
Flow polytopes of signed graphs
and the Kostant partition function
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Example of a type A flow polytope (CRY(n))

B(n) :=
n

(bij) 2 Rn2 | bij � 0,
P

ibij = 1,
P

j bij = 1

o

• B(n) is the Birkho↵ polytope,
{vertices B(n)} = {permutation matrices P (w)

| {z }

P
(w)
ij =1 if w(i)=j, P

(w)
ij =0 o/w

| w 2 Sn}

• vol(B(n)) calculated up to n = 10, (Beck-Pixton 03)
• formulas for LB(n)(t) (De Loera-Liu-Yoshida 08)

CRY(n) :=
n

(bij) 2 Rn2 | doubly-stochastic matrix, bij = 0, i� j � 2

o

Example:
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Example of a Kostant partition function
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{vertices B(n)} = {permutation matrices P (w)

| {z }

P
(w)
ij =1 if w(i)=j, P

(w)
ij =0 o/w

| w 2 Sn}

• vol(B(n)) calculated up to n = 10, (Beck-Pixton 03)
• formulas for LB(n)(t) (De Loera-Liu-Yoshida 08)

fn := #

⇢

ways of writing (1, 2, . . . , n� 1,�
�

n
2

�

) as
N-combination of ei � ej

�

Example:

n = 2 : (1,�1) = 1(1,�1) f2 = 1

n = 3 : (1, 2,�3) = 1(1,�1, 0) + 3(0, 1,�1)

= 1(1, 0,�1) + 2(0, 1,�1) f3 = 2

n = 4 : (1, 2, 3,�6) = 1(1,�1, 0, 0) + 3(0, 1,�1, 0)
+ 6(0, 0, 1,�1)

= · · · f4 = 10
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Outline

1. What are type A flow polytopes?

2. What are type D flow polytopes?

3. How do we calculate volumes of flow polytopes?

4. Connection between type A flow polytopes and Kostant
partition function?

5. Is there such a connection for type D flow polytopes?
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the flow polytope of G is (Postnikov-Stanley 05, Baldoni-Vergne 08)
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Flow polytopes for signed graphs

edges (i < j) correspond to ei � ej (roots in A+
n�1)

we also consider:

edges and correspond to ei + ej and 2ei (roots in C+
n , D+

n )

i j

i j ii
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Volumes and triangulations

• P ⇢ Rn convex polytope, dim(P) = n,

• A triangulation T is collection of n-simplices:
(i) P =

S

�2T �,
(ii) for �,�0 2 T , � \�

0 is face common to �,�0.

Triangulation into 6 �s.

x1

x3

x2



Volumes and triangulations

• P ⇢ Rn convex polytope, dim(P) = n,

• A triangulation T is collection of n-simplices:
(i) P =

S

�2T �,
(ii) for �,�0 2 T , � \�

0 is face common to �,�0.

Triangulation into 6 �s.

• when T is indexed by combinatorial objects
) normalized volume of P = #T = # objects.

x1

x2

x3

x1

x2

x3

x1=x2

x2=x3 x1=x3

123321

312

132 231

213

�s parametrized by S3.



Volumes and triangulations

• P ⇢ Rn convex polytope, dim(P) = n,

• A triangulation T is collection of n-simplices:
(i) P =

S

�2T �,
(ii) for �,�0 2 T , � \�

0 is face common to �,�0.

Triangulation into 6 �s.

• when T is indexed by combinatorial objects
) normalized volume of P = #T = # objects.

x1

x2

x3

x1

x2

x3

x1=x2

x2=x3 x1=x3

123321

312

132 231

213

�s parametrized by S3.

• we triangulate FG± , triangulation indexed by certain integral flows
on G±
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) | netflow vertex i = ai}
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Volume of FG(1,0, . . . ,0,�1)

Theorem [Postnikov-Stanley 00]:
For a graph G, vertices {1, 2 . . . , n}, only negative edges

dim(FG)! · vol (FG(1, 0, . . . , 0,�1)) = KG(0, d2, . . . , dn�1,�
Pn�1

i=2 di),

where di = (indegree of i)� 1.



Volume of FG(1,0, . . . ,0,�1)

Theorem [Postnikov-Stanley 00]:
For a graph G, vertices {1, 2 . . . , n}, only negative edges

dim(FG)! · vol (FG(1, 0, . . . , 0,�1)) = KG(0, d2, . . . , dn�1,�
Pn�1

i=2 di),

where di = (indegree of i)� 1.

Example:

Volume of flow polytope FG(1, 0, 0,�1) for

G

1

0

0 �1

= KG(0, 3, 2,�5),



Volume of FG(1,0, . . . ,0,�1)

Theorem [Postnikov-Stanley 00]:
For a graph G, vertices {1, 2 . . . , n}, only negative edges

dim(FG)! · vol (FG(1, 0, . . . , 0,�1)) = KG(0, d2, . . . , dn�1,�
Pn�1

i=2 di),

where di = (indegree of i)� 1.

Example:

Volume of flow polytope FG(1, 0, 0,�1) for

G

1

0

0 �1

3

= #integral flows in

2 �50

= KG(0, 3, 2,�5),



Volume of FG(1,0, . . . ,0,�1)

Theorem [Postnikov-Stanley 00]:
For a graph G, vertices {1, 2 . . . , n}, only negative edges

dim(FG)! · vol (FG(1, 0, . . . , 0,�1)) = KG(0, d2, . . . , dn�1,�
Pn�1

i=2 di),

where di = (indegree of i)� 1.

Example:

Volume of flow polytope FG(1, 0, 0,�1) for

G

1

0

0 �1

3

0 2

3

1 3

2

2 4

1

3 5

0

= #integral flows in = 4 :

2 �50

= KG(0, 3, 2,�5),



Volume of FG(1,0, . . . ,0,�1)

Theorem [Postnikov-Stanley 00]:
For a graph G, vertices {1, 2 . . . , n}, only negative edges

dim(FG)! · vol (FG(1, 0, . . . , 0,�1)) = KG(0, d2, . . . , dn�1,�
Pn�1

i=2 di),

where di = (indegree of i)� 1.

Example:

Volume of flow polytope FG(1, 0, 0,�1) for

G

1

0

0 �1

3

0 2

3

1 3

2

2 4

1

3 5

0

= #integral flows in = 4 :

2 �50

Note:
vol(FG(1, 0, . . . , 0,�1)) given by # lattice points of FG(0, d2, d3, . . .).

= KG(0, 3, 2,�5),



Application to CRY(n)
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where di = (indegree of i)� 1.
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G± (0, d2, . . . , dn�1, dn),

where di = (indegree of i)� 1.

Example:
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Volume of FG±
(2,0, . . . ,0)

Theorem [Mészáros-M 11]:
For a signed graph G±, vertices {1, 2 . . . , n}

dim(FG±
)! · vol (FG±

(2, 0, . . . , 0)) = Kdyn.
G± (0, d2, . . . , dn�1, dn),

where di = (indegree of i)� 1.

Example:

Volume of flow polytope FG±
(2, 0, 0, 0) for
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Idea proof of Theorem on volFG±
(2e1)

· · · · · ·

vol(FG(a)) =
1

dim(FG)!#

n o
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Application to type D analogue of CRY(n)

Recall CRY(n) = FKn+1(e1 � en+1):

• dimension

�
n
2

�
, 2n�1

vertices, volume

Qn�2
i=0 Cat(i).

K4

1

0 �1

0



Application to type D analogue of CRY(n)

Recall CRY(n) = FKn+1(e1 � en+1):

• dimension

�
n
2

�
, 2n�1

vertices, volume

Qn�2
i=0 Cat(i).

We define CRY±
(n) := FK±

n
(2e1)

• dimension n(n� 2), 3n�1 � 2n�1
vertices, volume · · ·
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Application to type D analogue of CRY(n)

Corollary

(n(n� 2))! · vol(CRY±
(n)) = Kdyn.

K±
n
(0, 0, 1, 2, . . . , n� 3, n� 2).
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Application to type D analogue of CRY(n)

Corollary

(n(n� 2))! · vol(CRY±
(n)) = Kdyn.

K±
n
(0, 0, 1, 2, . . . , n� 3, n� 2).

Recall CRY(n) = FKn+1(e1 � en+1):

• dimension

�
n
2

�
, 2n�1

vertices, volume

Qn�2
i=0 Cat(i).

We define CRY±
(n) := FK±

n
(2e1)

• dimension n(n� 2), 3n�1 � 2n�1
vertices, volume · · ·

K±
4

2

0

0

Data: vn = dim(CRY±
(n))! · vol(CRY±

(n))

n 2 3 4 5 6 7
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Application to type D analogue of CRY(n)

Corollary

(n(n� 2))! · vol(CRY±
(n)) = Kdyn.

K±
n
(0, 0, 1, 2, . . . , n� 3, n� 2).

Recall CRY(n) = FKn+1(e1 � en+1):

• dimension

�
n
2

�
, 2n�1

vertices, volume

Qn�2
i=0 Cat(i).

We define CRY±
(n) := FK±

n
(2e1)

• dimension n(n� 2), 3n�1 � 2n�1
vertices, volume · · ·

K±
4

2

0

0

Data: vn = dim(CRY±
(n))! · vol(CRY±

(n))

Conjecture vn = 2

(n�2)2 · Cat(0)Cat(1)Cat(2)· · ·Cat(n� 2).

n 2 3 4 5 6 7

vn 1 2 32 5120 9175040 197300060160

vn
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2 2
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7 · 14 2
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0

K4

1
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Outline

1. What are type A flow polytopes?

2. What are type D flow polytopes?

3. How do we calculate volumes of flow polytopes?

4. Connection between type A flow polytopes and Kostant
partition function?

5. Is there such a connection for type D flow polytopes?

X
X

X

X
X
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