bernoulli polynomials

Definition
TheBernoulli numbers B are characterized by

n
Bo=1 Z(nil)skzo (n>1).
k=0

Definition
TheBernoulli polynomials B(x) are defined for r= 0 by

Bn(X) := Zn] (E) B, x" K.

k=0
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Bernoulli numbers and Bernoulli polynomials

Definition
TheBernoulli numbers B are characterized by

n
Bo=1 Z(nil)skzo (n>1).
k=0

TheBernoulli polynomials B(x) are defined for r= 0 by

Bn(X) := Zn] (E) B, x" K.

k=0

v

Ba(X + 1) — By(X) = X"t

FPSAC 2012 Nagoya, August 2, 2012 7596




Bernoulli numbers and Bernoulli polynomials
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Bernoulli numbers and Bernoulli polynomials

Bernoulli numbers
Bo=1, B;=-1/2, B,=1/6, Bs=0,
B,=-1/30, Bs =0, Bg=1/42 B; =0,
Bg=-1/30,...,B,=0(n> 3, odd)
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Bernoulli numbers and Bernoulli polynomials

Bernoulli numbers
Bo=1, By=-1/2, B,=1/6, B; =0,
Bs=-1/30, Bs =0, Bg = 1/42 B; =0,
Bs =-1/30,..., B,=0(n=>3, odd)
Bernoulli polynomials
Bo(X) = 1, By(X) = x— (1/2), Ba(X) = X* - x + (1/6),
Bs(X) = X — (3/2)x% + (1/2)x, Ba(X) = x* — 2 + X% — (1/30),
Bs(X) = X° — (5/2)x* + (5/3)x% — (1/6)x,
Bs(X) = X% — 3 + (5/2)x* — (1/2)x% + (1/42),
B7(X) = X" — (7/2)x° + (7/2)x° — (7/6)x + (1/6)x,
Bg(X) = x® — 4x” + (14/3)x° — (7/3)X* + (2/3)x* — (1/30),
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The polynomials By 4(X)
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The polynomials By 4(X)

The polynomial$,(x) are characterized by:
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The polynomials By 4(X)

The polynomial$,(x) are characterized by:
Q@ Bpg(X+ 1) - Bpg(x) = (x+ 1)Px1,
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The polynomials By 4(X)

The polynomial$,(x) are characterized by:
Q@ Bpg(X+ 1) - Bpg(x) = (x+ 1)Px1,
@ —B,y(X) = Bpg(—X).
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The polynomials By 4(X)

The polynomial$,(x) are characterized by:

Q@ Bpg(X+ 1) - Bpg(x) = (x+ 1)Px1,
Then B 4(X) is uniquely determinetly these two conditions.

FPSAC 2012 Nagoya, August 2, 2012 83/96



The polynomials B 4(X)

The polynomial$,(x) are characterized by:

Q@ Bpg(X+ 1) - Bpg(x) = (x+ 1)Px1,
Then B 4(X) is uniquely determinetly these two conditions.

v

Boa(®) = 341 {Bar1(¥) — Bgva}» Bno(¥) = (~1)*Bop(—X)
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The polynomials B 4(X)

The polynomial$,(x) are characterized by:

Q@ Bpg(X+ 1) - Bpg(x) = (x+ 1)Px1,
Then B 4(X) is uniquely determinetly these two conditions.

v

Boa(®) = 341 {Bar1(¥) — Bgva}» Bno(¥) = (~1)*Bop(—X)
Bnq(¥) = S0 (7)Bog+i(¥)
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The polynomials B 4(X)

(Definition

The polynomial$,(x) are characterized by:

Q@ Bpg(X+ 1) - Bpg(x) = (x+ 1)Px1,
Then B 4(X) is uniquely determinetly these two conditions.

v

Boa(®) = 341 {Bar1(¥) — Bgva}» Bno(¥) = (~1)*Bop(—X)

Boa() = 22 (7)Bog:i(¥)
Bo2(X) = (1/3)0¢ — (3/2)¢ + (1/2)X)
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The polynomials B 4(X)

The polynomial$,(x) are characterized by:

Q@ Bpg(X+ 1) - Bpg(x) = (x+ 1)Px1,
Then B 4(X) is uniquely determinetly these two conditions.

v

Boa(®) = 341 {Bar1(¥) — Bgva}» Bno(¥) = (~1)*Bop(—X)
Boa(X) = 200 (7)Boi(¥)

Bo2(X) = (1/3)(< — (3/2)" + (1/2)x)

B20(X) = (1/3)(¢ + (3/2)" + (1/2)%)
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The polynomials B 4(X)

The polynomial$,(x) are characterized by:

Q@ Bpg(X+ 1) - Bpg(x) = (x+ 1)Px1,
Then B 4(X) is uniquely determinetly these two conditions.

v

Boa(®) = 341 {Bar1(¥) — Bgva}» Bno(¥) = (~1)*Bop(—X)
Boa() = 22 (7)Bogi (¥

Bo(X) = (1/3)(¢ — (3/2)% + (1/2)x)

Bao(X) = (1/3)0¢ + (3/2)% + (1/2)x)

B11(X) = Bo1(X) + Bo2(X) = (1/ 3)(X3 - X)
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The homogenizationBy,4(x, 2) of Byq(X)

FPSAC 2012 Nagoya, August 2, 2012 8996



The homogenizationBy4(x, 2) of B, 4(X)

Definition
ThehomogenizatioB, 4(X, 2) of Byq(X) is @ homogeneous polynomi
of degree p+ g + 1 defined by

— X
Bp’q(X, Z) :: Zp+q+pr’q (E) .
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The homogenizationBy4(x, 2) of B, 4(X)

ThehomogenizatioB, (X, 2) of By4(X) is @ homogeneous polynomial

of degree p+ g + 1 defined by

— X
Bp’q(X, Z) :: Zp+q+pr’q (E) .

Bo2(X,2) = (1/3)(C — (3/2)x%z + (1/2)xZ)
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The homogenizationBy4(x, 2) of B, 4(X)

ThehomogenizatioB, (X, 2) of By4(X) is @ homogeneous polynomial

of degree p+ g + 1 defined by
R o +0+1 X
Bpa(X, 2) := 2 Bp,q(2)~

Bo2(X,2) = (1/3)(C — (3/2)x%z + (1/2)xZ)
Byo(X 2) = (1/3)(C + (3/2)x%z + (1/2)xZ)
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The homogenizationBy4(x, 2) of B, 4(X)

ThehomogenizatioB, (X, 2) of By4(X) is @ homogeneous polynomial

of degree p+ g + 1 defined by

— X
Bp’q(X, Z) :: Zp+q+pr’q (E) .

Bo2(X,2) = (1/3)(C — (3/2)x%z + (1/2)xZ)
Byo(X 2) = (1/3)(C + (3/2)x%z + (1/2)xZ)
B11(X 2) = (1/3)(¢ - x2)
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An explicit construction
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An explicit construction

Definition

Letl <j < ¢. DefinelV = {x, %o, ..., % 1), 19 = (X2, %43, .., Xpu1)-
Letcrk 9 denote thelementary symmetric functioim the variables in
19 of degree Ks = 1,2, k € Z.o). Letd; (1 <i < ¢+ 1) andd, denote
d/0% andd/oz respectively Define homogeneous derivations

m = 210 e D(Sy), n2i=20,+ Y% € D(S,), and
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An explicit construction

Definition

Letl <j < ¢. DefinelV = {x, %o, ..., % 1), 19 = (X2, %43, .., Xpu1)-
Letcrk 9 denote thelementary symmetric functioim the variables in
19 of degree Ks = 1,2, k € Z.o). Letd; (1 <i < ¢+ 1) andd, denote
d/0% andd/oz respectively Define homogeneous derivations

m = 210 e D(Sy), n2i=20,+ Y% € D(S,), and

+1

. 1
¢ = (X — X1 - 2) Z Z (- 1)"1+k2<71(J i kl(f? f) 1, Bruko (%> 20

i=1 O<ky<j—1
O<ko<t—j

forl<j<¢.
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