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AVANT-PROPOS

Ce volume contient les textes de six des neuf conférences pléniéres ainsi que des trente et
une communications présentées au 4¢ colloque sur les Séries formelles et la combinatoire
algébrique, A I'Université du Québec 2 Montréal (UQAM), du 15 au 19 juin 1992. Ce colloque a
pour but d'approfondir les liens entre la combinatoire et I'informatique, et leurs applications 2
d'autres domaines des mathématiques et des sciences. On trouvera dans une publication séparée les
treize communications ayant fait I'objet d'une séance d'affichage et les deux présentations de
logiciels également au programme.

Les thémes représentés au colloque sont variés et témoignent d'une interaction fructueuse
entre la combinatoire et I'informatique, l'algebre et I'analyse. De fagon plus précise on peut les
regrouper 2 l'intérieur des domaines suivants:

— les séries formelles,

— la combinatoire des mots et les langages formels,

— la combinatoire énumérative, 1'étude et la décomposition des structures,
— la combinatoire algébrique, les groupes de Coxeter,

— les fonctions symétriques et la théorie des représentations,

— Tl'algorithmique et le calcul formel algébrique,

— aspects géométriques, topologiques ou probabilistes.

Nous désirons remercier chaleureusement les membres du Comité de programme et les
arbitres qui ont participé 2 la sélection des communications parmi les soixante et onze soumises. La
liste des arbitres est donnée en annexe. Nos remerciements vont également a:

— nos commanditaires, le Conseil de recherche en sciences naturelles et en génie (CRSNG) du
Canada, le Fonds pour la formation de chercheurs et l'aide & la recherche (FCAR) du Québec,
la Fondation de 'UQAM, le Programme d'aide financitre (PAFACC) de 'UQAM, ainsi que
I'Association for Computing Machinery (ACM) qui a parrainé le colloque,

— la secrétaire du LACIM, Madame Manon Blais, pour son excellent travail et son implication,

— les conférenciers et les participants pour leur contribution au succes de ce colloque.

Pierre Leroux et Christophe Reutenauer
pour le Comité de programme
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FOREWORD

This volume contains the texts of six of the nine invited talks and of the thirty one
communications given at the 4th Conference on Formal Power Series and Algebraic Combinatorics,
held at the Université du Québec 2 Montréal (UQAM), June 15 to 19, 1992. The purpose of the
conference is to thoroughly explore the relationships between combinatorics and computer science,
and their applications in other parts of mathematics and science. A separate publication contains the
thirteen papers of the poster session and resumes of the two software demonstrations in the
program.

The topics covered by the conference are diverse and illustrate very well the fruitful
interactions between combinatorics and computer science, algebra and analysis. They can be
regrouped within the following fields:

— formal power series,

— combinatorics on words and formal languages,

— enumerative combinatorics, the study and decomposition of structures,
— algebraic combinatorics, Coxeter groups,

— symmetric functions and representation theory,

— algorithms and computer algebra,

— geometric, topological and probabilistic aspects.

We would like to thank the members of the program committee and the numerous referees
who participated in the selection of papers among the seventy one that were submitted. The list of
referees is given in the appendix. Our sincere thanks are also adressed to:

— our sponsors, the Natural Sciences and Engeneering Research Council (NSERC) of Canada,
the FCAR funding agency of Quebec, the UQAM Foundation and the PAFACC of UQAM,
together with the Association for Computing Machinery (ACM), as a cooperating organization,

— the secretary of LACIM, Mrs Manon Blais, for her excellent work and her involvement,

— the speakers and all participants for their contribution in making this conference a success.

Pierre Leroux and Christophe Reutenauer
for the Program Committee
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YOUNG STRAIGHTENING IN A QUOTIENT Sy-MODULE

Hélene Barcelo {
Department of Mathematics, Arizona State University, Tempe, Az 85287-1804.

ABSTRACT. We describe a straightening algorithm for the action of S, on a
certain graded ring R,. The ring R, appears in the work of C. de Concini and C.
Procesi [1], and T.Tanisaki (7] and more recently in the work of A. Garsia and C.
Procesi[3]. This ring is a graded version of the permutation representation resulting
from the action of S, on the left cosets of a Young subgroup. As a corollary of
our straightening algorithm we obtain a combinatorial proof of the fact that the top
degree component of R, affords the irreducible representation of S, indexed by p.

Introduction

This paper is concerned with certain graded S,—modules R, studied by H. Kraft in [5], C.
de Concini and C. Procesi in [1] and more recently by A. Garsia and C. Procesi in [3].

Given g = (p1,...px) a partition of n let p* denote the character of the permutation
representation resulting from the action of S, on the left cosets of the Young subgroup

Spy X Suy X ... xSy,

It is well known [8] that p* contains the irreducible character x* (in the Young-Frobenius indexa-
tion) with multiplicity 1. It follows by combining the results of [5] and [1] that R, yields a graded
version of this representation. In particular its graded character is given by a polynomial p#(¢)
which reduces to p* for ¢ = 1 . We refer to [3] for an elementary presentation of the background
material. It was conjectured by H. Kraft in [5] that x* is given by the top degree component of
P*(g) . This conjecture was first proved by de Concini and Procesi in their 1981 paper [1]. Another
proof can be found in the 1991 paper of Garsia and Procesi [3]. In this paper the authors describe
the graded character p#(q) as a linear combination of irreducibles x* with coefficient equal to the
cocharge version of the Kostka-Foulkes polynomials K,(g) [6]. Garsia and Procesi also construct
a homogeneous basis B, for the ring R,, and one of their questions was to know if the action of
Sn on the homogeneous component of highest degree of B, naturally yields the irreducible repre-
sentation of S, indexed by u. Our objective in this paper is to answer this question by developing
a straightening law for the action of S, on the basis B}’? of R, the homogeneous component of
highest degree of R,. As a corollary we obtain an alternative, direct combinatorial proof of Kraft’s
conjecture.

One way to obtain the irreducible representation of S, indexed by u is through the action of

S, on Young’s natural set of units {Er, 1, }7%, (where T; for i = 1,...n are the standard tableaux

t Work partially supported by ASU Grant (FGIA-076-92).
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of shape u). More precisely, one obtains the matrices of the representation by finding the images
aE7, 1, for each of the permutations o of S,. For a given standard tableau T; let

Nu
oEr,1 =) o;(T:)Er;,T,
=1

We shall show that the action of S,, on a basis B,°P of R}’P (the homogeneous component of highest
degree of R,) is an action identical to the one on Young’s natural units. For this we shall calculate
the images of the elements of B}°? under the action of the permutations o of S,. As we shall see

in section 1 the elements m(T;) of B}°? are monomials indexed by the set of standard tableaux of
shape p. Thus if we let

N
om(T) = Y b;(T)m(T;)
j=1
our result will be that

aj(T:) = b;(T)

for all 7 and j.
This paper is divided in four sections. In section 1 we give the description of the ring R, as
a quotient of the polynomial ring Q[z1,z2,...,zs]. We also describe the basis b’;“’" . These results

are due to T. Tanisaki, A. Garsia, and C. Procesi. In section 2 we develop some of the congruence
relations that will be needed for working on the quotient ring R,. Section 3 is devoted to the
construction of a straightening algorithm. More precisely we give a rule for finding the coefficients
b;(T;) in the expansion om(T}) = E?;l b;j(T:)m(Tj). In section 4 we show that this is the same as
Young’s straightening law.

1. The ring R, .

Some of the results we need have been recently described in a paper of A. Garsia and
C. Procesi [3]. We shall adopt here their notation. The partitions of n will be represented by
n—vectors:

b= (p1,p2,-. . pn) (0< g1 Sp2...< pn)

or by their corresponding Ferrers’ diagrams drawn according to the French notation. Figure 1(a)
gives the Ferrers’ diagram associated to the partition 4 = (0,0, 1,2,2).

|
©=(0,0,1,2,2) ©=(0,0,0,2,3)
(a) (b)
Figure 1

The number of positive components of p is the height of p and is denoted by h(y). The
conjugate of a partition p is the partition p' whose Ferrers’ diagram is the transpose of the diagram
of p. In our previous example h(p) = 3, and p' = (0,0,0,2,3) (see figure 1(b)). Let X, =
{z1,22,...,2,} be an ordered set of commuting variables. For any integer » (< n) and for any



subset S§ C X, such that r < |S|, let e.(S) be the r** elementary symmetric function of the

variables in S, that is
er(S)_ = Z Ti, Tiy ... Ti,
i1<i2<...<ip
=i;
Define di(p) = ZLI pi' forallk =1,...,n.Let Q[z1,z2,...,za] be the ring of polynomials in the
variables zi, ...z, with rational coefficients. Let I, be the ideal (in Q[z1,%2,...,Zn]) generated
by the collection of partial elementary symmetric functions:

Cp={er(S) | k—di(u) <7<k, |S|=k, SC Xn}. (1.1)

The following presentation of the rings R, is due to T. Tanisaki (see [7]). For a given p, the ring
R, is given by the quotient
Ry = Q[z1,22,...,24]/T, .

For example when p = (0,0, 1,2,2) we have u' = (0,0,0,2,3) while (d1(x), . - - ,dn()) = (0,0,0,2,5)
and (1 —da(p),.-.,5—ds(p)) = (1,2,3,2,0) . Schematically we can represent the pairs (k,r) sat-
isfying the condition k — dx(¢) < r < k by the diagram of figure 2.

=N

|

1 2 3 45
<« (Sizk—»
Figure 2
The squares with coordinates given by (k,k — dx(u)) for k¥ = 1,...n are marked with an
X. From equation (1.1) it is easy to see that the partial elementary symmetric functions e(S)
belonging to C, are the ones for which the points (|S|,r) are given by the coordinates of all the

squares above the one marked with an X. Thus in our example, T2, is generated by the following
15 partial elementary symmetric functions:

e1(Xs), e2(Xs), ea(Xs), ea(Xs), es(Xs),
33(1:1,172,1?3,-’34), 63(31,-‘52,13,25), es(xl,zz,h,ms),
es(z1,%3,24,25), €3(z2,3,24,%5), T1T223%4,

T1T2T3T5, T1T2T4Ts, T1T3T4T5, T2T3T4Ts5 -

It is easy to see that there is, in general, redundancy among the generators of Z,. For
example, consider

e4(Xs) = 21722374 + T1T223%5 + T1T2T4T5 + T1T3T4T5 + T2T3T4Ts - (1.2)

Note that each of the monomials of the right hand side of equation (1.2) is also included in Z,,. Thus
it is unnecessary to add e4(Xs). We have studied which partial elementary symmetric functions
are sufficient to generate the ideals Z,. But before we summarize these results in the next two
lemmas, observe first that:
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Remark : for any partition p of n it is always true that n — dp(u) = 0 ; thus for all i =
L,...,n, ei(Xn) will always belong to C,.

Lemma 1.1

Let p be a partition of n and let S be a proper subset of X,, . Let 1 <k<n(k#n)and
r+1 < k. If for all subsets S of cardinality k we have that er(S) € Z, then

€ri41 (S) € 1',,

for all subsets S of cardinality k .
Proof

Let S = {2,,,2s,,...%4, } . Since k is strictly less than n there exists a variable say . that
belongs to X, but not to S . Define S; to be the set obtained from S by removing the variable z,,,

and define S} to be the one obtained from S by replacing the variable z,, by the variable z.. We
shall prove that for any S satisfying the conditions of the lemma the following equation holds

k
(r+Ders1(8) = Y 20en(SI) = (r)zaen(S)

=1
Note that the left hand side of equation (1.3) is by definition
(r+er1(S)=(r+1) E Toi oo Ty

1< <ipygy
t,'.i €S

r+1
On the other hand the right hand side of equation (1.3) is equal to:

k
= Yz e (8 + r(S9)] ~ @euer(s)

i=1

k k
=D TaTuera(S)+ Y Toien(Si) = (r)zuen(S) (1.4)

i=1 i=1

A moment of thought reveals that in equation (1.4) the terms containing z, cancel out, leaving

k
E z,; E T - Ts,,

i=1 i1<... <y,
:".j €S;

which is precisely (r + 1)e,+1(S) . This completes the proof of the lemma since for all s = 1,... &
we have that e,(S}) belongs to Z, . &

Lemma 1.2

Let 4 be a partition of n, and let k be a fixed integer such that k < n. If for every subset

S of Xy, of cardinality k — 1, there exists an r such that er(S) belongs to Z,, then for all subsets
St of X, of cardinality k we have:

e(SHYez,.



Proof

For any given set S¥, let {S i}§=1 be the collection of all subsets of S of cardinality k& — 1.
The proof follows from the fact that:

k

(k=)er(5*) = Y e(S)) (15)

=1

Indeed it is easy to see that every monomial z,, ...z, of e-(S1) appears exactly (k — r) times
on the right hand side of equation (1.5). Thus since each e.(S;) belongs to Z, so does e,(S*). &

We remark that a similar argument shows that if for all S C X, of cardinality k, e,(S) € Z,,
then e,4+1(S') € Z, for all §’ C X, of cardinality k + 1. Note that this also follows from the two
previous lemmas, except for the case wherer=k=n-1.

Applying these two lemmas to our previous example yields that I;22 is generated by the
following seven partial elementary symmetric functions:

C, = {e1(Xs), e2(Xs), ea(x1,22,%3,24), e3(21,%2,%3,Ts5), e3(T1,%2,24,25),

63(1'1,1‘3, 24,1’5), 83(1?2,33,314,1:5)} .

The ideals Z,, are generated by homogeneous polynomials, thereby inducing a natural grad-
ing on each ring R,,. The symmetric group Sy acts naturally on Q[z;, ..., z.] by simply permuting
the variables. That is:

oP(z1,...,2n) = P(T0;,Z03y--1T0,)

for each o € S, and each polynomial P(zi,...,z,) € Q[z1,Z2,...,zs). Clearly this action leaves
each of the ideals Z, invariant. Thus one can define an action of S, on each of the quotient rings
R,. One also observes that the natural grading of R, is preserved by this action of S,. As we
mentioned in the introduction we shall be concerned here with the action of S, on the homogeneous
component of highest degree of a given R,,. A. Garsia and C. Procesi showed in (3, proposition 4.2
that each ring R, has a basis of homogeneous monomials that can be constructed as follow. First
recall that there is a Ferrers diagram associated to any partition p of n. If one fills the diagram
using all the integers 1 to n the resulting diagram is called an injective tableau. If the integers
of each row and column of an injective tableau are in increasing order (from left to right, and
from bottom to top ) the tableau is said to be standard . Since we are only concerned here with
injective tableaux we shall (by abuse of language) use the term tableau for injective tableau. Given
a partition y, for each tableau T of shape u we shall associate the following monomial :

m(T) = H z?(i'T)—l
i€T

where h(i,T) denotes the height of the letter i in T. (Recall that we draw the tableaux according
to the French notation.) Let B, be the lower order ideal of monomials whose maximal elements are
the monomials of the standard tableaux of shape p. Proposition 4.2 of [3] states that indeed the
monomials of B, form a basis for the corresponding ring R,. In particular the standard tableau
monomials {m(T)|T is a standard tableau of shape p} are a basis for the homogeneous component,
of highest degree:

h(p)

n(u) =Y (i— 1w

i=1
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where for convenience we let u = (P15 -y pa()) With g1 > p2 > ... > gy > 0. Denote the
highest homogeneous component of R, by R}P. Therefore in our previous example a basis for
R3%h is given by
B!%® = {z 2 2 2 2 2
122 = {T22523, T2Z5T], ToT4T, T3T5TE, T3T4TL) .

Observe that the number of elements of B!°P is equal to the number of standard tableaux of shape y
denoted by 7,. We claim (theorem 4.1) that the matrices obtained by acting with the permutations
of S, on B}°P, are the same as the matrices of Young’s natural representation. In order to prove this
result we have to express any element of the module R}2P as a linear combination of the elements
of the basis B?P. The next section is devoted to the construction of a straightening algorithm that

will (step by step) express any monomials of R’P as a linear combination of the monomials in
Btop'
n

2. Congruence relations in R,,.

We first need to determine which monomials of a given ring R, are congruent to zero
modulo Z,,. The following result can be found in a paper by A. Garsia and N. Bergeron [2]. Let
p be a partition of n, and let X = {z,,...2,} . For any sequence of n integers p;,...,p, let
zP = z}' ... 2P Define 2? << z7 if and only ifpi<gi,foralli=1,...,n.

Lemma 2.1 [2, proposition 4.5]

In R,,
zP £ 0 < 2P << m(T)

We mention here that this is an equivalent form of proposition 4.5 of [2]. Indeed their
proposition states that a monomial of R, is not congruent to zero if and only if it is an Sp—image
of an element of B,. Here is a schematic interpretation of this result that will be useful later on.
For any tableau T' of shape p = (u1,...,p) With g3 > ... 2> px >0, (b n, k= h(u)), we shall
represent the sequence of exponents of m(T') by the diagram of figure 3.

OI' TR B Y

] F4I :
Of T sl 2

0|'P‘2|I

Figure 3

With this in mind, one can reformulate lemma 2.1 as follows: any monomial z? of R, whose
sequence of powers (pi,...,pn) fills at least one of the corner marked with a circle, is congruent
to zero modulo Z,,. (In other words if a monomial of R, has y, variables of degree 1, pu3 variables
of degree 2,...,u variables of degree h(u) — 1, it is not congruent to zero (and indeced belongs
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to RI°?).) Note that two distinct tableaux Ti and T3 can yield the same monomial m(T). For
example if '

NAUil
w

5]
T = |3}|4 , T =
112

Figure 4

then m(Ty) = m(T3) = z3z4z%. Therefore we shall only consider row-increasing tableaux. (That
is, the ones for which the rows are in increasing order from left to right). A few more observations
are needed before we can give a description of our straightening algorithm. For this we shall look
at an example. Let T be the following tableau of shape p = (3,3,3) :

4 519

T=216 8!

317
Figure 5

Since T is not a standard tableau, its corresponding monomial m(T) = z,zszszi2iz}
belongs to Ri%5 but not to the basis B335. Thus we shall expand m(T) as a linear combination of
monomials of B325. For this notice that the first break of standardness occurs in position (2,3). We
shall draw a ribbon as in figure 5, delimiting the position (2,3). Let X = {1,...,9}, A = {24, 25},
and B = {z¢,zs}. The first step of our algorithm will be to transform the monomial m(T) into a
new monomial m'(T') as follows:

1. subtract one from all the exponents of the variables of m(T') belonging to the set A.

This yields the new monomial m/(T) = z,ze¢zsz4zs5z3. The second step consits of multiplying
m'(T) by e2(A U B), to get a polynomial :

2. p(T) = m'/(T)e2(AU B).
If e2(A U B) beolnged to C333 we would be done. Indeed we would then have that
T2T6ZsT4Z5z5e2(AU B) =0 in Raaz (*)

But (*) simply means that in R333 we have:

zga:sxng:zga:g = -—(a:za:gzs:cfzszg + zzzszgxfzszg + zg:chg:z:.,a:gzg

(%)

2. .22 2.2 2
+ TyTETET4T TG + T2TGTgL4T5Tg ) -

Now looking at the right hand side of equation (**) one sees that each of the monomials corre-
sponds to a standard tableau of shape (3, 3,3). Thus we have expressed zo2grsx32222 as a linear



combination of the elements of the basis B333. Unfortunately ez(A U B) does not belong to Cy3,
as one can easily see from figure 6, which depicts the admissible pairs (|S], 7).

0000006000

ISl

Figure 6
On the other hand according to our remark of section 1, ez(X) and e;(X) are certainly
present in C333. We claim here that :

x2$6$3$4z5$g(62(X) — € (X)) = 1:2161‘31241252:362(1‘1 U B) in Rasza (2.1).

But the left hand side of equation 2.1 is certainly congruent to zero in Rj33, therefore yielding (%)
and consequently (+*). We shall prove this assertion in two steps. First observe that the sequence
of exponents of a monomial corresponding to any tableau of shape (3,3, 3) is given by figure 7(a).

O O
of "1 ]2 of ' Toel2

o[ 11 1 3[2T6'8l4 s
(a) (b)
Figure 7
Thus for any 1 € {1,3,7,9} we have that

zzzs:z:gz4z5:z:§x; =0. (% % %)

Indeed, it is clear that the corresponding sequence of exponents for these monomials will fill at least
one of the forbidden squares introduced in lemma 2.1 (see figure 7 b, for the case x2x6m3m4m5a:§m3).
Thus we now have that

z2x6m3m4zsz§e2(X) = zgzsxauzszgeg(S)

where S = {22, z4, 25, %6, 7s}. One realizes that S differs from the set AUB only in the variable z5.
Therefore our next step is to eliminate 2 of S. For this notice that e;(S) — z2¢;(S) has the double
effect of removing all pairs z,z; (for j = 4,5,6,8) from e;(S) and of adding to it the monomial
—z22%. Thus

62(5) - .12281(5) = 82(4,5,6, 8) - 1‘%



But clearly
zgz5z8z4zsz§x§ = 0 in Rj33.

We are therefore left with
T2T6TsT4TsT2e2(4,5,6,8),

which yields equation 2.1 as desired. Observe that it is not always the case that one application of
steps 1 and 2 yields a set of standard monomials (monomials corresponding to standard tableaux).
But as we shall show in theorem 3.1 a recursive application of these two steps will eventually lead
to a set of standard monomials. We are now ready to generalize this construction.

Let T be a tableau where the first break of standardness occurs in position k of its (i +1)**
row. We shall depict the elements of rows i and 7 + 1 as in figure 8. '

D
A,
mw(i+l) al & e < ak E
e YN S——
row(i) E bk < < bh
| P
Cc B
o D
Figure 8

Let D be the set of variables corresponding to the entries of the first (i — 1) rows, together
with ag41,...,a; and together with rows (i +2), (i +3),...,h(x). Let m(D) be the monomial
obtained from m(T') by removing all the variables not belonging to D. Let A = {a1,...,ax}, B =
{bky...,bm} and C = {b1,...,bx_1}. (See figure 8).

To avoid confusion with indices denote the height of the i** row by h. With this notation

m(T) is given by: \ s -
m(T) = m(D)(I] )" ([ )" (T[ =)™
i€A i€B ieC

As in the previous example define a new monomial m'(T) by subtracting one from all the exponents
of the variables of m(T') belonging to A. More precisely:

1. m'(T)= m(D)(H zg)h—l(H a:,-)h—l(H :c.-)h_l.

i€EA i€EB ieC
Now using the principle of inclusion-exclusion we define the polynomial p(T') as follows:
k-1 .
2. p(T) = m'(T)(Z(—],)'[( Z zj, ‘..Ij,-)ek—i(X)]>

1=0 J'1.<-~~<i.'
j1€C

where z;, ... z; = 1 wheni = 0. Observe that p(T) is congruent to zero in R,,. The next proposition
is the last step we shall need to prove theorem (3.1)
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Proposition 2.2.

p(T) = m'(T)ex(AU B) in R,.
Proof

Observe first that
Z Ty - T4, = e;(C).

J1 .<~é'c<i-‘
it
Thus p(T') is nothing more than :
k-1
P(T) = m'(T) ) (=1)'ei(Cex—i(X)
i=0

where €g(C) = 1. On the other hand we have that

k-1 k-1
D (-1ei(Cex—i(X) = (]‘[(1 —tgj)| I Q+tzy) )
i=0 i=0 \jEC t' je AUBUCUD th—i
= (H(l—tzj) H (1+t:cj))|
jec jEAUBUCUD tk
= (H(l—t2m§) H (1+t$j))’
jec jEAUBUD tk

Therefore we have that,

A7) =m(D)([] z:)" " (I =)" " ([] =:)"* (H(l -2 [ a+ ta:j)>

i€A i€EB i€eC JEC JEAUBUD

(2.2)

tk

It is not too difficult to realize that in the right-hand side of equation (2.2) the coefficients of t*
involving variables in D or C will give rise to monomials congruent to zero in R,. Indeed the
corresponding sequence of exponents will be outside the permissible squares of the diagram of
lemma 2.1. See figure (9), where A’ corresponds to the set of variables which had their exponent
diminished by one. O

Figure 9
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Thus we are left with

p(T)Em(D)(H zi)h_l(Hz.‘)h-l(Hz;)h—l( H (1 +tz;)

i€EA i€EB ieC jEAUB
=m/(T)ex(AUB). &

N

As we observed earlier on, p(T) =0 in R,. Thus

m'(T)ex(AUB)=0in R, . (2.3)
We can now finalize the straightening algorithm.
3. Straightening algorithm in R}’ .

We first need a total order on the set of row-increasing tableaux. Define the row-word w(T)
of a tableau T, to be the word obtained by reading the successive rows of T from left to right
and from bottom to top. This given, order all the row-increasing tableaux of shape p according
to the lexicographic order of their corresponding row-words. For a given partition p of n let
{Ty,...,Ta,} be the set of standard tableaux of that shape, and let {m(T:)}:£, be the set of
corresponding monomials. As we saw in section 1, a basis for R}P is given by:

B‘t‘op = {m(T1 ), ... m(Tn,.)}

Let T be a non-standard injective tableau, filled with the integers 1 to n. The monomial m(T)
associated to this tableau is an element of R}, and we want to express it as a linear combination
of the elements of B.’P. For this we shall give an algorithm (straightening algorithm) that will
explicitly produce the coefficients a;(T') in the expansion of m(T):

Ny

m(T) =Y ai(T)m(T:) (3.1)

i=1

This algorithm is, in its essence, similar to Young’s straightening law. For more details the reader
can consult the original work of A. Young, [8, QSA II p. 95] and [8,QSA III p. 356] or the more
recent work of A. Garsia and M. Wachs [GW, proposition 2.2] . We shall adopt here the same
notation as in [GW]. Consider the set of row-words of all the row-increasing tableaux of shape p,
ordered according to the lexicographic order of their corresponding row-words. Clearly the first
row-word in this ordered set is the one corresponding to the super standard tableau of shape p. A
super standard tableau is a tableau obtained by filling its rows (from bottom to top and from left
to right), with the consecutive integers 1,2,...n. For this super-standard tableau T* equation 3.1
reduces to

m(T*) = m(Th)

i.e: aj(T) =0, for all i # 1 and a; = 1 . Therefore we shall proceed by induction on this order,
and assume that T is the first row-increasing tableau for which equation 3.1 has not yet been
established . Assume that the first break of standardness in T occurs in position k of the (i + 1)t
row where the element in this position is smaller (rather than larger) than the element directly
below it. As in section 2, let A = {a;,...,ax} and B = {bx,...,bn}. Observe that all the letters
of A are smaller than any letter of B. We claim that:

m(T) = -y m(rT) (3.2)

T#e
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where the sum is over all permutations 7 (distinct from the identity) in S4up where the first |A|
letters and the next |B| letters are in increasing order. In two line notation, this simply means

that T has the form:
[ ]
T =
TATB

with T4, 7B a pair of subsets (such that |A| = |4, and | B| = || ) partioning AUB . Observe first
that upon proving equation (3.2) our argument will be completed. Indeed each monomial on the
right hand side of equation (3.2) corresponds to a tableau 7T whose row word is lexicographically
smaller than the row word of T. To see this, one should observe the following two facts:
1. the elements of rows 1,2,...i — 1 have not changed.
2. Acting with any of the permutations 7 (7 # €) on T will bring at least one of the a's down
to the i** row. But as we observed earlier, all of the a's are smaller than all of the ¥'s. This
makes the row word w(rT) of 7T, lexicographically smaller than w(T).
We shall now prove equation (3.2) . Using the construction introduced in section 2, let

k-1
P(T) = m'(T) ) (-1)'ei(C)ex-i(X)
=0

where m/(T) is the monomial obtained from m(T) by subtracting one from the exponents of all
the variables of m(T')belonging to A. By proposition 2.2 we have that :

p(T) = m'(T)ex(aVU B),

Observe that p(T) is a sum of monomials, among which we find m(T). Indeed in

ex(AUB) = z Zj, ... Zj;,
J1<... <5
jr€AUB

choosing the k elements a;,...a of A, yields that the monomial m/'(T)xq, ...zq, € p(T). But this
monomial is precisely m(T). Thus equation 2.3 yields that

m(T) = —(m'(T)e},(A U B))

where e, (AU B) = ex(AU B) — z,, ... z,,. We claim that

=(m'(T)ek(AUB)) = = m(sT) . (3.3)
T#e
Indeed a moment of thought reveals that for each choice of k variables z;, < ... < z; among

A U B, the corresponding monomial m'(T)z;, ...z, of m'(T)ex(A U B) is precisely m(T) where
TA = {:z:,'l,...,a:,-,,} and 7 = {AUB}\{:I:,'“...:Z:,'E}.
We have now shown:

Theorem 3.1 (Straightening algorithm)

For any (injective) tableau T of shape p the coefficients a;(T), described in the algorithm
above, satisfy :

m(T) = za.-(T)m(T.')

=1
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in R;?P where the sum is over all standard tableaux of shape p, ordered according to the lexico-
graphic order of their corresponding row-words.

4. Action of S, on R}??.

Let u = (p1,--.,Hk) be a partition of n. As we mentioned earlier (section 1), there is a
natural action of the symmetric group S, on R, which presrves the natural grading of R,,. Briefly,
for any polynomial P(z,...z,) of R, and for any permutation ¢ of S,

oP(z1,...,Zn) = P(To;y-..,Zq, )

We want to discuss here the action of S, on 'R:‘"P via its basis B"f’ . More precisely for any monomials
m(T) of BI’? we are interested in finding its image under the action of a permutation o of S,.
It is not difficult to see that the images om(T') can be obtained by acting directly with ¢ on the
standard tableaux T themselves: replace every entry ¢ of T by its image o(¢). In this manner for
any given standard tableau T of shape p,

om(T) = m(eT).

We shall show that the matrices obtained from the action of S, on the elements of Bl'fp are exactly
the same ones resulting from the action of S, on the so called Young’s natural units.

We shall first recall the definition of Young’s natural units. Again we will use the notation
found in [GW). For a set A of integers define [A] to be the formal sum of all permutations of A.

That is,
A=) o
o0ESA

if S4 denotes the symmetric group of A. Also let [A'] be given by:

[A']= Z sign(a)o.

o€ESA

Note that [A] and [A'] can be interpreted as elements of the group algebra of S,, denoted here
by A(S.). For a given tableau T of shape p, let Ry,..., Ry denote the rows of T and Ci,...,C}
denote the columns of T. In A(S,), define the row group of T to be

P(T) = [Ri](Rs].. - [Ri]
and the signed column group of T :
N(T) = [C1][Cq] . -.[Ch).
Next, let E(T) = P(T)N(T) and for any two tableaux Ti and T3 of the same shape, define
Er, 1, = P(Th)or, 1, N(T2)

where o1, T, is the permutation which sends T, to Ty. Let T,...,T,, be the standard tableaux of
shape p ordered according to the lexicographic order of their row-words (see section 3). A. Young
showed that for any given partition u of n, and for each s = 1,2,...,n, the elements (now called
Young’s natural units)

Er1,, Eny100 s BT, T,
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span a subspace of the group algebra A(S,) which is invariant under left multiplication. Moreover
the matrices expressing this action in terms of this basis are the same for each s and they give the
irreducible representaiton of S, usually indexed by u. From now on set s = 1. We plan to show
that for any given shape p, the matrices resulting from the action of S, on B,?? are exactly the
same as the one resulting from the action of S, on

Er,1, Enmy, - Br,,m

Thus for any o € S,, we shall express oET, 1, as a linear combination of the elements of
the set {En, 1, En,1i» --- » ET,,,1}. For this we shall need a few relations between Er, 1, and
E(T) (for more details see [GW, eq. 2.3]). Given any two tableaux T}, T} of shape i, one has

UTI,TTP(T2) = P(Tl )JTI T2
on,, ,N(T2) = N(Th)or, 1,
En,r, = E(T)or, 1, = o1, 1, E(T2)

Therefore 0 E7;, 1, becomes:

oot E(Th) = or.,1, E(T1)
= o, P()N(Ty) = P(T.)or, 1, N(Th)
= P(T"')N(T" )UT. T = E(T‘)GT- b
where T, is the tableau ¢T;. The reason for replacing 0 E1; 1, with E(T.)or. ,T1» is that Young also

give an algorithm for expanding any element E(T) (for any injective tableau T) as a linear com-

bination of elements of {E7, 1, E1, T)..., Er,,,7}. More precisely, this procedure, called Young’s
straightening formula, is stated as follows in [GW, prop. 2.2 ]

Lemma 4.1 Young'’s straightening algorithm

For any (injective) tableau T of shape y there are some coefficients a;(T) giving

E(T) =Y a(T)Er,r. (41)

i=1
First observe that using equation 4.1 together with equation 4.2 we get

oEr, 1, = E(T.)or, 1,

y
= Z a,'(T..)ET,- I A A o

i=1

i
=Y a(T.)Er, 1.

i=1

Therefore in order to expand 0 ET; 1, as a linear combination of Young’s natural units {E1.,1} ik,
we need only to find the coefficients a;(T.) in the expansion of E(T,) given in equation (4.1).
The remarkable fact is that Young’s proof of lemma 4.1 is algorithmic and analogous to our own
straightening algorithm given in the proof of theorem 3.1. But thanks to A. Garsia and M. Wachs,
Young’s straightening algorithm has been eloquently reproduced ( as well as generalized to skew-
shaped tableaux) in [GW, prop. 2.2]. Thus a glance at the proof of proposition 2.2 of [GW] will
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convince the reader that the coefficients a;(T) of equation 4.1 are precisely the same ones appearing
in our previous equation 3.1. Thus keeping in mind the remark following the definitions of Young’s
natural units we have proved:

Theorem 4.2

The action of S, on the basis B, of Ri’P yields the same matrices as the action of Sy, on
Young’s basis of natural units for the 1rreduc:ble representation indexed by p.

The author would like to thank A. Garsia for suggesting this problem and for helpful dis-
cussions as well, as S. Sundaram for her invaluable comments.
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THE RANDOM GENERATION OF UNDERDIAGONAL WALKS
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ABSTRACT
In this paper, we propose an algorithm for the random generation of
underdiagonal walks. We consider the plane walks which are made up of
different kinds of east, north-east and north steps and which start from the
origin and remain under the main diagonal. The algorithm is very simple: it
randomly generates plane walks and refuses the walks crossing the diagonal.
We prove that the algorithm works in linear time with respect to the walks’
length when the number of different kinds of east steps is greater than, or
equal to, the number of different kinds of north steps. Finally, some results
of our experiments are reported in order to support our theoretical results

with empirical evidence.

1. INTRODUCTION

Various studies (see, for instance, [5, 6, 7]) have been made on one-dimensional
walks made up of three kinds of unitary steps: right (r), left () and in-place (s).
Particular attention has been given to walks that begin at the origin O and never go
to its left. This means that in each subwalk which begins at the origin O, the number
of right-hand steps must be greater than, or equal to, the number of left-hand steps.

These walks can be codified by means of some words defined on an alphabet
having three symbols, such as {r, I, s}. If we denote the number of letters r (J) in
word wby |w|y (| w]}), then the language of the words codifying the walks is:

L={we {r, ] s}*| |w]|yr > | w’|; for each w’ prefix of w}

The words w € £ are also called Motzkin left factors because they are the prefixes of
the Motzkin words, i.e., words w € {r, [, s}*, such that |w|,= |w]| jand |w'|y >
| w’ | for each w’ prefix of w. This kind of walk has been very thoroughly studied
because these walks correspond biunivocally to single-rooted directed animals [6].
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The walks on the line can also be represented two-dimensionally by recording
the time on the abscissa and the moves on the ordinates. As a result, the elementary
steps corresponding to the right, left and in-place steps are north-east, south-east and
east, respectively. For example, the rrslsrl walk can be represented as in Figure 1. In
this case, the condition that a one-dimensional walk mustn’t go to the left of the
origin means that it mustn’t go under the z axis.

z

Fig. 1 - The 7-walk corresponding to rrsisrl

Another way of representing this kind of walk on a plane is to consider the
east, north, and north-east steps as elementary steps corresponding to r, I, s. In this
case, the walk corresponding to the preceding example is represented in Figure 2.

z

Fig. 2 - The underdiagonal walk corresponding to rrsisrl

In this case, the condition that the one dimensional walk mustn’t go to the left of O
means that the walk mustn’t go over the y = z diagonal. This is why these walks are
also called underdiagonal walks.

In [1] we introduced a linear algorithm for the random generation of single-
rooted directed animals whose first step is to generate a word in the £ language. In
the present study, we examine a more general class of underdiagonal walks made up
of several kinds of east, north and north-east steps and we introduce an algorithm
that generates them randomly. This algorithm is shown to be linear when the number
of east steps is greater than, or equal to, the number of north steps.



2. UNDERDIAGONAL WALKS

We examine underdiagonal walks in which @ kinds of east steps, b kinds
of porth-east steps and ¢ kinds of north steps can be used. This type of walk
is usually called coloured walk. Walks made up of n steps, (nlong walks
or nwalks), can be codified by nlong words (n-words) on the alphabet
A={z), 23, - - -, Ty 215 - - 42 Y1» - - -» Yc}, in Which the z;, z; and y; represent the
east, north-east and north steps.

For a walk to be underdiagonal, the number of north steps in each subwalk
beginning at the origin must be less than, or equal to, the number of east steps.
Consequently, if w € A* is a word that codifies an underdiagonal walk, we obtain

c a

for each w’ prefix of w.

It is then relatively simple to provide a non-ambiguous context-free grammar
that generates the language ¥ of the words codifying the underdiagonal walks. The
non-terminal symbol D corresponds to the underdiagonal walks ending on the main
diagonal; as noted previously, the z and y symbols should balance. The non-terminal
symbol F corresponds to the walks not ending on the main diagonal; each of these
walks can be uniquely decomposed into a sequence of D-walks joined together by
some positive number of z steps. The total number of these z steps represents the
distance of the ending point of the walk from the main diagonal. Finally, the non-

terminal symbol S corresponds to all the underdiagonal walks, each of which may end -

on the main diagonal (a D-walk) or not (an F-walk).

S:=D| F

F ::= DAD | DAF
D:=e¢| BD | ADCD
A=z || ... | 25"
Bu=z|z|...|z
C=y |yl ---| 5

By applying Schutzenberger’s method [8], we obtain the following system:

S(t) = D) + F()
Ri) = AL + AQDHFY)
D(t) = 1 + B(§)D(t) + A(§)C())D(3)
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A(t) = at
B(t) = bt
t)=ct

from which we can get D(t) and S(£). The expression for () is the following:

_1-bt+A
Dty = 2act®

in which A = (1—(b—2vag)t) (1—(b+2vae)).

D(t) = X ,dyt* is the generating function of the words that codify the
underdiagonal n-walks that end on the diagonal, that is, the w words, such that:

c a
Ehll"'lyﬁ: Ehlh”lzk and
Z;llw'lyk < 2;l|w'|zl_foteachw'preﬁxofw

It is worth noting that in the D(#) function, a and c only appear as the product ac.
This implies that the number of n-walks with a east steps, b north-east steps and ¢
north steps is equal to the number of n-walks with c east steps, b north-east steps and
a north steps. In order to verify this, it is sufficient to run the walks backwards.

For the generating function of the underdiagonal n-walks we obtain the
following expression:

St =L 1—(b42a)t+A
" 24t (at+btc)t-1
Because of this generating function, when a, b, ¢ > 0 there is no closed form
for s, = [¢"] 5(t). Therefore, we now determine an asymptotic expression for s, which
will be important for our remarks on the random generation of underdiagonal walks

in Section 3. Since:
in Section ince 1—(b+20) A

sn =2 [t*H]] C = (2.1)

let us consider this last function. It presents three singularities: a pole at
t = (a+b+c)’! and two algebraic singularities at ¢ = (b+2vae) ! and t = (b—2vae)l.
By our hypothesis on a, b, c, the last singularity cannot have minimum modulus;
besides, since a+c—2vac = (Va—¢c)?2 > 0, we always have atb+c > b+2vae, and the
equality holds if and only if a = ¢. So ¢t = (a.+b+c)'l is the singularity of minimum
modulus unless a = c. We have:



| c—al

VB |41 flatbre) = aFbFe

and when ¢ > a the numerator in (2.1) is annulled for ¢ = (a+b+¢)’. Hence, for
¢ > a, this quantity is not a pole for the function S(f). We thus have three different
cases, according to whether a is greater than, equal to or less than c.

casea > ¢

Since in this case t = (a+b+c)'l is a first order pole, we can apply Darboux’s
method and we immediately obtain:

2 — —

% ™ _2171(1— ab-l-l-b-ll-lc B a-‘ll-b-f- (a+b+e)™H! = £2€ (atbto)" (2.2)
We could now remove the pole from the generating function and obtain a more
precise approximation for s, by the method of subtracted singularities. However, as
we shall see in Section 3, formula (2.2) is usually sufficient for our purposes.

casea=c¢
In this case, a+b+c = b+2Vae = b4+2a and A = (1—(b—2a)t)(1—(242a)t). The
function S() simplifies to:

1—(5—2a)t
S = 5 (\%;‘t -1)

The minimum modulus singularity is now the algebraic singularity at h(b+2a)‘1. In
this case, we need a more precise approximation of s, and, therefore, instead of
applying the Darboux’s method, we develop S(t) around the dominating singularity
and obtain an asymptotic development:

1—(b—2a)t
1—(H2ae)t

tS(t) ~ 2171\

_ b—2a)?
~1 |—Hf2a (A—(s+2a)y /24 B520 (1—(b+2a))/2— %(1-(1&2.;)03/2)
We can now extract the coefficient of £*1! from this expression:

1 (2™ 1642352
" {a(b+20) {x(nt1) (= Tty * F120ms1)?) (23)

When a = b = ¢ = 1, this formula coincides with the one found in [1], which
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approximates the number of single-rooted directed animals having n+1 nodes.

casea < ¢

This is the most difficult case. As observed before, the dominating singularity
is the algebraic singularity at ¢ = (b4+2v@c)’l. As in the case a = ¢, the best way to
obtain an asymptotic approximation for s, is to develop S(£) around this singularity.
The use of a formal system, such as MAPLE [3], may help in performing the
necessary computations. In any case, we obtain the following asymptotic

development:
yae 4 21_c 1/ b—2~J_c a+b+c
tS(t —t 1

(a+b+o) | b—2vae atbic _(b—2~ra—c)z) Y
(e + R - G Jat -

where 7 denotes the reciprocal of the dominating singularity, i.e., 7 = b+2vac. In
order to simplify our notations, let us set:

_ 4yac {b+2vae C. = 2@, atbic
a(Ye—a)? 17O8E T (yoa)?

02—(“+"+°)2 b-2vac _atbtc _ (b—2vac)?
- (ﬁ —ﬁ)4 8vac (17-‘—‘171)2 128ac

We then find the asymptotic approximation:

) (! 3C; 15 .
o2 =25 CO (- 3t + gy + 00 =

b+2vae)*l , 1+12C, }
- 5 T (- 5+ o) 24

The main value will be used in Section 3, whilst the corrections will be useful in the
remarks of Section 4.

3. RANDOM GENERATION OF UNDERDIAGONAL WALKS

In order to generate a random underdiagonal n-walk, we only have to generate
a random n-word in ¥. We propose the following algorithm:



1) The letters of the word are generated one after another by taking them out of
{21, 25 - - » Ta> 21y - + +» 2 Yp» - - -» Ye} (for example, by generating a random integer
number k included between 1 and a+b+c and then by taking z; if k<@g, 7, if
a<k<atband yp . ;if k> atd);

2) The difference 37, | v| 5= 2;:1 |w] y; is taken into account;

3) If this difference becomes negative before generating n letters, the prefix generated
up to then is discarded and we start from the beginning again;

4) ¥ n letters are generated before the difference is less than zero, they constitute the

word desidered.

We want to calculate the average number of generated letters necessary for
obtaining an n-word (i.e., the expected number of calls to a random number
generation routine random). It will be shown that if a > ¢, the algorithm is linear and
that it isnot so if a< c.

Generally speaking, if we want to obtain an n-word in ¥, some words shorter
than n not belonging to ¥ are generated first and then an n-word in ¥ is generated.

Let p, ; be the probability that k (k> n) calls to random must be made to
generate an n-word in ¥. If we determine the probability generating function
P(t)=X £Pn, ktk for each n € N, we are able to evaluate the average number avg,
of characters generated in order to obtain an n-word in ¥ because avg, = P, (1).
By using the same method, we could also calculate the variance because
vary = Py (1)+P5 (1)—~(Pa (V)™

We use D; for denoting the language of the words that codify the k-walks
ending on the diagonal, that is the k-words whose number of z letters is equal to its
number of y letters. We now go on to examine the languages Ny, Ny, Ny, . . . of the
negative words, that is, the k-words (k< i for N;) that interrupt the generation of a

word in ¥. We have:

C:=yp |l wl.-.-| %
Nu=C
N2::=C| DlC

Nu:I=C| chl D2CI PP I D”_IC

from which we get
N()=¢ E”k':lodktk"'l where d; = [#] D(%)
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When we want to generate a word in ¥ by means of the algorithm, we generate
a (possibly empty) sequence of words in N, followed by a word in ¥. As a result, the
language Ly, of the sequence of letters generating the codifications of underdiagonal

n-walks is defined by:
R, :=¢ | N,R,
L,:=R,S,

in which Sy, is the language of n-words in ¥. We thus get:

Ryt =—L1 = 1
A =1NE 1—cy i gl
and ot

Bal) =yt g

Since every letter of A is generated with a probability of 1/(a+b+c), we can obtain
the probability generating function as follows:

s,, "

Py(t) = Ly(t/(at+b+c)) = (a+5+0)"—c 3= T d (atbo) F1#1

We now prove that Py(1) = 1. We can write

S(t) = 1 1- (b+2a)t—4_ 1 —ctl_btﬂ 1
2at " (atbtc)i-1  1—(atbto)t 2act  (at+bt+o)t-1

From this it follows that:
= (a+b+c)"—c2 dk(a+b+c)"""'1

and therefore Py(1) = 1.

If we indicate Q,(f) = (a+b+c)"—c2,~=odk(a+b+c)"""1 1 we can write
Pp(t) = 3,t"/ Qu(t). Therefore Q,(1) = s, and:

’ n3,Qn(1)— 3nQu (1) “3%“3:;Q1'z (1) — erl (1)
AO=""g0 & o=

From the preceding formula for Q,(f) we immediately find:

avgy =

Qn(1)= —cz: J(FHD) d(atbro™Hl = g,



This allows us to go on to the generating function ¢(t) = E:’:oq,,t", which is the
convolution of the derivative of D(#) with the geometric series (1—(a+b+c)t). In
fact:

—=bt— A
o) = et L(tD(8)) 1—(a—}1-b+c)t = 2@(51 (li(afHC)t) ¢

Here we used the explicit formula for D(t) found in Section 2 and a great deal of

routine computations performed by computer.

As for S(t), here again we have three singularities and since the numerator of
¢(%) is not annulled for ¢ = (a+b+c)l, it may seem that we only have two cases.
Actually, the remarks to be done and the exact results obtained for ¢ > cand a < ¢
differ from each other very significantly and we are now going to examine the three

different cases, as we did in Section 2.

casea > ¢

The dominating singularity for ¢(t) is a first order pole at ¢ = (a+b+¢)L. The
residual at this point is easily found and we have:

tn ~ ey (atbr™

This value is to be divided by s,, as computed for the corresponding case in Section

2. We immediately find:
c(atbdtc)

o (3.2)

avg, ~ n+
that is, the expected number of calls to random is n plus a constant per generation.

case a= ¢

In this case, the dominating singularity is the algebraic singularity at
t = (b+2a) ", and the formula for ¢(#) simplifies as follows:

ata(f) = 1—bt - 1
2 tfl(t) (1—(b+2a)t)3/2(1—(b—26)t)1/2 1—(a+b+c)t

Again, we develop the first term around the singularity and find:

(1—(b+2a)t)31/;(b1t_(b_2a)t)1/2 = \Im (1—(b+2a)t)3/2 (1+

(6a+5b)(b—2a)

TR (1—(b+20)8)% + ...)

+ 3828 (1_(p12a)1)
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We can now extract the coefficient of t**! and obtain:

o _2n43 (2 b+2a nt1 14 _3b+2a (6a+5b)(b—2a) )+
2{a(b-+20) 8a(2n+3) ' 1284%(2n+3)(2n+1) =
(b+2a)"+l

T 2

At this point, obtaining avg, by formula (3.1) is routine procedure:

avg, =2n — 5 \I bt2a 7 (n+1) +6a+b + o(1) (3-3)

This means that the expected number of calls to random is something less than 2n
per generation.

casea < ¢

As in the case of @ > ¢, the dominating singularity is the first order pole at
t = (a+b+c)’], but the condition @ < c implies some difference in the constant. In
fact, we have:

(a+b+c)"+1
~ T e —

By using the value of s, found in formula (2.4), we have:

n+l Y7 2a(ve—a)> i 1+1201)

~ atbtc
avg, 'n+(‘n+1)‘l_ b+2‘4_ 4{a—c4b+2m (c_a) 8n

(3.4)

Consequently, the expected number of calls to random grows exponentially with n,
and our method cannot be used to randomly generate this kind of underdiagonal
walks in an efficient way.

It may be interesting to observe that by using the method of subtracted
singularities it is possible to obtain a more accurate approximation of g, This
explicitly shows that the error introduced by the value of g, also introduces an error
in the order of O((5+2vac)"™), which is exponentially smaller than the main value:

(a+b+c)"+1 JWac+2ac b+2 @c ""‘1(2
e 2a(ve—a)? nt+l

+ (c+a)(b+2vac )3/ (b+2 ac\"Hl 1 {2n+2)
4a 4{_0 (T—ﬂ_)'; 4 2n+1\ n41
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4. EXPERIMENTAL RESULTS

We performed a series of experiments both to check the validity of our
approach to the random generation of underdiagonal walks and to give empirical
evidence that we can actually generate random walks in linear time when a > ¢. In

our experiments, we use the average value of the difference:

as an indicator to prove the randomness of the generated words; §(w) corresponds to
the distance from the main diagonal (measured on the z axis) of the end point of the
walk codified by w. We computed the average value of §(w) for the n-words in ¥, that
is
bg= Z 6('”)/ Sn
weS,

by using another application of Schutzenberger’s method to the grammar of Section
2. We introduce a new indetermimate u, which counts every z symbol positively and
every y symbol negatively and we obtain:

S(t,u) = D(t,u) + F(i,u)
F(t,u) = A(t,u) D*(t,u) + A(t,u)D(t,u) F(t,u)
Dt,u) =1 + B(t)D(t,u) + A(t,u)C(t,,u)Dz ()

A(t,u) = atw
B(#) = bt
tu) = ctul

In this way, the coefficient s, ; of ok in S(t,u) represents: the number of n-walks
ending at a distance k from the main diagonal and it is easy to evaluate S(¢,u):

S(tw) = 1—(b+2au)t—'\l(1—bt)2—4act2

- 2at( atu®+btu+ct—u)

What we need is the sum ZLobu, b Tepresenting the total distance from the
main’ diagonaliof all the n-long walks. The simplest way to obtain this quantity is to
note that:

I GF = COI

By performing the necessary computations, we eventually find:
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(1—(b+2a)t)(1—(5+20)t—A)
1
Ebﬂ n,k ( 1—(at+btc)t 241.15(1—(a—i-b—l-c)t)2 ) (41)

At this point, we only need to extract the coefficient of t® from this generating
function. The singularities are the same as for S(f), and, therefore, we have three
different cases according to whether a is less than, equal to, or greater than c. We
discuss these three cases separately.

casea > ¢

The dominating singularity of (4.1) is ¢ = (a+b+c)"!, a second order pole. By
using Darboux’s method, we easily obtain:

Y b oksar ~ %7€ (4™ (n41) + (atbo)”

and, therefore, by dividing by s

o= a+b+c(n+1) + a—c + 0(1)

a quantity linearly increasing with n.

We performed a series of experiments by generating 100,000 n-words for
n = 1000 and various combinations of @, b, ¢ (¢ > ¢). The results are summarized in
Figure 3, and the experimental data agree with the expected values to a large extent.

calls to random  distance from the diagonal

e b ¢ expected| experim. expected| experim.
2 1 1 1004 1004.38 252.25 252.89
3 1 1 1001.25 1001.25 401.9 401.07
3 1 2 1012 1012.07 169.83 170.70
3 2 2 1014 1014.18 146 146.80
4 1 1 1000.67 1000.67 501.83 500.73
4 2 3 1027.00 1026.88 115.22 117.27
4 3 2 1004.50 1004.52 224 .44 224.17
5 1 1 1000.44 1000.44 573.25 571.96
5 3 4 1048 1047.91 88.42 91.38
5 4 3 1085 1009.04 169.33 169.78

Fig. 3 - Experimental results for a > ¢



We wish to point out that, by formula (3.2), when the constant
K= c(a+b+c)(a—c)‘2 is high, and we limit ourselves to experiments with n =~ K, we

obtain seemingly erroneous results. In Figure 4 we show some examples of this.

calls to random  distance from the diagonal
a b ¢ n expected| experim. expected| experim.
20 20 17 1000 1107.67 1101.81 59.35 63.71
10000 10107.67 10107.61 533.04 537.88
20 10 18 1000 1216.00 1180.06 51.71 58.18
10000 10216.00 10213.46 426.81 436.62
20 20 18 1000 1261.00 1207.61 44.52 50.29
10000 10261.00 | 10259.92 354.86 363.03
20 1 19 1000 1760.00 1369.73 45.03 50.94
10000 10760.00 | 10729.70 270.03 290.13
20 10 19 1000 1931.00 1401.69 40.43 44.75
10000 10931.00 10880.27 224.10 243.65
20 20 19 1000 2121.00 1433.90 36.97 39.63
10000 11121.00 | 11072.43 189.51 206.81

Fig. 4 - Experimental results for a > ¢

case a=c¢c

As we already know, when a = c we have a+b+c = b+2Vac = b+2a, and (4.1)
has an algebraic, dominating singularity at ¢ = (b+2a)'1. The same formula (4.1)
simplifies and we obtain:

E:zoksn,k = [t"] (m - S(t)) = (b+2a)"_s,,

Then we divide by s, (formula (3.3)):

_ (6+2q)" T (atD) b 5621642
bp="g 1~ \|b+2a r(n+1)(1 + 16a(n+1) + 512a%(n+1)>2 -1

and this time the average distance from the main diagonal only increases as Y@ does.
This is also the case of Motzkin words, and the previous formula for §, coincides with

the one given in [1] when weset a=b=c=1.

In this case, too, the experimental results agree with the expected values, as
shown in Figure 5. It is worth noting that the words in the first two lines in the table
correspond to the directed animals over the square and triangular lattices [7]
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respectively.
calls to random  distance from the diagonal
e b ¢ expected| experim. expected | experim.
1 1 1 1953.19 1956.65 31.38 31.37
1 2 1 1945.92 1846.10 27.04 26.15
1 4 1 1933.82 1926.40 21.90 22.12
1 8 1 1914.83 1914.24 16.74 16.84
10 1 10 1960.90 1959.30 37.70 37.84
10 5 10 1957.30 1945.50 34.47 34.52
10 10 10 1953.19 1955.86 31.38 31.44
10 15 10 1949.42 1948.94 28.98 29.04
20 15 20 1955.20 1946.96 32.82 32.87
20 20 20 1953.19 1948.79 31.38 31.47
Fig. 5 - Experimental results for a = ¢
casea < ¢

As usual, this is the most difficult case. Formula (4.1) can be written as:

2at{1—(a+b+0)t) — (1~(b+20)t)(1—(b+2a)t—A)
2at(1—(a+b+c)t)?

where the numerator is annulled for ¢ = (a+b+c)!. By using de I’Hospital’s rule, we
discover that t = (a.+b~l~c)‘1 is not a simple pole either, and, therefore, the dominating
singularity is ¢t = (b—|-2\|a_c)’1. We can now either expand everything around this point
or use the implicit function method as described by Bender (see [2], theorem 5). This
only gives the main term but it also somewhat reduces the number of necessary
computations, which could be performed by computer. In any case, we find:

T ks~ 4yae {br2vae (b+2vae)™H!
=0 Ge—a@)?3 (ntl){n(ntl)

Therefore, we divide by s, and obtain:

2
8n =72z + o(1)
This means that the average distance from the main diagonal tends to become
constant. In Figure 6, we summarize some of our experiments. Obviously, avg,

increases exponentially with n and the generation time may become rather



prohibitive. Moreover, we can see in Figure 6 that experimental data are significantly
different from expected values but this however is not particularly surprising.

calls to random  distance from the diagonal
e b ¢ expected| experim. expected| experim.
5 6 39916.4 56133.3 20.95 14.99
7 8 8 9557.0 14736.6 28.97 17.79
9 1 10 8227.9 12767.5 36.97 22.28
9 10 10 4984.7 7978.0 36.97 19.91
14 1 15 3312.5 5370.5 56.98 26.54
14 15 15 2589.7 4210.6 56.98 23.09
19 1 20 2350.4 3833.0 76.99 29.22
19 10 20 2150.2 3502.9 76.98 26.90
19 20 20 2002.7 3315.8 76.98 24.86
19 30 20 1898.4 3140.6 76.99 23.36

Fig. 6 - Experimental results for a < ¢

Let us consider the correction introduced in formula (3.4); it gives us an idea
of the values of n, for which it is possible to obtain some agreement between

experimental data and both expected values.

We can claim that experimental data and expected values agree when, for
example, the relative error is within 12.5% or 1/8. So we should have:

12041 4
8n < 8

and we can define n_,;, as the minimum value of n for which this inequality holds. So
T,in T€PTesents the minimal length of the words to be generated in order to achieve
the agreement required. By feeding n,;, into formula (3.4), we find the average
number of calls to random necessary for generating a word of length n_,;,.
min

but in this case the quantity (a+b+c)/(5+2v@c) is maximized and we have to perform
a large number of calls to random. For example, let us consider the case a = b = 1.
When ¢ = 2, we find n,_,;, = 279 but we also have avg, > 262,000,000. Consequently,
it is practically impossible to generate a single word, not to say 10,000 words. If we
min = 32 (a very small quantity!) but avg, > 216,000,000.
The (relatively) best situation is achieved for ¢ = 4 when we have n_,;, = 71 and avg,

Unfortunately, n_. = [12Cl+1] is minimized when c is much larger than a,

increase ¢ to 9, we find »,
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something more than 112,000,000 calls to random. In any case, we must conclude that

it is actually impossible to provide empirical evidence for our formula (3.4).

5. CONCLUSIONS

We have shown that a very simple algorithm allows us to generate a random
underdiagonal walk with a kinds of east steps, b kinds of north-east steps and c¢ kinds
of north steps in expected linear time, whenever @ > c¢. This actually means that m
generations of n-walks are performed in time O(mn). Besides, no extra space is
required by the generation routine, except for the space required for the string to be
produced.

When a < ¢, the same algorithm works in exponential time and hence it is of
no practical interest. This is so because there are some general methods for randomly
generating n-strings in context-free languages, which perform in polynomial time (see
Cohen and Hickey [4]). Therefore, finding out a linear time algorithm for generating
random underdiagonal walks with @ < ¢ is still an open question.
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Fourier Transform Over Semisimple Algebras
and
Harmonic Analysis for Probabilistic Algorithms:

Francois Bergeron and Luc Favreau

1. INTRODUCTION

Given a finite group G (with 1 as unit) we study in this paper some aspects of prob-
abilistic algorithms of the form

r.=1;

repeat
choose g € G with probability p(g);
ri=r-.g

until satisfied

where p : G — [0, 1] is a probability distribution on G. We are also interested in questions
such as the explicit computation of the probability of obtaining some element g € G after
n iteration of the loop. This study is clearly equivalent to the computation of successive
powers, in the group algebra A(G) of G, of

a=Y p9)g-

9€G

However, these powers are often hard to calculate in a nice closed form. For this reason
we shall consider their Fourier transforms in some suitable context. The idea being that
intricate computation of products in the group algebra are replaced by simple point wise
products. More precisely, we shall derive new extended versions of a formula of Garsia
(see (1) below) and of similar formulas obtained in [4], as well as generalizations of those.
All these formulas can be considered to give, in explicit form, a Fourier transform such as
defined below.

Let A be a semisimple algebra, and let B = vj,vz,...,vn be some fixed (linear)
basis for the subalgebra B, of A, spanned by the complete set of primitive idempotents
e1,es,...,en of A. Recall that these idempotents are such that

exr ifk=yj
ekejz{

0 otherwise,

and
n

Zek=1.

k=1

1 LACIM, UQAM, Montréal H3P 3P8, Canada. Email: bergeron@lacim.ugam.ca. With support from
NSERC.
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Moreover, none of them can be written as the sum of two orthogonal idempotents.- The
Fourier transform f (with respect to B) of f = ¥, fxvk € B is defined to be the vector

(ﬁ, f;, ceey )”;) of coordinates of f in this canonical basis (ex)i1<k<n

frek.
1

f=
k=

This transform clearly enjoys the usual nice property, of the Fourier transform, of sending
convolution to component wise product. For a finite group G, if B is the center C (G) of the
group algebra of G, then the canonical idempotents are essentially given by the characters
X, of irreducible representations p of G, considered as elements of the group algebra

X,(1 -
ep = IPT(I) Z Xo(g™Y)g.
9€G
If the basis B is chosen to be the set of conjugacy classes in G

Cp = Z 9,

g€c(p)

where ¢(p) = {h™'ph | h € G} and p € G, the Fourier transform with respect to this
basis is the usual Fourier transform over G. Consider for instance the cyclic group (z) of
order n generated by z. Since the group is abelian, any element of the group algebra of

(z)

n-1

f(z) = kazka
k=0

is an element of the center C((z)). Moreover, the irreducible characters give in this case,
the following idempotents
1 n—-1 L
€= ; Z q k1$k1
k=0

where ¢ = e2"/* for 0 < j < n — 1. One concludes that

n—-1
_f(IL') = Z fje.‘i,

j=0

where

A 1=
fi = f(z)ejl, = - kz_%fkq (n=k)j

= %f(qj)-
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This is the traditional definition of the discrete Fourier Transform.

2. THE DESCENT ALGEBRA OF A,

The semisimple algebras considered in this paper are subalgebras of the group algebra
of finite Coxeter groups. For the Fourier transform, we give explicit expression, with respect
to given basis for these algebras. As a guiding example, let us consider the semisimple
subalgebra I'[A,_1] = ['[Ss] of the symmetric group spanned by the linearly independent
descent classes

Dy = Z o,
d(o)=k

where 0 < k < n—1and d(o) = Card{l <i<n—1 | o(i) > o(i+1)}. The fact that
this is a subalgebra and that it is semisimple is shown in [10]. Now, in [9] A. Garsia gives
a beautiful explicit formula

n n—1
1 n
Yo ther=— > (¢ k)™ Dy, 1)
k=1 ) k=0

relating the basis Dy and the canonical idempotents e of I'(S»). Here, ()™ stands for
the rising factorial
@)™ =t(t 4+ 1)(t+2)---(t+n—1)

Fort>1,
1 n . n—1 (t _ k)(n)
k=1 =0

is a probability distribution on Sy,. It follows immediately from the orthogonality of the

er’s that ) )
n—1 J n 2
(t — k)™ _ (1 k
(;} mrrantll B B0 > the
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This gives an answer to a problem of the type considered at the beginning of this text. In
order to generalize this last computation, we extend formula (1) using an umbral argument.

Thus we obtain
n n—1 n
Ztkek = Z (Z \I’,.(k',j)tj> Dy,
k=1

k=0 \j=1

where the ¥, (k,j)’s are the coefficients appearing in the expansion of the polynomial

1 n .
VR = (=B = 3 Ta(k, ). (2)
j=1
Hence if ®,, stands for the inverse of the matrix ¥,,, then the Fourier transform, with
respect to the basis (Di)ock<n—1, is

8= @k, j)s;. (3)
Jj=1

Thus ®,, is the matrix for the Fourier transform and ¥, is the inverse Fourier transform.
For example

-5 100 -10 &5 -1
-3 2 2 -3 1
1 -8 8 -1 -1
9 -10 -10 9 1
25 40 —-40 -25 -1
57 302 302 57 1

-4 6 -4 1

-2 0 2 -1

2 -6 2 1 $g =
10 0 -10 -1

26 66 26 1

@5

I
=
e e e

If p(t) = E;’___l ®n(k,j)t! stands for the enumerating polynomial of the kth row of the
matrix @, then it is readily observed on the previous examples that ©r(t) appear to be
the well known eulerian polynomials

An(t)= )t
oES,

whose generating function is

1-t¢

In general, we can characterized the entries of ®,, as follows



37

Proposition 1.  The enumerating polynomial of the kth row of the matrix ®, = ¥;?,
for the Fourier transform from the basis of Dy ’s to the basis of orthogonal idempotents e
of the descent algebra I'(A,-1), is

er(t) = (1 )" P AL(). (%)

Proof. Using expression (3) for the generating function A(z,t), one readily verifies that
1- zt)—a-A(w t)= tA+t(1- t)iA(:c t)
ot T oz "
Comparing respective coefficients of z¥ /k! in this last equation, we obtain

Arpi(z) = zkAx + A + 2(1 — 2)AL, (6)

for k > 2, and A;(z) = 1. Multiplying both sides of (6) by (1 — )", and using the
definition of ¢} (%), it follows that

d »
Prii(t) = (1 + F)pk(t) + (1 — 1) k(D). (™)
A direct translation of (7) in term of &, gives
$,(1,1) ... ®,(1,n)
Qn - <I>n—an—l (8)

where M, _; has the following expression

1 n-1 0 0 0
0 2 n—2 ... 0 0
Mp_1= 10 0 3 0 0
0 0 0 ... n—1 1
Now, let us set
®,.(1,1) @.(1,2) ... @.(,mn) O

@, ;g | OY 2D o En) 0

Ba(n1) Ba(n,2) ... Ba(myn) O
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and the analogous convention for [0 : ®,]. The definition of ¢}(t) implies that ¢ (t) =
(1 —t)pr~'(t), whenever 1 < k < n — 1. It follows that

q)n = [q)n—l . 0] - [0 H Qn—l] (9)

®p(n,1) ... ®,(n,n)

We want to show that n!¥,®, = n!l,. Denoting by 1/);:‘1- the entries of the kP row of ni,,
that is ¥}; = n!¥,(k,j), it is easy to check that

("/’Els ¢I':2a (K] 1¢l':n) = (0’ Ip;:l_l’ "l’;:z_la ceey "/);:(_nl_l) (10)

+(n = k)WE ¥R sy Vhime1)s 0)s

for 1 < k <n -1, and that

(W10 ) = OB B Wiy o)
+ (1 - k)(z/)?n—jl)lv "/)E‘;j])g’ ceey ¢Fn__:ll)(n_1)a 0)
The proof of the proposition is by a straightforward induction on n using an adequate
mixture of (8) and (9) with (10) and (11). The crucial portion of the argument is to use in

the decomposition given in (10) (or (11)) the first part together with (8) and the second
part with (9). =

(11)

As we shall see, this is an instance of a general expression for the rows of the Fourier
transform of the descent algebras of many Coxeter groups. But before going on with these
other cases, let us derive other properties of I'[A,—-1] using (1). The following theorem
appears (up to a small variation) in [11] as theorem 1.1. However we give a different proof
that will allow us to derive new similar results for descent algebras of other Coxeter groups.

Proposition 2.  The descent class D is an algebraic generator for I'|A,—1] with minimal
polynomial

pi)=[[z-2"+n+1)

i=1

Proof. First, observe that

22 e = EZ(2—]€)( )Dk
i=1 k=0

1 n n
= m((z)( )Do + (1)™ Dy )
= (n + 1)D0 + D11

(12)
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since (t)(® = 0 whenever ¢ < 0. Recall also that Do = ) e;. Now using (3), one sees
that the successive powers D¥, k = 0,1,...,n — 1, form a basis of I'[A,_;] because the
transition matrix between the basis of the ex’s and that of the D}’s is the (invertible)
Vandermonde

(1 2—-(n+1) -+ (2—=(n+1)"]
1 4-(n+1) -+ (@A-(r+1))*!

i 2*—(;z+1) (2"_(7-‘._}_1)-)71—1

1 2" —(n+1) --. (2" —(n+1))"‘1_
Moreover, the coefficients ag, aj,...,an—1 of the linear combination of the columns of V
giving the expression of D} in term of the D}, 0 < k < n—1, are such that the polynomial

p(z) =z" — (@0 + 12+ ...+ an_lm"'l)

has zeros at 2 — (n +1),4 — (n + 1),...,2" — (n + 1), hence p(x) can only be

ﬁ(x—2i+n+1)

=1
as announced. .

This makes it clear why T'[An—1] =~ Q[z]/(p(z)) is a commutative semisimple algebra,
because we are led back to a close relative of the usual Fourier transform for which the
underlying semisimple algebra is isomorphic to Q[z]/(z™ — 1). The point of this last remark
being that in both cases the modulo is taken with respect to a polynomial with distinct
roots in which case we have the following (see theorem 1.2 in [11])

Proposition 3. For a polynomial p(z) with distinct roots r1,72,...,7n, the algebra
Q[z]/(p(z)) is commutative and semisimple, and its primitive idempotents are given by
the interpolating Lagrange polynomials
o = [1jzi(z —15)
== =0
I1 j;ei(ri = ;)
Proof. Straightforward. n

It follows directly from this last proposition that the idempotents for the algebra T[An—1]
admit the following expression

e = (D1 — (2’ —n—1)Dy)
T I1,2:(2° - 29)
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Using (1) twice, we can also express the successive powers Df for0<k<n-1,in term
of the descent classes Dy, for 0 < m < n — 1, as follows

Df = 3@ - (n + D)

=

n k
(f)(—n —1)k-igiie,

I
I\g
™

35 (- ()
-5 () (3 E - moon)
B (EOE )

Hence we have explicit forms of the various relations between the three basis of I'(A,_; ).

3. B, AND OTHER COXETER GROUPS

Similar consideration can be made in the context of the group algebra of the hype-
roctahedral group B, (see [4]), if one considers the semisimple subalgebra I'[B,] of the
symmetric group spanned by the linearly independent descent classes

Dy = Z o,
d(o)=k

where 0 <k <nandd(¢s) = Card{0 <i<n-—1 | o(:) > o(i +1)}. Recall that elements
of By, are signed permutations and that for convenience sake one can set ¢(0) = 0. It was
shown in [4] that there is in this context a Garsia like formula

n n
1
k E : ((n)) 1
kgot er = on !k n(t 2k) Dy, (13)

relating the basis Dy and the canonical basis of idempotents ez of I'(B,). Here, (2)(=)
stands for the double rising factorial

B =t 4 1)(t+3)--- (t+2n —1).
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Once again umbral considerations on (12) imply that

Xn:tkek = zn: (X": \I’n(k7.7)tJ) Dk,
k=0

k=0 \ j=0

where the ¥, (k,j)’s are the coefficients appearing in the expansion of the polynomial

1 i s
onp! (t - 2k)((n)) = Z q’n(ka])tj'
! prd
The matrices for n = 4,5 are
1 -5 10 -10 5 -1
1 —4 —

1 —2 g 24 __11 1 -3 2 2 -3 1
=1 4 -10 4 1 &5 = 1 231 ‘;4 14 -3 ‘11
1 22 0 -2 -1 -2 -2 2
1 76 9230 76 1 1 75 154 -154 -75 -1

1 237 1682 1682 237 1

As in the A, case, one can observe that the generating polynomials for the last row of
these matrices appear to be corresponding hyperoctahedral descent polynomials

Ba(z) = ) =¥,

o€EBy,
In general, one is led to deduce the following proposition in a manner similar to the proof

of proposition 1.

Proposition 4.  The enumerating polynomial of the kth row of the matrix &, = ¥},
for the Fourier transform from the basis of Dy’s to the basis of orthogonal idempotents ex
of the descent algebra I'(By), is

¢i(@) = (1 — 2)" ) Bj(a). (14)

In order to unfold the proof of (6), one needs an expression for the generating function
of the polynomials B,(z), but it is easy to verify that they satisfy the following recurrence

Bot1(z) = (1 + 7)Ba(z) + 22nBg(z) + (22 — 2$2)dixB"(I)’
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hence that their exponential generating function is

u® (1 —z)er(-2)
> Bn(2) 1 = T ema=n
n>0

The proof of the following proposition is also similar to that of proposition 2.

Proposition 5.  The descent class D, is an algebraic generator for I'[B,] with minimal
polynomial

p(z):H(z—3i+n+1)

=0

Hence the idempotents of I'( B,,) admit the expression

_ IIjz(D1 = (37 = n—1)Dy)
o [1;2:(8° = 39) ’

by proposition 2. Moreover, for 0 < k < n and 0 < m < n, we have

o5 (S ()7 )en-v) on

m=0 \ j=0

For all Coxeter groups W of type A,, Bn, H3 or I2(p), the following Garsia like
formula has been derived in [4]

Z et = I—I;},l Z 7 (t)Dg,
k=0

=0

where the e;’s are a basis of orthogonal idempotents for the subalgebra of X(W) spanned
by the descent classes

Dy ={we W | dw) =k},

and where the polynomials V' (t) are defined in term of the exponents (e;) of the group
W as

T (1) = (t—ex)(t — ex—1) -+ (t—e1)(t +e1) -+ (E+ encs).
Recall that the descent set of an element w € W is defined to be
desc(w) = {s € S | Y(ws) < {(w)},

where S is the set of Coxeter generators of W, and £(w) is the so called length of W,
that is the length of a reduced expression for w in term of the generators (see [12]). With
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this definition of descent set, one sets d(w) = #tdesc(w). For the descent algebra of the
dihedral groups I3(p), the Fourier transform matrices are simply

-2 1
0 -1].
2p—2 1

Observe that the last row of the matrix is again given by the coeflicients of the polynomial
enumerating elements of I,(p) with respect to number of descents. The same kind of results
also hold for finite Coxeter groups that are direct products of groups of type An, B, H3
or the dihedral groups since the corresponding descent algebras are simply tensor products
of the descent algebras of the respective components. The Fourier transform matrices are
the tensor product of the matrices corresponding to the transforms of individual terms in
the product.

e

4. THE SHUFFLE ALGEBRA

Another family of closely related problems is obtained in the following manner. Con-
sider the anti-automorphism 6 of any group algebra, defined on the elements of the group
by

89)=97"
This anti-automorphism sends the descent algebras into other nice algebras who evidently
share the properties of the original algebras. Thus for the symmetric group case, §(T'(S»))

is the algebra generated by
Zk = 0(Dg).

Let us denote w the usual shuffle product, that is
12w 34 = 1234 + 1324 + 1342 + 3124 + 3142 + 3412,
and observe, using (3), that
E1+(n+ 18 =12-jw(i+1)(i+2)-n

Thus a problem considered by Diaconis in [2 and 3] is equivalent to the computation of
powers of

1o =1y . :
FE1+(+DE) =50 12 jw(+ D[ +2)-n.

j=0

Applying (back and forth) 8 on Garsia’s formula with ¢ = 2 gives

1 A T
2—,,(51+(n+1)so)] = o 22" — B)w B,
" k=0
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as discussed in [4]. This last expression is essentially what is used in [3] to study the
number of shuffles needed in order to really mix a deck of n cards. A similar expression
can be obtained for the By, case involving a mixture of shuffles and the following operation
on words w = a;az...ax on the alphabet {1,1,2,2,...,n,7}

a1a2...04r = Ak ...02 a1,

where _
i ifa=1,

el
]

i fa=1,
for1<:i<n.
Clearly, considering any automorphisms or antiautomorphisms would lead to other

isomorphic algebras for which these cconsideration are interesting. One nice example is
the linear extension of

n(g) = sign(g)g.

5. VARIOUS RELATED PROBLEMS

Another nice example (see [7]) is the case Z3 for which we consider the algebra B
spanned by

Dy = [0]" " *w1}%,

where [0] and [1] stand for the elements of Z3, with 0 < k < n. This algebra is semisimple
with canonical idempotents e; characterized by the formula

n n
1 -
D ther = > > (1=t B + )k Dy.
k=0 k=0

From this, one readily derives the expression for the Fourier transform with respect to the
basis corresponding to the Dy’s. In this case, the descent polynomial is simply (1 + t)*,
and the rest of the Fourier transform is obtained in the same manner as for the algebras
I'(A,) and I'(B;). The study of the powers of

1
a = n—-l-].(Do + Dl),

corresponds to the study of successive random changing of one bit in an n-bit word.
Computing the Fourier transform of «, we obtain

n

2k
a_Z(l_n+1) ek

k=0
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hence the j*h power of a is the inverse Fourier transform of

i 2k 1\’
z:(1_11+1) Gk

k=0

For n large enough and taking j = s K"T'Hl, this last expression becomes

n g {ntl) n
2k 2
E 1 ~§: s\k
( n+1) ok k——o(t ) ek

k=0

1 & _
m o 3 (- t) DL+ ) Dy,
k=0

where t = 1.

This e?ca,mple can readily be generalized to G® for any finite group G. However, for
simplicity’s sake, we shall only outline what happens in the case Z3. We consider the
algebra B generated by .

D = [0 w(1]* w 2],

where [0], [1] and [2] stand for the elements of Z3, with j + k + ! = n. This algebra is
semisimple with canonical idempotents e;jx; characterized by the formula

) 1 )

Z Stkrlej = = Z (s+t4rY(s+ &t + ) (s + €%+ €r)Dja,  (15)
j+kHl=n j+ktl=n

where ¢ is a primitive third root of unity. This last expression is easily derived by taking

the n*h tensor power of both sides of

seo +te; +rex = % ((s+t+7)0] + (s + &+ €)1 + (s + £t +¢7)[2]),

where the idempotents e;’s are the characters of the irreducible representations of Z3. The
Fourier transform with respect to the basis corresponding to the Djx’s is easily computed
using (15).

6. CONCLUSION

Many other problems of the form treated in this text can be studied using the Fourier
transform formulas outlined above. Some have been considered by various authors such
as: Aldous [1], Diaconis [6], Letac and Takacs [14], Flatto, Odlyzko and Wales [8]; and
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range from walks on graphs, to problems appearing in coding theory. Another interesting
source of semisimple algebras is through Hecke algebras

H(G,e) = eA(G)e

where e is any idempotent of the group algebra A(G) of G. Gelfand pairs (G, H), for H
a subgroup of G, correspond to the special case when the semisimple algebra H(G, eq) is

commutative, with
1
ey = — h.
] 2

heH

Natural extensions of this work would include Fourier transform formulas for the subalge-
bra, of the complete descent algebra ¥(S,) considered by Garsia and Reutenauer in [10],
spanned by the idempotents Ey (A partition of n); as well as the subalgebra spanned by

the corresponding idempotents (constructed in [5]) for the complete descent algebras of
any other finite Coxeter groups.
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Décomposition hyperoctahédrale de
I’homologie de Hochschild

Nantel Bergeron
Harvard University, Department of Mathematics
Cambridge, Massachusetts 02138

Résumé

Nous étudions I’homologie Hyperoctahédrale. Plus précisément, nous étudions les
familles d’opérateurs de la catégorie hyperoctahédrale qui commutent avec les opérateurs
de bord de Hochschild

ba=d " (—1)'d;
ou d;:[n]—[n—1] est Papplication de face dans cette catégorie. Cette étude est intimement
reliée aux projections dans les espaces de puissances symétriques et hyperoctahédrales

d’algebres de Lie libres. Nous discuterons aussi de I’homologie de Harisson dans un tel

contexte et de certains autres problémes connexes.

I. INTRODUCTION.

Le probléme de décomposer ’homologie de Hochschild pour les algébres commutatives
sur les corps de caractéristique 0, a été étudié par Gerstenhaber et Schack dans [9] et par
Barr dans [1]. Gerstenhaber et Schack donnent une caractérisation compléte des familles
d’éléments f, € Q[Sy] qui commutent avec les bords de Hochschild; b, fn = frn-1bn. Plus
précisément, pour chaque entier n, ils introduisent une famille d’idempotents orthogonaux
{ek € Q[Sn]:1 < k < n} telle que boek = ek _ b, et que pour toute famille f, € Q[Ss] o

bpfn = fa—1bn, nous avons
n

fa=")_ sen(fi) eh. (L1)

k=1
Ici, sgn: Q[S,] — Q est ’homomorphisme signé. Une autre conséquence de ces résultats, pour
A une algébre commutative sur un corps de caractéristique 0 et M un A-bimodule, est la

décomposition suivante de ’homologie de Hochschild

Ho(A,M) = éH!:(A, M) (1.2)
k=1
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o HF¥(A,M) = ekH,(A, M). Dans [10], Loday donne une version de ces résultats pour les
algébres sur les corps de caractéristique non nulle. De plus, il donne aussi une décomposition
similaire de I’homologie cyclique. L’équation (I.1) nous donne que la décomposition (1.2) est
la plus fine dans l'algebre £ = Q[Fin'] définie par Loday dans [10] ot Fin' est la catégorie
des ensembles [n] = {0,1,...,n} pointés. L’algebre £' est un cadre naturel dans lequel les

équations de commutation ci-haut ont un sens.

D’autre part, les idempotents de {eX} sont étudiés dans les travaux de Garsia [7], et avec

Reutenauer dans [8]. Dans [7], la série génératrice des ef y est donnée sous la forme

Z ekzk = ;1'- Z (z —d(0)) Ta, sgn(o)o (1.3)
k=1 '

0ES,

ou d(o) = Card{i:0; > 0i+1}, (z) TA"= z(z +1)---(z + n —1). En fait, 'équation (1.3)
est 'image de I’équation dans [7] sous ’homomorphisme défini par ¢ — sgn(o)o. Dans nos
travaux avec F. Bergeron [5], nous avons développé une formule similaire & (1.3) pour le groupe
hyperoctahédral B;,. Plus précisément, nous avons que les éléments p¥ € Q[B,,] définis par

n

pule) =Y phet = 2 3 (e = 24T, sgalr)n (14
k=0 "l reB,

sont des idempotents orthogonaux. Ici d(w) dénote le nombre de descentes de 7 que nous
définirons plus bas et (z) Tp,= (z+1)(z +3)---(z +2n —1). Une fois de plus (I.4) n’est
pas l'expression exacte de [5] mais elle est obtenue sous I’homomorphisme défini par 7
sgn(m)mw. Parmi les propriétés remarquables des idempotents p¥ est la commutation b,pk =
pE_,b,. Cette nouvelle famille d’idempotents, nous permettra de donner une décomposition
de I'homologie H(A, M) différente de (I.2) pour les algébres A munies d’un automorphisme

involutif.

Dans la Section 1, en imitant Loday, nous construirons une algébre B’ dans laquel-
le toutes les équations de commutation ci-haut auront un sens. Dans la Section 2, nous
traiterons la décomposition de H(A, M) donnée par les idempotents pX. Cette derniére
n’est pas la décomposition la plus fine possible pour 1’algebre B'. En particulier, si l'on
munit une algébre commutative A de I'involution triviale, la décomposition devient triviale!
Nous verrons, dans la Section 3, certains raffinements de la décomposition de la Section
2. Pour pousser plus loin la décomposition, nous rappelons & la Section 4 la théorie des
algébres de Lie Hyperoctahédrales libres. La Section 5 est dédiée a 1’étude de I’homologie
hyperoctahédrale de Harisson. En conclusion, nos travaux convergent vers la décomposition la
plus fine de H(A, M) pour A une algébre commutative munie d’un automorphisme involutif.

Nous présenterons certains autres résultats partiels dans cette voie.
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Avant de débuter cette discussion nous répondons & une question de C. Procesi [commu-
nication personnelle]. Pour ’énoncer nous devons nous placer dans un contexte plus général.

D’abord, quelques définitions. Un groupe fini qui admet une présentation de la forme
(sia 1 S Z S n; (S,‘Sj)mii = l,m'—i — 1)

est appelé un groupe de Cozeter. Pour W un groupe de Coxeter et w € W, nous posons
f(w) = min{p : w = i, i, -8, } et d(w) = Card{s; : {(w) > £(ws;)}. Dans 'algebre de
groupe Q[W], Procesi s’est demandé si les éléments £5 = 3 d(w)=kS8n(w)w engendrent une
sous-algébre commutative de dimension n + 1. Cette question est motivée du fait que pour
les groupes de type A (groupes symétriques) Loday [10] a démontré ce fait en utilisant les
formules de commutation avec les bords de Hochschild. Par la suite, nous avons démontré
[5] ce méme résultat pour les groupes de type B; ceci découle de la formule (1.4). En effet, si
I’on pose

A= (—1)k1p,(2k + 1) (1.5)

on observe que
k (n+1 ;
PLES Z(_1)'( ; )eg—'.
=0
D’une part la sous-algébre engendrée par les {¢£} est égale & celle engendrée par les {AFy,

d’autre part cette derniére est commutative et de dimension n + 1 puisque
/\ﬁ)‘le = (_1)(k_l)(k _l)l’n(Zk +1)pa(2k' +1) = )‘le)‘ﬁ-

Nous avons donc répondu affirmativement & la question de Procesi pour ces deux grandes
familles de groupes de Coxeter. Cependant, ceci est faux en général! En effet, on vérifie
3 l'aide de Maple que pour le groupe D5 la sous-algébre engendrée par les {€k} n’est pas
commutative, sa dimension étant plus grande que 6, et elle n’est méme pas semi-simple!
1l semble qu'une formule de type (1.3) ou (I.4) soit la clef nécessaire pour avoir une telle

sous-algebre semi-simple.

1. CATEGORIE HYPEROCTAHEDRALE

Soit Fing la catégorie ayant pour objets les ensembles [n] = {0,1,...,n} et pour mor-
phismes les fonctions signées fe:[n] — [m]. Un tel morphisme est la donnée d’une fonc-
tion f:[n] — [m)] telle que f(0) = 0 et d’une suite de signes € = (e, €2,...,€n) € Z3. Ici,

Z; = {—1,1} est le groupe multiplicatif & deux éléments. Dans cette catégorie, deux mor-
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phismes f¢: [n] — [m] et g.,:[s] — [r] sont composables seulement si m = s et dans ce cas

feogy = (fog)f‘vf

ou 75 = (Y5(1)sYf(2)s+ Vf(n)) € Z3. Nous appelons Finy la catégorie hyperoctahédrale
pointée. Il est parfois plus pratique d’écrire f = (fi, f2, ..., fn) pPour désigner un morphisme
fe de la catégorie Fing, ol f; = €;f(i). De cette fagon, le groupe hyperoctahédral B, peut
étre representé dans Fing par les morphismes 7 = o: [n] — [n] ol o est une permutation de
[n] laissant fixe ’élément 0.

D’autre part, soit A la catégorie simpliciale. On sait que cette catégorie ayant pour objets
les ensembles [n] et pour morphismes les fonctions faiblement croissantes, est engendrée par
les applications faces d;:[n] — [n — 1] et dégénérescences s;:[n] — [n + 1] pour 0 < i < n.
Nous définissons un foncteur A°? — Fing en envoyant d; et s; sur les morphismes, dénotés
d; et s; par abus de langage, définis par: d; = (1,2,...,4 — 1,4,4,6 + 1,....,n — 1) sii < n,
dn = (1,2,...,n —1,0) et s; = (1,2,...,i — 1,5 + 1,...,n + 1). Nous avons une théorie de
I’homologie hyperoctahédrale chaque fois qu’un foncteur A°? — K-module se factorise

\ . s ! . . ’ . 3N
a travers la catégorie Fing. Ici nous nous intéressons plus particuliérement au bord de

Hochschild

n

bn =Y (~1)'di:[n] = [n - 1]. (1.1)

i=o
Un calcul simple montre que b,-1b, = 0.

Nous posons maintenant B’ = Q[Fin’g] I'algébre des morphismes de Fin'g. Plus précisé-
ment, un élément de B’ est une somme formelle finie 3 ¢; f; telle que pour tout 1, ¢ €EQet f;
est un homomorphisme de Fing. Par convention nous posons fog = 0si f et g ne sont pas
composables dans Fing. Nous remarquons que b, € B’ et que Q[B,] est une sous-algébre
de B'. Nous avons donc un cadre de travail dans lequel les produits tels que f,—1b, et b, fx
ont un sens pour fn € Q[n]. Le but de ce travail est de caractériser les familles {f, € Q[B,]}

telles que
fa—1bn = by fa. (1.2)

Exemple 1.1  Si A est une algébre commutative sur un corps de caractéristique 0 muni

d’un automorphisme involutif
A— A

a—a
et si M est un bimodule symétrique (a.m = m.a), nous posons Cp(A; M) = M ® A®".
Pour simplifier la notation, nous écrivons (m, ai, ..., a,) € Cp(A; M ) pour désigner le tenseur

m®a1®- - ®an. Nous avons alors le foncteur Fing — K-module défini par [n] = Co(A4; M)

et fo € HomFinL([n],[m]) — fe(ao, a1,...,an) = (afe_l(o),af:x(l),...,af:l(m)) € Cn(A; M)
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N —1r g . _ S1N o fe s s .
ou pour f71(¢) = {j1,J2,.--,Jk} €t € = 1 nous posons f; (i) = {€j,j1,€j,52,- €, Jk} €t
Qejy jireipdareipin} = Qej 1 @ejpdz * " Bejy ji BVEC la convention que ag = 1 et que a—; = a;.
Nous avons maintenant un foncteur A°? — Finy — K-module qui se factorise & travers
Fin'g. Il est aisé de vérifier que ce foncteur correspond & la théorie classique de I’homologie

de Hochschild. En d’autres termes, nous avons le complexe
Co( A M) = - 25 Co( A M) 225 Cory (A M) 253 - 25 Co(A4; M)

et ’homologie de Hochschild classique est donnée par

Hn(A; M) = %&3‘) (1.3)

2. DECOMPOSITION DONNEE PAR L’AGEBRE DE DESCENTES

Dans cette section, nous rappelons certains résultats de [5]. Ceux-ci sont basés sur nos
travaux [3][4] sur les algébres de descentes des groupes hyperoctahédraux, transformées par
’homomorphisme défini par 7 — sgn(r)r. Nous en rappelons ici les grandes lignes. Nous
terminons cette section par I’étude de ces résultats & travers le foncteur Fin’zy — Fin' qui
oublie la structure de signes.

Pour 7 = (1,73, ..., Tn) € Bp, nous définissons 'ensemble D(7) C [n — 1] des descentes
de 7 comme étant 1’ensemble des positions 0 < i < n — 1 pour lesquelles m; > ;4 avec,
bien sur, my = 0. Rappelons que 7 = o, € HomFin/B([n], [n]) et que m; = €;0(2). Etant
donné un ensemble de descentes D = {i; < iz < --+ < ix} C [n — 1], nous construisons une
composition p(D) = (iz — 21,43 — i2,...,4k — tk—1,1 — ¢x) de l'entier n —4;. Par convention,
p({n}) = 0 est la seule composition de 0. Ceci est une correspondance bijective entre les sous-
ensembles de [n — 1] et les compositions d’entiers m, 0 < m < n. Pour simplifier ’écriture,
nous posons p(7) = p(D(r)). Dans le contexte plus général des groupes de Coxeter, Solomon
[12] a montré que 1'espace vectoriel engendré par les éléments X, = Zp(")=p sgn(m)T pour p
une composition de 0 < m < n, est fermé sous la multiplication dans Q[B,]. Autrement dit,
nous avons une sous-algébre de Q[B,]. C’est cette sous-algebre que nous appelons 1’algébre

des descentes de B,,. Nous avons montré que les éléments

I, = Z Zk(q0) Ni(a1) Ni(a2) " Ni(ar) Xgoq12--ax (2.1)
golEr<n—m

gifEpi
pour p = (p1,p2,...,Pk)E m < n, forment une base d’idempotents de ’algébre des descentes

de B,. Ici, p|= m signifie que p est une composition de I’entier m, k(p) dénote le nombre
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de parts de p, Z; = (—1)'1—%52'—_12, N; = L—_II'L‘ et gog1qz - - - gk est la composition de
n—r obtenue en concaténant les compositions gq, g1, ..., g bout & bout. A partir des éléments
(2.1), nous avons construit une famille compléte d’idempotents orthogonaux pour la partie
semi-simple de I’algébre des descentes de B,,. Pour la définir, posons A(p) le partage de m < n

obtenu de pl=m < n en réordonnant les parts de p. Les éléments

1
Ex =5 g, (2.2)
A(p)=A

pour A un partage de m < n forment une famille d’idempotents minimaux orthogonaux. Pour
la suite, nous devons rappeler une autre expression des E). Soit S = 4; < i3 < -+ <, C
{1,2,...,n}, pour * = o, € B, nous posons ST = (e1%5(1)) €285(2), -+» Erlo(r) ). Par extension
linéaire, nous posons Ijs) = SI(,) ou I(,) est élément de I’algébre des descentes de B,. Sim-
ilairement, nous posons f[g] = Sy ot B|= 0 < r. Pour A = (A1, )2,..., \x) un partage de

m < n, nous avons

Bx = ?Glm Z z tis0) * I, ) Disaa * Lisuqe) (2.3)
So+S1+--+8Sk={1,2,...,n} FES;
|So|=n—m, |Si|=X;

ol la premiére somme est sur toutes les décompositions de ’ensemble {1,2,...,n} en k + 1
sous-ensembles disjoints non vides, Si dénote le groupe symétrique sur k éléments et s())
dénote la cardinalité du stabilisateur de la suite A sous ’action du groupe symétrique Sx. De
plus, 'opération “.” dans les termes de cette somme est le produit de concaténation étendu
linéairement aux sommes formelles de suites. Le signe + dépend de la décomposition de

{1,2,...,n} et de la permutation o € Sy.
Nous avons montré [5] que les éléments pX apparaissant dans 1’équation (I.4) sont obtenus

par

k= > Ei (24)

Abm<n
k(A\)=k

ou Al-m dénote que A est un partage de m. Le théoréme suivant est démontré dans la Section
5 de [5].
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Théoréme 2.1 Dans I’algébre B' nous avons pour 0 < k < n
bnph = ph—1bn (2.5)

et {p*} forment une famille d’idempotents orthogonaux de Q[B5,] telle que

n
Z p¥ = Identité (2.6)
k=0

Ce théoréme nous permet de décomposer le complexe de I’exemple 1.1:
Cu(4 M) = @ P (4 M)
£>0
et par le fait méme nous avons le théoréme suivant
Ha(A; M) = D HP (4 M) (2.7)
k>0
ott CP(A; M) = pECo(A; M) et HS (A; M) = pk H,(A; M),
Pour conclure cette section, considérons ’homomorphisme d’algébre F: B’ — £' induit

par le foncteur Fing — Fin' défini par [n] — [n] et fe — f.

Proposition 2.2
Fpa(z) =(1,2,...,n) € Sn (2.8)

Preuve Pour cedi, il suffit de montrer que FpX = 0 pour k > 0. En effet, puisque ) E) =
(1,2,...,n) € B, nous avons Y ,_, pk =(1,2,...,n). En appliquant F' de chaque c6té de cette
derniére égalité, en assumant que Fp¥ = 0 pour k¥ > 0, nous obtenons Fp} = (1,2,...,n).

Considérons les équations (2.3) et (2.4), nous avons

1 ~
Fon = 5500 > EFlisy) - Flis,) Flis, )
So+S1+--+8k={1,2,...,n}
gESk

1l est donc suffisant de montrer que F'I(,) = 0 pour I, donné par (2.1) avec p = (r)=r > 1.

D’autre part, pour p}= T, NOus avons montré [5] que
X, =X2X (2 9)
4 p () .

ou X 1‘,4 est un élément de la base de Solomon dans ’algébre des descentes du groupe symétri-
que S;. En comparant la définition (2.1) avec la définition analogue de el dans [7][8], nous
pouvons montrer, en utilisant (2.9), que I(;) = e,l.,X(,). Donc FI, = e}lFX(r). Maintenant,

un terme typique de X(,) est de la forme z = sgn(7)m = sgn(7)(—tik, .., —i1,J1, -+, Jr—k) OU
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S={i1<ia <<} C{1,2,.,r} et {j1 <j2 < - < jri} = {1,2,...,r} — S. Nous
avons Fsgn(m)r = (—1)*sgn(c)o olt 0 = (4k,%k=1, 1,21, 71, jr—k). Soit 7' I'élément de
X(r) obtenu de 7 en changeant le signe de 1 (soit i; = 1 ou j; = 1). Nous remarquons que
Fsgn(n')r' = (—1)¥*1sgn(0)o = —Fsgn(m)7. Ceci construit une involution sans point fixe
pour laquelle tous les termes de F X, s’annullent. Ce qui conclue la preuve du théoréme.
L’équation (2.8) nous donne que la relation (2.5) est triviale lorsque ’on oublie la struc-
ture hyperoctahédrale. En particulier la décomposition (2.7) de ’homologie de Hochschild

est triviale si ’on munit A de ’involution triviale.

3. RAFFINEMENT DE LA DECOMPOSITION

Dans cette section nous allons raffiner le résultat donné par le théoréme 2.1. Pour cela
nous débutons par une proposition.

Proposition 3.1 Pour X, = X(,) dans 'algébre des descentes de B,,, nous avons
bnXn = Xp—1bp (3.1)

Preuve Rappelons que X, = Yo <mp<ocmy SER(T)T. Fixons 1 < i < n et supposons que
7r,~__4_11 # 7! + 1. Dans ce cas, nous devons avoir mimiy1 < 0. D’autre part, pour (z,7 + 1) la
transposition simple qui échange 7 et 7 + 1, posons 7' = (i,z + 1)7. Nous avons que 7' est
élément du support de X, donc les termes sgn(m)r et sgn(7')r' de X, s’annullent 'un et
l'autre lorsqu’ils sont multipliés par d; a gauche puisque d;m = d;n' et sgn(m) = —sgn(n').
Ceci montre que lorsque ’on considére le produit d; X, seuls les termes pour lesquels 7r,-"_'_11 =
T ! 41 survivent. Mais si 7rl-_+l1 =7 ! —1alors m; > m;;1 et donc 7 n’est pas dans le support
de X,. Il nous reste deux possibilités.

1. Supposons que 'lri_+1l = 7ri_l +1>0. Pour 7 = g = (my,ma, ..., T ), DOUs posons j = 7r,~'1
et m' = (], M, My gy ey ) € Bpoy avee mh = mg si ok < i+ 1 et 7} = ex(ox — 1)
si 4 > 1+ 1. Nous avons alors que sgn(')r' est un terme de X,—1, que sgn(r') =
(—1)"~Jsgn(r) et que diw = 7'd;.

2. Supposons que 7ri"_,_11 =m'41<0. Pour v = g, = (71,2, ... Tn), NOUS pOSONS
j=-rjietn = (M1 ey My Miggy ey M) € Bnoy avec mf = mj si o < i et 7, =
exk(ok —1) si o > 1. Nous avons alors que sgn(7')7' est un terme de X,_1, que sgn(7') =
—(=1)""1"Jsgn(n) = (—1)"~Isgn(r) et que dir = 7'd;.

Donc,

2 > (—1)"sgn(7r)d,-1r=§_: > (~1)sgn(n’)r'd;. (3.2)

=1 M <M <o <7y J=1 w) <my <ol
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Dans le cas ol i = 0, posons 7' I’élément obtenu en changeant le signe de 1 dans 7. Les deux
termes sgn(7)m et sgn(n')r’ de X, s’annullent 'un et ’autre lorsqu'ils sont multipliés par do
3 gauche puisque dom = do7’ et sgn(m) = —sgn(n'), donc doX, = 0. Finalement dans le cas

ol i = n nous notons que pour sgn(w)7 un terme de X,, nous avons deux possibilités.

1. Soit que m; = —n; dans ce cas nous posons 7' = (72,73, ...,Tn) € Bp—1 et nous obtenons
d,m = n'dy et sgn(m) = (—1)"sgn(n’).
2. Soit que 7, = n; dans ce cas nous posons m' = (71, 72,...,Tn—1) € Bn_1 et nous obtenons
dnm = n'd, et sgn(r) = sgn(n').
Ceci donne, (—1)"dpnXn = Xn-1do + (—1)"Xn_1dn, ce qui, avec (3.2) compléte la preuve de
(3.1).
Cette proposition nous permet de raffiner le résultat du théoréme 2.1. En effet, nous

remarquons que la famille d’éléments p%* = ek X, commutent avec les bords de Hochschild.

D’autre part, nous avons

P2k =" Ea (3.3)
Aln
k(A)=k
Ceci est obtenu en combinant (2.9), (2.1), (2.2) et un résultat de Garsia et Reutenauer [8]
qui décrit ef par une formule analogue & (2.4). Maintenant, en rappelant le fait que les
idempotents E sont orthogonaux, grace & (2.4), nous avons que les idempotents pk = pk —
p%* avec les idempotents p%* forment une famille d’idempotents orthogonaux qui commutent
avec les bords de Hochschild. Remarquons que p%° = p}'® = 0 sont les seuls éléments triviaux

de cette famille.

Théoréme 3.2 Dans ’algébre B’ nous avons pour 0 < k <n

bap* = ptsba

(3.4)
bapt® = pfKba
et {p%*, pi+*} forment une famille d’idempotents orthogonaux de Q[Bn] telle que
n
> (0%F + pE*) = 1dentité (3.5)

k=0

Dans le cas de 'exemple 1.1, ceci nous donne une décomposition plus fine de I’homologie
Ho(A; M).

Pour terminer cette section, nous démontrons une généralisation triviale du lemme de
Barr [1]. Ce lemme sugére que la décomposition donnée par le théoréme 3.2 est encore loin

d’étre minimale.
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Lemme 3.3 Pour f € Q[B,] nous avons b, f = 0 si et seulement si

f=) ceenle (3.6)
ee??
olic.€Q, e, = Zaesn sgn(o)o et 1¢ = (e, €2,...,€n) € By.
Preuve Le lemme de Barr original soutient que pour u € Q[Sxr], bnu = 0si et seulement
si u = cen ol ¢ € Q. D’autre part, si f € Q[B,] alors nous avons la décomposition suivante
=2, Z? fele avec f(e) € Q[S,]. En appliquant b, de chaque c5té de cette décomposition

et utilisant le lemme de Barr, on obtient (3.6).

4. ALGEBRE DE LIE HYPEROCTAHEDRALE LIBRE

Pour raffiner notre décomposition, nous nous devons d’introduire ici certaines notions
de la théorie des algébres de Lie hyperoctahédrales libres. Ceci nous donnera une meilleure
compréhension des espaces dans lesquels les idempotent introduits ci-haut projettent. La
premicre partie de cette section peut se retrouver dans [3].

Soit A = {@f < --- <@ < a; < -+ < ay} un alphabet avec deux copies (négative
et positive) de f lettres. Soit A* ’ensemble de tous les mots dans cet alphabet et A"
'ensemble de tous les mots de n lettres. Nous définissons ’algébre Q[A*] l’ensemble de
toutes les somme formelles finies de mots Y- cww avec comme produit la linéarisation du
produit de concaténation. L’algtbre Q[A*] est graduée par la longueur des mots et nous
dénotons les espaces homogénes de degré n par Q[A"]. Nous définissons dans Q[A*] deux
nouvelles opérations, la premiére définie algébriquement par a; — a; et a; — a; = aj,
et la seconde définie linéairement par w = byby--- b, > m = bpbp_q---b;. Nous
définissons aussi une action de 'algébre Q[B,] sur I'espace homogéne Q[A™] en étendant
Vaction 7:b1bg -+ - by > by b, - - - by, avec la convention que b_; = b;.

L’algebre de Lie hyperoctahédrale libre est I'algébre de Lie engendrée, dans Q[A*], par
les lettres de A en utilisant le crochet de Lie [f,g9] = fg — gf. Nous dénotons par Lie(A)
cette algebre et généralement, nous appelons les éléments de Lie(A) des polynémes de Lie. Un
polynéme de Lie P est dit positif si P =_Pet négatif si P = P. Pource qui suit, nous utili-
serons la lettre “P”, respectivement “Q”, pour désigner un polynéme de Lie homogene positif,
respectivement négatif. Le lecteur vérifiera que les polynémes de Lie positifs forment une sous-
algebre de Lie. Il est possible de construire une base ordonnée B = {@1,Q2,...., P, P2,...} de

Lie(A) telle que les polynémes Q;, respectivement P;, sont des polyndémes de Lie homogenes
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négatifs, respectivement positifs. Nous posons

1
(Pr---PiQy -+~ Qp)S %5 = T Z P, - PyQr - Qr,.

cES)
TESE

Nous appelons (P; --- PiQ; - - - Qx)5**5* un monéme de Lie hyperoctahédral de degré (I,k).

Une variation sur un théme du théoréme de Poincaré-Birkoff-Witt donne [3][7] que
(P PuQjy -+ Q)% % P ,Qj, €Byin 2 - 2 iret j1 224k} (41)

est une base de Q[A*]. Nous posons maintenant Lie"*(4) = Q[(P; --- PiQ1 - -- Qi) *5+];
’espace linéaire engendré par les monémes de Lie hyperoctahédraux de degré (I, k). La base

(4.1) nous donne que

Q[4*] = P Lie"*(4). (4.2)

>0

k30
Pour la suite, nous posons Lieh*(4) = Lie"*(4) N Q[4"], Liek*(4) = Do Liek*(A) et
Liel*(4) = Di>o Lie:¥(A). Nous avons montré dans [3] que Q[A"]6pk = Lie®*(4) ot
6: Q[B,] — Q[Bn] est 'automorphisme défini par 7 — sgn(7)7. En fait, suite a la discussion

de la Section 3 les résultats de [3] montrent que
Q[A™]0py* = Liey(4)

43
Q[A"]6p}* = Liep *(4) “2)

Rappelons d’autre part que Garsia [7] avait d’abord décomposé 1’algébre Q[A*] en util-

isant les idempotents e¥. Pour cela nous posons

1
(R1R2 "'R")Sk = E Z R;, R,, "'Rvk
.Uesk

olt R; € Lie(A); nous oublions la scission positif/négatif. Nous appelons (R1R; - - R¢)S* un
mondme de Lie symétrique de degré k. Garsia a montré que la décomposition

QA*] = P Lie*(4) (4.4)

k>0

ou Lie¥(A) est 'espace engendré par les monémes de Lie symétriques de degré k, est obtenu
par

Q[A"])0ek = Liek(4) (4.5)
ou Lief(A4) = Lie*(4) n Q[4"].
Remarque 4.1 La décomposition (4.4) montre que 1’algébre enveloppante Q[A*] de Lie(A)

est aussi obtenue comme 1’algebre des puissances symétriques de Lie(A). Les dimensions des
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espaces Lief (A) sont intimement reliées aux classes de conjugaisons du groupe symétrique par
le biais des nombres de Stirling de seconde espéce. Le lecteur ne s’étonnera pas de voir un lien
similaire entre la décomposition (4.2) et les classes de conjugaisons du groupe hyperoctahédral
(5]

Conjecture 4.2 Il existe des idempotents orthogonaux ph* € Q[B,] tels que
bupy = prt b et QIA™OpLF = Lieh¥(4). (4.6)

Le théoréme 3.2 est un pas dans cette voie. Pour finir cette section nous allons raffiner
davantage (3.4) et (3.5) dans la direction désirée par (4.6). Pour cela posons ps° = p%el p0.
Nous avons la proposition suivante qui montre que les éléments p!;’ décomposent p2 en
idempotents plus fins, orthogonaux a p%* pour k # 0.

Proposition 4.3 Les éléments pl° sont des idempotents orthogonaux tels que
baph® = ph% b, et Q[A")0ph° = Lieh®(A). (4.7)

Preuve Nous avons que pf s’exprime simultanément en termes de la décomposition (4.2)

et (4.4) par une expression de la forme

p[r)z= Z (Pilpiz"'Pi:)s'-
>1
022

Donc

pf.;0= Z (PhPiz"'Pil)sl-
i > >0

De ceci, il est clair que p° est un idempotent. Celui-ci s’annulle sur les espaces Lieg'O(A)

pour I’ # [ et est I'identité sur Liei;o(A), ce qui compléte la preuve de la proposition.

5. HOMOLOGIE DE HARISSON HYPEROCTAHEDRALE H}'*(A4, M)

Dans ’exemple 1.1, étant donné la conjecture 4.2, nous aurions la décomposition suivante

de ’homologie de Hochschild:

Hu(AM) = D HF(A,M). (5.1)

Ici nous allons discuter les composantes suivantes qui sont obtenues par (3.4) et (4.7):

H, (A, M) = HY'(A,M) @ Hy' (A, M). (5.2)
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Gerstennhaber et Schack ont montré que H.(A, M) = el H,(A, M) correspond & ’homologie
de Harisson. Plus précisément, H} (A, M) peut étre obtenue des chaines du complexe Cy(A, M)
qui s’annulent sur les mélanges signés. Ceci est équivalent & dire que fe} projette dans un
espace orthogonal aux produits de mélanges non triviaux. Nous montrons dans cette section
une interprétation du méme type pour ’homologie H1°(A, M).

Le produit de mélange de deux mots u,v dans A* est dénoté ici par u wv. Rappelons que
le produit de mélange de deux mots u et v est la somme formelle de tous les mots qui sont
obtenus en mélangeant u et v. Par exemple abw cd = abed + acbd + cabd + cadb + cdab+ acdb.
Etant donné le produit scalaire (—, —) sur Q[A*] pour lequel les mots de A* sont orthogonaux,

Ree [11] a montré la proposition suivante.

Proposition 5.1 [11] R est un polynéme de Lie si et seulement si
(Ryuwv) =0 (5.3)

pour tous u,v non vides.
Cette proposition démontre que H} (A, M) est bien '’homologie de Harrison.

Nous introduisons maintenant le broduit de mélange hyperoctahédral. Dans ce contexte,

nous définissons ¥ = Y ‘Z wy. Un produit de mélange hyperoctahédral est soit uwv,

zy=u

soit % wv ou soit @w . Nous avons la proposition suivante.

Proposition 5.2 R est un polynéme de Lie positif si et seulement si
(Rbuwv)=0 et (R,u)=0 (5.4)

pour tous u,v non vides.

Preuve Supposons d’abord que R soit un polyndéme de Lie positif. La proposition 5.1,
nous donne la premiére égalité de (5.4) pour tous u,v non vides. D’autre part, nous avons
(R,@) = (R,u) + (R, u) puisque tous les autre termes de la somme ¥ sont des produits de
mélange non triviaux. Par dualité et positivité de R, nous avons (R, %) = (R + (E,u) =0.
Supposons maintenant que (5.4) est satisfaite pour tous u,v non vides. La proposition 5.1
nous donne que R est un polynéme de Lie. Donc 0 = (R,%) = (R + (E, u) pour tout u non
vide. Nous concluons que R + R = LuzslB+ ‘I—i, u)u =0 et donc R = —R est positif.
Les équations (5.4) sont équivalentes & dire que R est orthogonal & tous produits de
mélanges hyperoctahédraux non triviaux. Nous avons donc le corollaire suivant.
Corollaire 5.3 I’homologie H°(.A, M) est ’homologie de Harisson hyperoctahédrale obte-
nue des chaines du complexe Ci(A, M) qui s’annulent sur les mélanges hyperoctahédraux

signés.
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6. CONCLUSION

Nous avons présentement une preuve de la conjecture 4.2. L’idée est une utilisation
judicieuse des familles d’idempotents e!, et p¥ pour produire des projections orthogonales
dans Lieh*(A) qui satisfont immédiatement les relations de commutation avec b,. Nous
réservons ce résultat pour un article ultérieur & celui-ci. ‘

D’autre part, plusieurs questions restent encore ouvertes. Est-ce que la décomposition
(4.6) est minimale? Le lemme 3.3 semble dire non & cela. Que dire des autres groupes
de Coxeter? Pour chaque famille de groupes de Coxeter W, nous pouvons construire une
catégorie Fin'W et demander quelle famille d’éléments f, commutent avec b,? Mais plus
proche de nous, dans un contexte hyperoctahédral, peut-on trouver des régles de commutation
avec le bord de Conne B, qui sont compatibles avec (4.6), pour décomposer ’homologie
cyclique? Ceci se ferait & l'intérieur de Q[Finp] ol les morphismes de Finp ne sont pas
contraints & f(0) = 0.
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Axel Thue’s work on repetitions in words*
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Abstract

The purpose of this survey is to present, in contemporary terminology,
the fundamental contributions of Axel Thue to the study of combinatorial
properties of sequences of symbols, insofar as repetitions are concerned.
The present state of the art is also sketched.

1 Introduction

In a series of four papers which appeared during the period 1906-1914, Axel
Thue considered several combinatorial problems which arise in the study of
sequences of symbols. Two of these papers [44, 46] deal with word problems
for finitely presented semigroups (these papers contain the definition of what is
now called a “Thue system”). He was able to solve the word problem in special
cases. It was only in 1947 that the general case was shown to be unsolvable
independently by E. L. Post [28] and A. A. Markov [24].

The other two papers [43, 45] deal with repetitions in finite and infinite
words. Perhaps because these papers were published in a journal with restricted
availability (this is guessed by G. A. Hedlund [20]), this work of Thue was widely
ignored during a long time, and consequently some of his results have been
rediscovered again and again. Axel Thue’s papers on sequences are now more
easily accessible since they are included in the “Selected Papers” [47] which were
edited in 1977.

It is the purpose of the present paper to give an account of Axel Thue’s work
on repetitions in sequences, both in more recent terminology and in relation with
new results and directions of research. It appears that there is a noticeable differ-
ence, both in style and in amount of results, between the 1906 paper (22 pages)
and the 1912 paper (67 pages). The first of these papers mainly contains the

*Partially supported by the PRC “Mathématique et Informatique”
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construction of an infinite square-free word over three letters. Thue gives also
an infinite square-free word over four letters obtained by what is now called an
iterated morphism, whilst the three letter word is constructed in a slighly more
complicated way (a uniform tag-system, in the terminology of Cobham [12]).

The second paper attacks the more general problem of what Thue calls
trreductble words. He devotes special attention to the case of two and three let-
ters. In particular, he introduces what is now called the Thue-Morse sequence,
and shows that all twosided infinite overlap-free words are derived from this
sequence. There are several aspects he did not consider: first, many combinato-
rial properties of the Thue-Morse sequence (such as the number of factors, the
recurrence index, and so on) were only investigated by M. Morse [25] or later;
next, the characterization of all onesided infinite overlap-free words — which
is much more difficult than that of twosided words — was only given later by
Fife [15]. However, Thue gives a complete description of circular overlap-free
words. We will also mention the problem of counting the number of overlap-free
words over two letters.

Axel Thue’s investigation of square-free words over three letters is even more
detailed. He gives, in this paper, another construction of an infinite square-free
word, by iterated morphism, and then initiates, in a 30 pages development, a
tentative to describe all square-free words over three letters. He observes that
every infinite square-free word is an infinite product of words chosen in a set
of six words, and classifies those infinite square-free words that are products of
four among these six words. His classification, he observes, is similar both in
statement and in proof technique to what is found in diophantine equations:
the solutions are parametrized by some variables which are easier to manage.

The paper is organized as follows: after some preliminary definitions, we
introduce the so-called Thue-Morse sequence. We next describe Thue’s results
on this word, and give a short account of other developments about overlap-
free words. The next section contains a presentation of Thue’s constructions
of square-free words, and a comparison with other methods. Then, Thue’s
classification — which has been ignored for large parts — is described. We
end with a short description of avoidable patterns, which is the main stream of
actual research.

An alphabet is a finite set (of symbols or letters). A word over some alphabet
A is a (finite) sequence of elements in A. The length of a word w is denoted by
|w|. The empty word of length 0 is denoted by €. An infinite word is a mapping
form N into A, and a twosided infinite word is a mapping from Z into A. A
circular word or necklace is the equivalence class of a finite word under circular
permutation. It can also be considered as a mapping of Z/nZ into A for some
positive integer n.

A factor of a word w is any word u that occurs in w, i. e. such that there
exist word z, y with w = zuy. A square is a nonempty word of the form uu. A
word is square-free if none of its factors is a square. Similarly, an overlap is a
word of the form zuzuz, where z is nonempty. The terminology is justified by



the fact that zuz has two occurrences in zuzuz, one as a prefiz (initial factor)
one as a suffiz (final factor) and that these occurrences have a common part (the
central ). As before, a word is overlap-free if none of its factors is an overlap.

The set of words over A is the free monoid generated by A. It is denoted by
A*. A function h : A* — B* is a morphism if h(uv) = h(u)h(v) for all words «,
v. If there is a letter a such that h(a) starts with the letter a, then h"(a) starts
with the letter a for all n > 0. If the set of words {h"(a) | n > 0} is infinite, the
morphism is prolongeable in @ and defines a unique infinite word say x by the
requirement that all h”(a) are prefixes of x. The word x is said to be obtained
by iterating h on a, and x is also denoted by h*(a). Clearly, x is a fixed point
of h. This construction is frequently used by Axel Thue.

For Axel Thue, a word w over an alphabet of size n is #rreducible if any two
occurrences of the same word as a factor in w are always separated by at least
n—2 letters. This means that an irreducible word over two letters is overlap-free
and that an irreducible word over three letters is square-free.

2 The Thue-Morse sequence

In this section, we recall some basic properties concerning the Thue-Morse se-
quence. Other properties and proofs can be found in Lothaire [22] and Salo-
maa [34].

Let A = {a,b} be a two letter alphabet. Consider the morphism p from the
free monoid A* into itself defined by

p(a) = ab, p(b) = ba

Setting, for n > 0,
u, = p"(a), v = p"(b)

one gets
Ug=a vp=>
u; = ab v; = ba
ug = abba vy = baab

u3 = abbabaab wv3 = baababba

and more generally
Un41l = UnUn, Un41 = Unln

and

Up = Up, Un = Un

where W is obtained from w by exchanging a and b. Words u,, and v, are
frequently called Morse blocks. It is easily seen that u3, and vz, are palindroms,

67



68

and that ug,4y = v3,,;, where w™ is the reversal of w. The morphism x can
be extended to infinite words; it has two fixed points

t = abbabaabbaababbabaab - - - = p(t)

t = baababbaabbabaababba - - - = p(t)

and up (resp. vy) is the prefix of length 2 of t (resp. of t). It is equivalent to
say that t is the limit of the sequence (u,)n>0 (for the usual topology on finite
and infinite words), obtained by iterating the morphism .

The Thue-Morse sequence is the word t. There are several other characteri-
zations of this word. Let ¢, be the n-th symbol in t, starting with » = 0. Then
it is easily shown by induction that

. = [a ifdi(n)=0 (mod2)
" {b ifdi(n) =1 (mod?2)

where d;(n) is the number of bits equal to 1 in the binary expansion of n. For
instance, bin(19) = 10011, consequently d;(19) = 3, and indeed %19 = a.

As a consequence, there is a finite automaton computing the values t,, as a
function of bin(n). This automaton has two states 0 and 1. It reads the string
bin(n) from left to right, starting in state 0. At the end, the state reached is
0 or 1 according to £, = b or ¢, = a. In fact, the automaton computes dy(n)
modulo 2. Another description is given by Christol, Kamae, Mendés-France,
Rauzy in [11]. There are many generalizations of the Thue-Morse sequence,
motivated by its simplicity, and by its numerous properties. The first definition
of the sequence, by iterating a given morphism, is of course strongly related
to Lindenmayer systems (see e.g. [32]). In the case where the morphism is
uniform, that is when the lengths of the images of the letters are equal, a general
theorem of Cobham [12] shows that the sequence x obtained by iterating the
morphism can also be generated by a finite automaton working on expansions
of natural integers in some base k. An equivalent way to state this is to say
that there are only finitely many distinct subsequences (Zxrn4s)n30 for r > 0
and 0 < s < k" — 1. Let us call such a sequence automatic (more precisely k-
automatic). Another extension is by arithmetics. Consider a k letter alphabet
{0,1,...,k—1} and define an infinite word x by taking z,, to be the sum, modulo
k, of all the digits in the expression for n in base k. The Thue-Morse sequence
is then just the case k = 2. Since there is an automaton for computing z,, from
the k-ary expansion of n, there is also a uniform morphism generating x. For
instance, if £ = 3, the morphism, say pg, is given by 0 — 012, 1 — 120, 2 — 201
(this general definition was in fact already given by Prouhet, in 1851. Several
authors, such as Adler, Li [1] and Brlek [6], discuss the fact that Prouhet was
the first to mention what perhaps should be called the Prouhet sequence).

Other sequences related to the Thue-Morse sequence are obtained by count-
ing factors in the binary expansion, instead of bits. The Rudin-Shapiro [33, 38]



sequence is the infinite word x over {a,b} defined by

2 = {“ if diy(n) =0 (mod 2)
"T b ifdu(r)=1 (mod2)

where d;1(n) is the number of factors 11 in the binary expansion of n. Similarly,
in the sequence of Baum and Sweet [3], the n-th symbol is @ or b according
to whether there exists a factor of odd length containing only the bit 0 in
the binary expansion of n. Again, this sequence is automatic. Many number-
theoretic results have been given for automatic sequences. Let us just mention
the following, due to Loxton and van der Poorten [23]:

THEOREM For any automatic infinite word x over the alphabet {0,...,p—1},
the real number
2 znp"

As an example, the real number whose binary expansion is 0.011010011---
(associated to the Thue-Morse sequence) is trancendental (this was already
known before).

is transcendental.

3 Overlap-free words

As already mentioned, the Thue-Morse sequence is overlap-free. Indeed, A.
Thue proved!

THEOREM (Satz 6) The sequence t is overlap-free.

What Thue actually shows, is that a word w over the two letter alphabet
A = {a,b} is overlap-free iff u(w) is overlap-free. Thue observes that the same
result holds for circular words. More precisely, he gives the following complete
characterization of circular overlap-free words:

THEOREM (Satz 13) Every circular overlap-free word over the two letter alpha-
bet A = {a, b} is of the form p"™(ab), p"(aabd) or u"(abb) for some n > 0.

As a consequence, a circular overlap-free word has length 2® or 3-2" for
some n > 0. These results are interesting because they are related to overlap-
free squares. It is indeed easy to show that a circular word w is overlap-free iff
the (ordinary) word ww is overlap-free. Thus, Thue characterizes overlap-free
squares, a result that was discovered later also by [42]. T. Harju [19] gives a
result which is similar, but different.

THEOREM (Satz 9) For every twosided infinite overlap-free word x, there exists
a unique infinite overlap-free word y such that x = p(y).

1The mention Satz n refers to theorem n in [45]
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This gives, in some sense, a complete description of the set of overlap-free
twosided infinite words; indeed, it means that this set is a minimal set. More
precisely, recall that a dynamical system is a set X of infinite words that is
closed for the shift operator, defined by T'(x)(n) = x(n + 1), and that is closed
for the usual topology on infinite words. It is not difficult to show that x
is in X iff Fact(x) C Fact(X), where Fact(X) is the set of finite words that
are factors of some element in X. A dynamical system X is minimal if it
does not contain strictly any other dynamical system. This means that X is
equal to the dynamical system generated by any of its elements, and also that
Fact(x) = Fact(X) for any x € X.

The property that the dynamical system generated by the (twosided) Thue-
Morse sequence is minimal was explicitly proved by Gottschalk and Hedlund
[16]. As a consequence, every factor appears with bounded gaps (is recurrent,
in the terminology of M. Morse [25]). Axel Thue (Satz 11) only mentions that
every factor appears infinitely many often.

The structure of onesided infinite overlap-free words is more complicated.
Axel Thue was interested in the tree of infinite overlap-free words and tried
to characterize those overlap-free words which can be extended into infinite
overlap-free words. His main result in this direction is

THEOREM (Satz 15) Let w be an overlap-free word of w length n such that there
exist words u and v of length 8n with the property that uwv is still overlap-free.
Then any overlap-free word z of length 26n contains w as a factor.

In the proof of this result, he shows that the word = contains a Morse block
which contains w, and he concludes that w is indefinitely extensible in both
directions. An explicit description of the tree of infinite overlap-free words by
means of a finite automaton was given by E. D. Fife and deserves a mention.

Fife defines three operators on words, say a, 8, v, and he shows that every
overlap-free infinite words is the “value” of some infinite word f in the three
operators, provided the word f is in some rational set he gives explicitely. To
be more precise, let X,, = {u,,v,} be the set of Morse blocks of index n and let
X =Up>oXn- Any word w € A*X; admits a canonical decomposition (z,y,7)
where y is the longest word in X such that w = zyj. It is equivalent to say
that (z,y,7) is the canonical decomposition of w if §y is not a suffix of z. As
an example, the canonical decomposition of aabaabbabaabd is

(aaba, abba, baab)
and the decomposition of abaabbaababbaabbabaab is
(abaabd, baababba, abbabaab)

The three functions «, §,v : A*X; — A*X;, acting on the right, are defined as
follows for a word w € A*X; with canonical decomposition (z, y, §):

weo = zyy- o= 2yyyyy = wyyy



w-B = 2yy-f = 2yyyyiy = wyysy
wey = 2yy-y = 2yyyy = wyy
Since w is a prefix of w- @, w- B, and of w - v, it makes sense to define w - f by

induction for all “words” f in B*, with B = {e, 8,7}. By continuity, w - f is
definde also for infinite words f. Here are some examples:

ab - a = abaabd

ab - § = ababba
ab - v = abba
ab-y" =t

aab - a = aabaadb = a(ab - a)

ab - afy = abaababbabaababbaabbabaad

Observe that the last word contains an overlap. Note also that, for w € A* X
and f € B*, one has p(w- f) = p(w) - f = w-vf. A description of an infinite
word x starting with ab or aab is an infinite word f over B such that x =ab-f
or x = aab - f, according to x starts with ab or aab.

PROPOSITION Every infinite overlap-free word starting with the letter a admits
a unique description.

Let
F=B*-B"IB*

be the (rational) set of infinite words over B having no factor in the set

I = {a, F}(v*)*{Ber, 7B, a7}
and let G bet the set of words f such that Sf is in F'. Then:

THEOREM (Fife’s Theorem) Let x be an infinite word over A = {a, b}.
(i) if x starts with ab, then x is overlap-free iff its description is in F';
(i) if x starts with aab, then x is overlap-free iff its description is in G.

A direct consequence is the following

COROLLARY An overlap-free word w is the prefix of an infinite overlap- free
word iff w is a prefix of a word ab - f with f € W or of a word aab - f with
Bf € W, where W = B* — B*IB*.

This implies in particular a result of Restivo and Salemi [30], namely that it is
decidable whether an overlap-free word is extensible into an infinite overlap-free
word. Another consequence of Fife’s description is the following

COROLLARY The Thue-Morse word t is the greatest infinite overlap-free word,
in lexicographical order, that start with the letter a.

Indeed, the choice of the letters «, 8, et v implies that if f < f’, then ab-f <
ab-f'. The greatest word in F is v, and this shows the corollary. A. Carpi [8]
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has developed a description for finite overlap-free words by means of a finite
automaton. Unfortunately, his automaton is rather big (more than 300 states).

There is another property that singles out the Thue-Morse word (and which
was rediscovered and generalized by P. Séébold [37]). Call a morphism overlap-
Jfree if the image of an overlap-free word is always overlap-free.

THEOREM (Satz 16) Let h be an overlap-free morphism. Then there is an integer
n such that h = p™ or h = wo p”, where = is the morphism that exchanges the
two letters of the alphabet.

Thus, the infinite words t and t are the only infinite overlap-free words
generated by iterated morphisms.

Since overlap-free words have a strong structure, it seems natural to count
them. The first result is due to Restivo and Salemi [30]. They prove that the
number 7, of overlap-free words over two letters grows polynomially in n (in
fact slower than n*). Kobayashi [21] has used Fife’s theorem to derive the lower
of the more precise bounds for 7, :

THEOREM There are constants C:1 and C3 such that
Cin® < Tn < Cznp

where & = 1.155... and f = 1.5866.. ..
One might ask what is the “real” limit. In fact, a recent and surprising result
by J. Cassaigne [10] shows that there is no limit. More precisely, set
o =sup{r|3C > 0,Vn,v, > Cn"}
and
B’ = inf{r | 3C > 0,Vn,v, < Cn"}
Then

THEOREM One has 1.155 < o/ < 1.276 < 1.332 < #’ < 1.587.

This is to be compared with the situation for square-free words. Indeed,
Brandenburg [5] proved that for the number ¢(n) of square-free words of length
n over three letters, there are constants ¢; > 1.032 and c; < 1.38 such that
6¢? < ¢(n) < 6¢3. Brandenburg also proved that the number of cube-free words
over two letters grows exponentially.

4 Square-free words

4.1 First examples

It is easily seen that the only square-free words over two letters are a, b, ab,
ba, aba, bab. However, there exist arbitrarily long square-free words over three
letters, and by a simple argument, there exist infinite square-free words over



three letters. Historically the first inﬁrﬁte square-free word was given by Thue
in his 1906 paper. It is over four letters, and it is obtained by iterating the
following morphism h, starting with the letter a:

a +— adbch
b ~— abdcdh
¢ +— abecdd
¢ +— abcbd

Thue explains his construction as follows : take a square-free word over three
letters, here abcb, and interleave it with the letter d. This gives the morphism.
The proof is not very difficult.

In the same paper, Thue gives another infinite square-free word, over three
letters. The word is by iterating the following construction: given a square-free
word w over A = {a, b, c}, build a(w) by replacing each letter a by abac, each b
by babe, and each ¢ either by beac or by acbe, according to the letter preceding
cin wis a or b. Starting with a, one gets an infinite word

abacbabcabacbcacbabcabacbabecacbeabacbabe - - -

which he shows to be square-free. Although the definition is not by a morphism,
the construction is very close to it. There exist several ways to formulate it
differently: in fact, one has a fourth letter hidden in the description, which
appears when we note differently a letter ¢ preceded by an a and a letter ¢
preceded by a b. The four letter word thus obtained is generated by a morphism,
and at the end, the two variants of the letter c are identified.

In the 1912 paper, Axel Thue gives a morphism for generating an infinite
square-free word over three letters. The morphism is the following (Satz 18):

a +— abcad
b — acabcd
¢ ~— acbcacdh
This morphism seems to be rather complicated. Its size, i. e. the sum of the
length of the images, is 18. It has been shown by A. Carpi [7] that this is
the best bound : every morphism over three letters that preserves square-free
words has size at least 18. (See also the discussion in [4].) However, there is a
simpler morphism that generates a square-free word (starting with a) given e.g.
by Hall [18], namely
a — abe
b — ac
[+ — b

This mophism does not preserve square-free words, because the image of aba is
abcacabe.
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4.2 A Classification

Since every twosided infinite square-free word x over three letters a, b and ¢ is
some product of the six words in the set

X = {ab, abc, abed, ac, ach, acbe}

Thue studies a classification according to words of X that appear in x. It is
quite remarkable that he achieves a classification of those square-free infinite
words that contain exactly four of the six words in X. After some discussion,
he reduces the 15 cases (two words lacking among six) to the following three
cases :

aca and bch )
aba and aca (009)
aba and bab (111)

are missing in the infinite word under consideration. In order to describe these
three families, he gives some “parametrization”, and as we will see, reduces
them to minimal dynamical systems.

Consider first square-free words of type (I), i. e. without occurrences of aca
or beb. Define a morphism h from A = {a, b, ¢} into B = {a, §} by

e —~ «
b — ofp
c — af

Then the following holds

THEOREM (Satz 20, 21) Ifx is a square-free infinite word of type (I), then h(x)
is overlap-free. Conversely, for every overlap-free word y, there exists a unique
word x such that h(x) =y, and x is square-free of type (I).

Thus, the square-free words of type (I) are described by the (minimal) set
of overlap-free words over two letters. For the two other types, the situation is
slightly more involved (and the proofs are more difficult). First, Thue observes
that the cases (II) and (III) reduce one to each other. Any word x of type (II)
is uniquely decomposable as a product of words in the set {ca, cb, cab, cba}. Let
s be the substitution defined by

ca — abe

ch — ach
cab +— abcd
cba — acbe



For a word x of type (II), the word y = s(x) is of type (III), and conversely,
every word y of type (III) is of this form. Thus, it suffices to describe square-
free words of type (II). For this, Thue introduces a new, five letter alphabet
{A, B,C, D, E}, and a morphism h : {4, B,C, D, E}* — {a,b,c}" defined by

A +— abcbacbecacbabeache
B +— abcbacbe

C +— abcbacbecach

D +— abcbabecacbe

E +— abcbabeach

Finally, he defines a set of words

W = {AB,AD,BA,BC,CA,CD,CE,DB,DE, EC,ED,
BEB,EBE,DAC,DCBD,CBDC}

In order to state simply the next theorem, let us denote by ) the set of twosided
infinite square-free words over the five letter alphabet {4, B,C, D, E'} that have
no factors in W. Then Thue proves

THEOREM (Satz 26) The set of twosided infinite square-free words of type (II)
is the set of words of the form h(y) fory in Y.

This theorem seems to be a little disappointing, since a rather simple de-
scription of three letter square-free words is replaced by a cumbersome and
complicated family Y of words over five letters. However, this family has an
important property: let @ be the morphism from {4, B,C, D, E}* into itself
defined by

A — BDAEAC
B — BDC

C — BDAE

D —~ BEAC

E — BEAFE

THEOREM (Satz 23,24) The morphism « is a bijection of the set J onto itself.

Thus, as before, the set ) is a minimal dynamical system.

A full description of the tree of square-free words, like Fife’s description for
overlap-free words, is not yet available. Shelton and Soni have investigated this
tree [39, 40, 41). They have shown in particular that the set of infinite square-
free words over three letters is perfect. Roughly speaking, this means if x is
any square-free infinite word, then for any prefix p of x, there are infinitely
many infinite square-free words that have p as prefix. They show also that it is
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decidable whether a square-free word p of length 7 is a prefix of some infinite
square-free word, and their procedure is “uniform”: There is a constant K such
that if there exists a word ¢ of length n 4+ Kn%/2 such that pq is square-free,
then p is the prefix of some infinite square-free word.

4.3 Repetitions

As already mentioned, Thue calls a word on n letters irreducible if every fac-
tor zyz verifies [y| > n — 2. A more general concept, first considered by F.
Dejean [14], is to require that the length of the word y separating the occur-
rences of z is bounded from below by the length of z (times some factor). More
precisely, we call repetition a word zyz with z non empty, and indez of this
repetition the quotient |y|/|z|. We are looking for words where all repetitions
have high index. F. Dejean has proved that there exists an infinite word over 3
letters that has only repetitions of index greater or equal to 1/3, and she also
shows that this bound is the best possible. Call repetition threshold the smallest
number pi such that there exists an infinite word over k letters that has only
repetitions of index greater or equal to p;. Thus, Dejean’s result may be stated
as : p3 = 1/3. She conjectured that ps = 3/2, a result proved by Pansiot [27],
and that pr = k— 2 for k > 5. The conjecture was proved up to 9 by Moulin-
Ollagnier [26]

5 Avoidable patterns

The overlap-freeness of the Thue-Morse sequence, and the square- freeness of
the other words we have presented can be expressed in the more general frame-
work of avoidable and unavoidable patterns in strings. This concept has been
introduced in the context of equations defining algebras. Certain unavoidable
words have been used e.g. in [35] to characterize those finite semigroups S that
are inherently nonfinitely based, in the sense that S is not a member of any
locally finite semigroup variety definable by finitely many equations. It may
be noticed that Axel Thue replaces his research on repetitions in strings in an
even slightly more general context, since he considers avoiding patterns with
constants. However, he has not stated results in this specific framework.
Consider an alphabet E of “pattern symbols”. A word e over E is a pattern.
A pattern e is said to occur in some word w € A* if there is a nonerasing
morphism A : E* — A* such that h(e) is a factor of w. A pattern e is avoidable
over k letters, or is k-avoidable, if there is an infinite word x over k letters such
that e does not occur in x. The Thue-Morse sequence shows that the patterns
aaa and ababa are 2-avoidable, and square-free infinite words show that aa is
3- avoidable (but not 2-avoidable). Avoidable and unavoidable patterns have
been studied by several people (Zimin [48], Schmidt [36], Bean, Ehrenfeucht,
McNulty [4], Roth [31], Cassaigne [9], Goralcik, Vanicek [17], Baker, McNulty,



Taylor [2], Crochemore, Goralcik [13]).

Problems which have been stated, and partially solved, include the follow-
ing: given a pattern e, is it avoidable or not ? There is a nice algorithm in [4],
and basically the same in [48], to decide whether a pattern is avoidable. The
complexity of their algorithm is at least exponential. P. Roth (personal com-
munication) recently has proved that the general problem is N P-complete.

For a pattern e, denote by a(e) the number of distinct letters occurring in
e. Every pattern e such that |e| > 2°(¢) is in fact avoidable, and this is the best
possible bound because there exists an unavoidable pattern of length 2" — 1
over an n letter pattern alphabet. The next problem is to determine, for some
unavoidable pattern e, the size p(e) of the smallest k such that e is k-avoidable.
The first word that is 4-avoidable but not 3- avoidable has been given by [2].
Upper bounds of g, as a function of « are also given there. Recently, Roth [31],
Cassaigne [9], Goralcik, Vanicek [17] have solved the problem of determining all
the 2-avoidable binary patterns.
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ARBRES, ARBORESCENCES ET
RACINES CARREES SYMETRIQUES.

PIERRE BOUCHARD, YVES CHIRICOTA, ET GILBERT LABELLE

31 mars 1992

1. INTRODUCTION

Soit C le corps des nombres complexes et A ’ensemble des espéces atomiques
(3 isomorphisme prés). Etant donnée une espéce F' € C[[A]], I’équation G® = F
n’a pas toujours de solution G dans C[[A]]. Par exemple, ’équation G = X n’en
a pas dans C[[A]]. Si toutefois il existe une espéce G qui satisfait 1’équation, on
Pappelle une racine carrée de F. Le contexte des espéces nous permet de généraliser
la notion de racine carrée en introduisant la racine carrée symétrique d’une espéce
qui se définit comme suit:

Définition 1.1. Soit G € C[[A]]. On dira que F est une racine carrée symétrique
de G st ’équation suivanie est vérifide:

Ey(G)=F.

Dans le cas d’une racine carrée symétrique, on trouve toujours une solution
comme nous le verrons & la section 3. Cette notion trouve une belle application
en nous permettant de montrer qu’a une transformation affine prés, ’espéce des
arborescences est la racine carrée symétrique de 1’espéce des arbres.

Nous terminerons en donnant quelques généralisations et directions pour des
recherches ultérieures.

2. SUBSTITUTION GENERALE DANS L’ESPECE FE,

Il est possible de munir ’ensemble des espéces moléculaires (&4 isomorphisme
prés) d’un ordre total. Dans un premier temps on peut ordonner ces derniéres par
degré et ensuite décréter un ordre total sur les espéces de méme degré. Par exemple,
voici Pordre total que nous utiliserons pour les espéces moléculaires de degré < 4:

1< X< Ey<X?’<E3<Cs< XE,< X3
< Eys< Ef < E3(E;) < XE3 < E2
< PPi¢ ¢ C, < XC3 < X2E5 < Ey(X?) < X1

Nous noterons M P’ensemble des espéces moléculaires muni d’un ordre total qui
prolonge I’ordre ci-dessus.
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Nous utiliserons la proposition suivante qui est une généralisation d’une formule
de substitution de Yeh [15],[16] au cas ol ’espéce substituée est & terme constant
quelconque.

Proposition 2.1. Soit G= Y gyM, alors

MeM
2
O BO)=Y B+ Y ( )M2+ S 0r0qPQ.
MeM Mem \IM Pﬁ(eéw

Notons que puisque I’espéce E5(X) est polynomiale, il est possible d’y substituer
une espéce & coefficient constant non nul [7]. En particulier, on a que Ey(1) = 1.

3. RACINE CARREE SYMETRIQUE

Nous débutons avec la proposition centrale qui nous renseigne sur I’existence de
solutions G de E3(G) = F étant donnée F' € C[[A]].

Proposition 3.1. soit F € C[[A]] dont la décomposition en espéces moléculaires
est F=3 "y S M. Alors

(1) Si le terme constant f, de F est différent de 0 ou de —1/8, alors il eziste
dans C[[A]] deuz solutions G de I’équation Eo(G) = F.
(2) Sile terme constant fy de F est —1/8, alors il eziste dans C[[A]] une seule
solution G de I’équation E5(G) = F.
(3) Si le terme constant f, de F est 0, alors
o il eziste dans C[[A]] une seule solution G de Iéquation Ey(G) = F
dont le terme constant g, soit non-nul: ce terme constant est alors
9= _1;
o il eziste dans C[[A]] au plus une solution G de I’équation E3(G) = F
dont le terme constant g; soit nul.

Démonstration: Cherchons les coefficients gpr (pour tout M € M) tels que si
onpose G =3 40 \4 g M, alors E5(G) = F.

En utilisant la proposition 2.1, on trouve

Ey(G) = Ey() gnN)

Nem
—_ gN 2
= Y owEm+ T (2)1\/ + Y 0reqPQ
NeM NeM P,QeM

P<Q
= g1+ ngg(X) + gEgEz(Ez(X)) + gszg(Xz) +...

9 9x 2 9E(X) 2 gx2 4
+(2)+(2)X +( < )EQ(X) +( x )X .

+919x X + 919x2 X% + 198, E2(X) + . ..
+ngE2XE2(X) + gxgsz3 +...

+...
2 = > fuM

MeM



Montrons par récurrence (en considérant ’ordre sur M décrit plus haut) que la
donnée des fir détermine les solutions en les gar. En comparant les coefficients
constants de chaque membre de (2) et en isolant g;, on trouve

-1xv1+4+8f
2 )

g1 =

donc & priori g; peut prendre deux valeurs distinctes sauf dans le cas ou f; = —1/8
ol g; ne peut prendre que la valeur —1/2. Supposons pour le moment f; # 0.
Alors g; # 0. En comparant cette fois les coefficients de X on trouve gxg; = fx.
Ce qui permet de trouver gx = fx/g:1.

Fixons maintenant M € M et supposons que si M; < M alors la valeur de M,
est complétement déterminée pour une valeur choisie (ou imposée si aucun autre
choix n’est possible) pour g;. Il faut calculer gpr. Trois cas se présentent.

Premiérement, M est de la forme M = E3(N). Dans ce cas, il est clair que
N < M car le degré de N est plus petit que celui de M et ’ordre total se fait en
premier lieu d’aprés le degré. Donc g est complétement déterminé et en comparant
les coefficients de M dans I’équation 2, on trouve que gn + g19pm = far- Ainsi,

_fM—gnN
g1 ’

gMm

Deuxi¢émement, M est de la forme M = N2. Dans ce cas on trouve

_ (9~ .
fu= (2)+g19M+ >, greq
PQ=N?
1<P<Q<N?
Ici aussi on peut utiliser I’hypothése d’induction pour conclure que gpr est com-
pléetement déterminé. Il suffit pour cela d’isoler gpr ci-dessus. On trouve
_ %
M = -,
91
ou ¢; ne dépend que des T tels que T'< M.
Troisiémement, si M n’est pas de 'une des deux formes précédentes, alors

fu=qgm+ )Y, gpgq,
1<P<Q
PQ=M
ce qui nous permet d’écrire gpr = %’, ou ¢, ne dépend que des T tels que T' < M.
Dans le cas f; = 0, la seule possibilité non-nulle pour g; est g1 = —1 et le
raisonnement ci-dessus nous conduit & une unique solution G. Par contre, si on
cherche une solution avec g; = 0, la comparaison des coefficients dans (2) nous
permet de conclure que

3) Ium = fE.(M),

le choix des gpr est donc forcé, ce qui montre qu’il y a au plus une solution G de
E,(F) = G. En plus de la relation 3, d’autres relations possiblement contradictoires
avec 3, peuvent s’ajouter, ce qui fait qu’il peut ne pas y avoir de solution. C’est le
cas par exemple si F = X. 1

83



84

o
Etant donnée F, il est donc facile de calculer explicitement les valeurs de g en
fonction des far et de g, si g1 # 0. Remarquons que si M est atomique et n’est

pas de la forme E3(N), alors gy = fm/g1. Quelques calculs montrent que

glez fx
2 gl
2
gx2 = 20 fx2 — f% +91fx
291
fEs
Es = —
9Es g1 ’
_ g3 fxE, — 91fxfE, + fx
9XE; =
91
fe
o
axs = 2% fxs — 203 fx fx2 — 1% + %
X 243 '

S . . Py
Nous noterons \/F: ) I’ensemble des racines carrées symétriques de F'. Il est
intéressant de noter que I’espéce X des singletons admet une unique racine carrée
symétrique dont les premiers termes sont donnés par

—1— X — Ex(X) + X? + XE3(X) — X3 — Ea(Ea(X))
+Ea(X)? — 2X2E3(X) + Ba(X2) + - - .

4. ARBRES ET ARBORESCENCES

Nous allons maintenant voir comment la racine carrée symétrique permet de
relier les arborescences et les arbres. Pour ce faire nous utiliserons la formule de
dissymétrie pour les arbres due a Leroux [14] et Leroux-Miloudi [3] énoncée plus
bas. Notons A I’espéce des arbres et A celle des arborescences. Les premiers termes
de la décomposition moléculaire de ’espéce des arbres sont les suivants

A=X+Ey+ XE;+ Eo(X?)+ XEs+ XE2(X?)+ X®Ey+ XEs + - --
L’espéce des arborescences quant 4 elle se décompose comme suit:
A=X+ X2+ X34+ XE, +2X* + X*Ey + XE3 + ---

Définition 4.1. Soit F € C[[A]]. On définit une nouvelle espéce que l’on note F'*
en posant F* = XF'. On dit que F* est oblenue de F' en pointant les F-structures.

Remarque 4.2. On a évidemment A = A® puisque les arborescences sont préci-
sément les arbres pointés.

On trouvera la démonstration de la formule suivante dans [14],[3]. Elle a été
étendue par G. Labelle dans [10] au cas des arborescences et arbres enrichis (voir

- aussi [11],[8]).
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Proposition 4.3. On a lidentité suivante (formule de dissymétrie pour les ar-
bres):

) A+ A% = A+ Ey(A).
1

En fait, dans C[[A]], on peut écrire cette formule sous une forme équivalente
comme le dit la proposition suivante.

Proposition 4.4. L’identité (4) est équivalente &
(5) Ey(1-A)=1—A.

En d’autres termes, Despéce (virtuelle) 1 — A est une racine carrée syméirique
de Uespéce 1 — A. Plus ezplicitement, on peut écrire

1- AevT=&®.
Démonstration: En utilisant la proposition 2.1, on a que
E;(1— A) =1— (A - A% 4+ Eqy(4)),
donc, en utilisant (4), on trouve
E;(1-4)=1-A.
1

Remarque 4.5. Notons que l’espéce 1—A posséde deuz racines carrées syméirigues,
car dans ce cas le coefficient constant est non nul. Toutefois un calcul monire que
la seconde racine est en fait une espéce rationnelle:

2
On ne connail pas encore d’interprétation combinatoire évidente pour cette racine.

1 3 1
2 =X+ ZE( X))+ —=X2+ .-
+ +3 2 ( )+16 +

Remarque 4.6. La proposition 4.4 monire qu’on peut pointer algébriqguement les-
péce des arbres sans utiliser la formule différentielle usuelle: F* = XF'. Elle
permet aussi d’exprimer la décomposition moléculaire des arbres en fonction des
arborescences.

Remarque 4.7. On a A= A* = XA' et A= XE(A). D’oi A' = E(A). Il s’n
suit que A € [ E(A), ou encore que A = [, E(A) + W od W est tel que W' =0
(voir [2]) oi [, désigne Vintégrale virtuelle de Joyal [5]. On a donc d’une part,

/, E(A)+W
XE(A) - Ey(X)E(A) + Es(X)E(A)" — E«(X)E(A)" + -+ W
A - Ey(X)E(A) + E3s(X)E(A)" — E«(X)E(A)" + ---+ W.

A

D’autre part en utilisant (4), on trouve que

W = Ea(A) — A% + Ey(X)E(AY — Es(X)E(A)" + Ea(X)E(A)" + -
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On vérifiera que l’on a bien W' = 0. ]

5. CONCLUSION

Il est possible d’écrire des formules du type (1) pour les espéces E, et C,
(n = 3,4,5,---) (cf [11]). Ceci permet de généraliser la notion de racine carrée
symétrique. Dans le premier cas on parlera de racine n® syméirique, dans le deux-

. . . , N—Ci .
iéme cas de racine n® cycligue. Dénotons par V/F ) I’ensemble des solutions de

E,.(G) = F et par {‘/F(C) ’ensemble des solutions de Cn,(G) = F. Un prolongement

3 . . . e B4 n S
naturel du présent travail serait de chercher si certains éléments de /1 — A ) o

de ¥/1- A:C) ont une interprétation combinatoire pour n > 2. Un autre prolonge-
ment naturel serait d’étudier les racines n® moléculaires d’une espéce F', c’est-a-dire
les solutions G de I’équation M(G) = F ol M est une espéce moléculaire vivant sur
la cardinalité n. L’utilisation de logiciels de calcul symbolique aidera certainement
a analyser ces types de problémes.

u
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Determinants of Super-Schur Functions
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Extended Abstract

Let x = (z1,%2,...) and ¥ = (¥1,¥2,...) be two sequences of independent variables
and ) be a partition. We denote by

sa(z1, %2, .. [Y1,Y2,- . )

the super-Schur function corresponding to X in the variables x and y. These func-
tions arise naturally in the representation theory of Lie superalgebras [6] and were
also defined, independently, by Metropolis, Nicoletti, and Rota in [8], under the
name of bisymmetric functions. Since then, they have been studied extensively and
we refer the reader to [1], [2], or [4] for their definition (they can be defined in several
equivalent ways) and further information about them.

The purpose of the present work is to give combinatorial interpretations to the
minors of the infinite matrix

S(x,y) def (s)(Z1y-- -1 Zn/Y15 -+ - Yn))mkeN -

Our main results (Theorems 1.1 and 1.3) are proved combinatorially using lattice
paths and are stated in terms of dotted and diagonal strict plane partitions, respec-
tively. They also have many applications. As special cases we obtain combinatorial
interpretations of determinants of homogeneous, elementary, and Hall-Littlewood
symmetric functions, Schur’s Q-functions, g-binomial coefficients, and q-Stirling
numbers of both kinds. Other applications include the solution of a problem posed
by Yahory in [10] and the combinatorial interpretation of a class of symmetric func-
tions first defined, algebraically, by Macdonald in [7]. Many of our results are new
even in the case ¢ = 1. Others are g-analogues of known results. Our main theorem
also has several interesting applications to the theory of total positivity. These are
treated in [3].

In order to state the main results we need to define some notation, and termi-
nology. Given an infinite matrix M = (Mni)nkeN (Where M, ; is the entry in the
n-th row and k-th column of M) and {ni,...,n.}<, {k1,..., k- }< C N we let

Nyyerey Ny de
M( bk, ) & det (M 1si i<
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Given an infinite sequence {a;};en we let
Niyeeey Ny ) def Nlyeeey Ny
a;}i A
{t}tEN(kl,...,k,-) (kl,...,k,.)

where A & (a,._k),, reN (and a; ¥oifi < 0).

A dotted partition is a partition A = (A1, Ag,..., ) where, for each i € P such
that m;(A) > 0, the rightmost occurrence of ¢ in A may be dotted. Given two
(possibly) dotted integers we will write a = b to indicate that they are equal as
dotted mtegers and a = b if they are only equal as integers (so that, for example,
2=122=2 2=23). We will also write (a + b) instead of the more cumbersome

m Given a partition A = (Ay,..., ;) a shifted dotted plane partition of shape
A is an array of (possibly dotted) posxtlve integers ™ = (0 ;)1<i<r,i<j<i+ri—1 Where
each row is a dotted partition and m;; > miyy 4 Whenever 7;; and m;y; ; are both
defined and 74, ; is not dotted. Note that we do not require the parts of A to be
distinct. Let 7 be a shifted dotted plane partition as above. For k = 1,...,); we

let
di ()

(7'.) o Z Tiitk—1 (1)

i=1

where di () & |{i e P : Tii+k—1 > 0}], and
di(r) ¥ |{ieP : Tii+k—1 18 dotted }|.
Also, given 7 as above we let # & (Tiirgi<r;i<i<i+ri—2- We also let
() ¥ (ta(r),...,t5(),0,0,...),

d(r) ¥ (dy(x),...,dr(7),0,0,...),
and

d() ¥ (dy(7),...,dr(7),0,0,...).

Given a set of variables x = (z1,23,%s,...) and a vector d = (dy,d3,ds,...) of
integers we let
x¢ & II=%.

i1
and S(d) & (d3,ds, ...). Finally, we define the weight of 7 to be
w(r) & yd®) @ =dR)-(t(r)

Our main results are the following.
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Theorem 1.1 Let {ni,...,n:}s, {k1,.-.,kr}> € N. Then
NyyeoeyN Fmd(7)— . i
S(X7Y) ( kr,---,kll ) =in( )—=d(#)—S(t( ))yd( ) (2)

where the sum is over all shifted dotted plane partitions = of shape (n1+1,..., n,+1)
in which the i-th row has smallest part = 1 and largest part = k;+1 fori=1,...,r.

Theorem 1.2 Let {m,...,m.}<, {k1,...,kr}< € N and m,n € P, m > maz{m,,k.}.
Then

Myyee.yMy #)=d(7)— (7
{s(k)(zl’---axn/yla'--,yn)}kEN( k::.:kr ) =th( ) J( ) S(t("))yd(ﬂ) (3)

where the sum is over all shified dotied plane partitions = of shape ((n + 1)7) in
which the i-th row has smallest part = (m — k; + 1) and largest part = m — m; +1,
fori=1,...,r.

Since the minor in the last theorem is just the skew super-Schur function correspond-
ing to the skew shape (m—my+1,...,m—m,+r)/(m—k +1,...,m—k,+r), this
theorem gives a combinatorial interpretation for these skew super-Schur functions.
Other combinatorial interpretations have been obtained by Berele and Regev [2],
Balantekin and Bars [1], Dondi and Jarvis [4], and Stanley [9].

It is also possible to state the preceding results in terms of diagonal strict plane
partitions (i.e., plane partitions in which parts decrease strictly along each diagonal,
from upper left to lower right). Let T be a shifted ( or skew) plane partition. For
i € P we let ¢;(T) (respectively r;(T')) be the number of columns (respectively rows)
of T that contain at least one part equal to i, and m;(T) be the number of parts of
T that are equal to i. We then let

o(T) ¥ (ar(T),ex(T),...),

r(T) & (ry(T),ra(T), . ),

and
m(T) & (my(T), my(T),...).

Theorem 1.3 Let {ni,...,n:}s, {k1,...,kr}> C N. Then

S(x, y) < 7]:” oo :le ) — Zym(T)—c(T) xm(T)—r(T) (y + x)r(T)+c(T)—m(T)
g e =
where the sum is over all diagonal strict shifted plane partitions T of shape (ki,..., k)

in which the i-th row has largest part < n; and > nyy1 + 1, fori =1,...,r (where

Nr41 d=ef —1)
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Theorem 1.4 Let {my,...,m,}<, {k1,...,k}c CNandm,ne P, m > maz{m,, k. }.
Then

. ‘. . mr m —cl \ -— r -m
(5@ 12011 ym) ren ( T ) = Syl D) (y o) OHelT)m(T)
cosy Ry T

where the sum is over all diagonal strict plane partitions T of shape (m—m +
Lo.oom—m,+r)\(m—Fk +1,...,m—k, +r) with largest part < n.

In the case that k; = i, for i = 1,...,r, the preceding theorem first appeared,
though without proof, in [9, Theorem 5.2].

In the second part of this work the preceding results are specialized to several
interesting cases. In particular, using the fact that

ek(yl’ cee ’yn) = S(k)(o/yly cee yn) ’

hi(z1,. .., 20) = 3(y(21, . .., 20/0),
a(1,. .., Tp50) = s (z1y. .-y Zn/ — amy,..., —azy,) (4)
and
qk(mla cee9Tnj —1) = Q(k)(xh ceey :l!,,,) )
we can interpret combinatorially several determinants of elementary and complete
homogeneous symmetric functions, Hall-Littlewood symmetric functions, and Schur’s
Q-functions. In some cases we obtain the classical Jacobi-Trudi identity, in others
analogs of it. We give two examples of such results here.
Let T = (T; ;)1gicr, i<i<i+n; be a shifted plane partition of shape (i +1,...,n.+

1). We call a part Tjj, of T, free if Tiy; > Tij > T;jp (the inequalities being
vacuously satisfied if either one of T;_; ; and T; 4, are undefined). We let

F(T)¥ (¢,7) € sh(T): T:;is free},
and call F(T) the free set of T. Given T as above we define
U(T) E {(5,4) € sh(T): (i —1,5) € sh(T), Ties; = Tij},
and call Y(T) the upper set of T.

Theorem 1.5 Let {ny,...,n,}s, {ki,...,kr}> CN. Then
(gr(21, - ., Tn; @) peN ( le:: ) = ;xm(r) ()@ (1 — DI (5)

where the sum is over all diagonal strict shifted plane partitions T' of shape (ky, ..., k)

in which the i-th row has largest part < n; and 2ni+1, fori=1,...,r (where
def
Nyl = —1)
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Theorem 1.6 Let {my,...,m,}<, {k1,...,k-}< C N and m,n € P, m > maz{m,,k.}.
Then

{gr(21, ..., Zn; @) }ren ( ",:”Z‘ ) = 3" %D (—)HD (1 - o) FD (6)
geeryir T

where the sum is over all diagonal strict skew plane partitions T of shape (m —mq+
L,....m—=m,+7r)\(m—k1+1,...,m— k. +7) with largest part < n.

Note that the symmetric function on the LHS of (6) is just the symmetric function
Sy/u(x; @) defined (in the case that g = @) by Macdonald in [7, p.116, eq. (4.5)],
where A & (m—m;+1,...,m—m,+r) and p ' (m—ky+1,...,m—k,+r). Therefore
Theorem 1.6 gives a combinatorial interpretation of these symmetric functions.

Finally, by suitably specializing our main results we can give combinatorial in-
terpretations of determinants of g-binomial coeflicients, and of g-Stirling numbers
of both kinds.

For example, using the fact that
[:]q =hn—k(1’q1q21""qk)) (7)

we can obtain the following result (where B(q) denotes the infinite matrix of g-
binomial coeflicients).

Theorem 1.7 Let {ny,...n.}s, {k1,...,k}> € N. Then

B(q) ( 7’:;:: ’ 7]:1 ) — q~n((k1+1,...,kr+l)') zT: q|T]

s 1

where the sum is over all row strict shifted plane partitions T of shape (k1+1,...,k+
1) in which the i-th row has largest part equal to n; + 1, for i =1,...,r (where for

a partition A = (A1, Az,...), n(A) oo Tis1(E = 1) X).

In the case ¢ = 1 the preceding theorem was first proved (though stated in a slightly
different way) by Gessel and Viennot [5, Corollary 11].

Given a permutation o € S, having k cycles C4, ..., Ci we let S(o) &ef {min (C}),
...,min (Cx),n + 1}, and {c®,...,oc+)}, def S(o). We say that o is written in
normal form if:

i) each cycle of o is written with its smallest element first;
ii) the cycles are written in increasing order of their first elements.

The normal representation of o is the word obtained from the normal form of o
by erasing all the parentheses. The number of inversions of o, denoted by inv(c),
is the number of inversions in the normal representation of . Given an r-tuple of
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permutations (oy,...,0,) and a partition g = (y,... ,p,') we associate to them a
shifted skew array, denoted ST, (o1, ...,0,), by letting a,(’) be its (3,2 + p; +75—1)
entry, fori = 1,...,r, j = 1,...,k + 1 (where k; is the number of cycles of a;, for
t=1,...,r). Using the fact that

C[n +1,k+ 1]9 = eﬂ-k([l]qa [2]11, teey [n]q) .

it is possible to deduce the following result ( where C(q) denotes the infinite matrix
of g-Stirling numbers of the first kind).

Theorem 1.8 Let {n,,...,n.}s, {ki,...,k}> CN. Then
C’(q) ( Ny, . ,7,:1 ) = Z Hqinv(a;)
1 (01y0emor) i=1

where the sum is over all r-tuples (01,...,0,) € Sp41 X ... X Sp.41 such that
ST (o1,...,0v) is a shifted plane partition of shape (ky +2,...,k, +2).

Theorem 1.9 Let {my,...,m.}¢, {k,...,k:}< € N andm,n € P, m > maz{m,,k,}.

Then .
{c[n+11k+1]q}keN ( ";l,-.-,;cnr ) = Z Hqinu(oi)
1y ooy Ky (01yeem0r) =1
where the sum is over all r-tuples (oy,...,0,) € (Sn41)" such that ST(oy,...,0,)

is a skew plane partition of shape (m —my +3,....m —m, +r +2)\ (m — k; +
1L,...,m—k. +r).

Let m,n € P, m < n. Given a partition 7 = {B,, ..., By} of [m,n] into k blocks
we let S(r) ¥ {max (B,),..., max(B;),m—1} and {7r(1) . 7r(’°+1)} & S(x). Let
now 7; be the (unique) block of 7 containing 7, for i = 1 ., k. We define the
height of 7 to be the number

k
ht () & 2= 1) (Il - 1).

Given an r-tuple of partitions (y,. .., ) we associate to it a shifted array ST (71y-..7,)
by lettlng the elements of S(w;) (in decreasing order) be the i-th row of it, for
i=1,...,r, and then shifting the resulting array. Using the fact that

Sn+ 1L,k +1] = hai([1]g [2g, - - -, [k +1]).

it is possible to deduce the following results (where S(g) denotes the infinite matrix
of g-Stirling numbers of the second kind).
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Theorem 1.10 Let {ni,...,n;}s, {k1,...,k}> CN. Then
U '} i -
so (e )= T e,
Ty ey ("1 ,""ﬂr) =1

where the sum is over all r-tuples (m1,...,m,) € II([ny +1]) x ... x I([n, + 1]) such
that ST(my,...,n,) is a shifted plane partition of shape (k1 +1,...,k +1).

Theorem 1.11 Let {my,...,m.}<, {k1,...,k }< C N and m, k € P, m > maz{m,,k,}.

Then )
{S[n+1,k+1]3}nen ( n’:::;r:, ) = E HQM("")

(1 goueymry) =1

where the sum is over all r-tuples (wy,...,7,) € ([m—ki+1,m—m;+1]) x... X
([m — k. + 1,m — m, + 1]) such that ST(71,...,,) is a shifted plane partition of
shape ((k + 2)7).

The last four results are new even in the case ¢ = 1.
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ABSTRACT

We present a simple combinatorial rule to expand the plethysm s(a3)[pn] of 2 Schur
function of hook shape s(;a4) and a power symmetric function p, as a sum of Schur
functions. As an application of our rule, we derive explicit formulas for the expansion
of the the plethysms 8;[3(1a3)] and 8y2[s(1a5)] as a sum of Schur functions.

One of the fundamental problems in the theory of symmetric functions is to find a combi-
natorial rule to find the expansion of the plethysm of two Schur functions s,[s,] as a sum of
Schur functions. Let A™ denote the space of homogeneous symmetric polynomials of degree
n. Then given symmetric polynomials with integer coefficients, P € A" and @ € A™, we
can formally define the plethysm P[Q)] as follows. First write @ = 3, a,z* where @, is an

integer and if @ = (0, @z, ...), then z* = 27232 ... . Then define

2(a) = [(1 + o) | )
and for A = (A1,..., Ae),

e?(m) = ef\)1 (2)... e?k(x). (2)

Here given a series f(t), f(t) | denotes the coefficient of ¢" in f(t). Next since P is
symmetric, we can express P in terms of the elementary symmetric functions ex(z),

P(2) = ¥ cxea(0). , 3)

An
Then by definition,
P[Q] =Y cxed(z) 4)

Abn
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It is easy to see that if Q = ¥, a,2* and a, is nonnegative for all a, then P[Q)] is
nothing but the symmetric polynomial which results by substituting the monomials of Q
for the variables of P. Thus for example, let CS(g) = {Ti(g), T2(s), ...} denote the set of
column strict tableaux of shape y and use the usual combinatorial definition of 3, as

su(@)= ) o (%)
TeCS())
where 27 = [T;z™® and m;(T) equals the number of occurences of i in 7. Then
aa[su)(z) = ax(zB W), W) ) (6)

The notion of plethysm goes back to Littlewood (ref. [6]). The basic problem of plethysm is
to find the coefficients ay,, where

sx[su] = E xSy )

It is known that ay,, are nonnegative integers. That is, let S, denote the symmetric
group on n letters and given a partition A of n, let Uy denote the irreducible S,-module
corresponding to A. Let U$" denote the n-fold tensor product of U, where p is a partition of
m. Then the wreath product of S, with S, Su(Sm), acts naturally on Uy ® Uf’" and ay,,
is the multiplicity of U, in the S,.,,-module which results by inducing the action of S,(S,)
on U @ UP" to a representation of Sn.m. See (ref. [5]) and (ref. [8]) for details.

The problem of computing the coefficients @) has proved to be very difficult. Es-
sentially, there are explicit formulas for a@)up only when ) is a partition of 2, 3, or 4 and
# = (m). Most algorithms for the computation of ay,,, reduce the problem to the problem
of multiplying Schur functions and finding explicit expansions of s,[pi] where pr = ¥, z¥ is
the power symmetric function. That is, the following properties of plethysm hold.

(Pl iPz)[Q] =P1[Q] iPz[Q] (8)
(Pr- P)[Q] = A[QIP[Q] 9
7a[Q] = Q[py] (10)

sa[P-Q] = XA:SA[P]SA[Q] (11)
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s\[P + Q] =3 sulPlsxu[Q] (12)

)

sxls,] = { salsw] if |p| is even (13)

sxlsy] if |p| is odd
where for any sum Y ¢,s,, (¥ ¢,s,) denotes the sum ¥ c,s,» and v’ denotes the conjugate
of v. Given (8)-(10), it follows that since

A
_ X(e12amon) P1yOH | Pnyan
A= a1!--'a,.! (1) (n) (14)

ai+2az+-+nan=n
where xz\la,za,,,_na") denotes the value of the irreducible character of S, corresponding to A
at the conjugacy class corresponding to the partition (1%:2°2 - --n*»), then
an

A o s
sl= T Hmmencph e ()

ar+2az++nan=n
Hence since we can compute xi‘la,za,,.,nan), we can reduce the calculation of s)[s,] to the
problem of multiplying Schur functions if we had a way to compute

sulp] = ;d",ksu (16)

or even the special case of (16),

S(n)[pk] = 2 d(n)'ks,,. (17)

Now there are algorithms to compute the coefficients d}, , given by Chen, Garsia, and
Remmel (ref. [2]) which we shall describe later. Moreover, there is a particularly simple
algorithm due to Chen (ref.[1]) to compute the coefficients df,) ;. (A similar algorithm for
computing df,), had been given by Duncan (ref. [3]))- To describe Chen’s algorithm, we
need to define the notion of special and transposed special rim hook tabloids. Given a
Ferrers diagram )\, a rim hook h of ) is a consecutive sequence of cells along the North-East
boundary of A such that any two consecutive cells of & share and edge and the removal of
the cells of A from )\ results in a Ferrers diagram corresponding to another partition. We let
(k) denote the number of rows of k and ¢(k) denote the number of columns of h. We say
that h is special if h has a cell in the first column of A and k is transposed special (t-special)
if h has cells in the first row of A. For example, figure 1(a) pictures all special rim hooks of
A = (2,2,4) and figure 1(b) pictures all ¢-special rim hooks of A = (2,2,4).
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(a)

(b)

[1 T | | I |

This given, a rim hook tabloid T of shape A and type p = (p1,...,p1) is a filling of the
Ferrers diagram of y with rim hooks (hy, ..., ht) such that (|hy],..., |kk|) is a rearrangement of
(#1,- - -, i) where |h;| denotes the number of cells of h;. To be more precise, one can think
of a rim hook tabloid T' as a sequence of shapes {¢ = A® c AV c ... c A®) = A} such
that for all i > 1, A /A6=1) is a rim hook of AG) and (]AMW /XO@|, |A@ /AW, .| [AG) /AG=1)))
is a rearrangement of p. T is called a special (t-special) rim hook tabloid if for all § > 1,
A /A6-1) is a special (t-special) rim hook of A(). The sign of T, sgn(T), is defined by

sgn(T) = [ sgn(X®/A-) (18)

where if h is a rim hook,

sgn(h) = (-1)"®-1, (19)

We emphasize however that the rim hook tabloid T of shape ) is the filling of the Ferrers
diagram and is not the sequence of shapes {¢ = A® c AV c ... c A(H) = A}. That is,
figure 2 pictures a rim hook tabloid T of shape A = (2,2,4) and type (2,3,3) whose sign is
(=1)*71(=1)>"1(-1)*~! =1 and gives the two sequence of shapes that can be associated to
it. Of course, if T' is a special rim hook tabloid or a t-special rim hook tabloid, then there is
a unique sequence of shapes {¢ = A® C A® C ... c A®) = )} that can be associated to T.

Figure 2

-
1

T = -

{#C(1,2) C(2,2,2) € (2,2,4)} = {6 C (1,2) C(1,4) C (2,2,4)}.

Let SRHT(A, p) (t-SRHT(A, p)) denote the set of special (¢-special) rim hook tabloids
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of shape X and type p. Note that if p = (k") for some r, then there can be at most 1 special
(t-special) rim hook of shape A. This given, Chen’s algorithm can be stated as

Y { sgn(T) if there is a t-special rim hook tabloid T of shape v and type (k")

d =
).k 0 otherwise

(20)
Thus to compute s,[pi], we need only generate all ¢-special rim hook tabloids T of type
(k™) and replace each such T by sgn(T)s.ucr) where sh(T') denotes the shape of T'.
For example, figure 3 pictures all ¢-special rim hook tabloids of type (3?) where instead
of drawing a Ferrers diagram, we have indicated the cells of the Ferrers diagram by dots.

Figure 3

i 1. L.

1ol leoee coovee

Thus s;[ps] = 3(23) — 8(1,2,3) + 3(12,4) + 3(33) — 3(1,8) + S(e)-

The main purpose of this paper is to give an extension of Chen’s algorithm to compute
the plethysm of a power symmetric function and a Schur function of hook shape. That is,
we shall give an algorithm to compute 3(1a4)[px] where a + b = n. To this end, we define
a rim hook tabloid T = {¢ € AW C --- € A® = X} to be bispecial if for all i > 1,
A©/X6-1) js either a special rim hook of A®) or A /A(=1) is a t-special rim hook of A(). We
then say that T is a (1°,b)-bispecial rim hook tabloid of type (k) if among the rim hooks
A@ /20 2@ /2@ [ AF) /A1) there are exactly @ special rim hook and b-1 transposed
special rim hooks. That is, in T', the number of special rim hooks is the length of the first
column of (1%,5) and the number of #-special rim hooks is the length of the first row of (1°, )
where we count the first rim hook A® /() as both special and t-special rim hook. Then our

main result is the following.

Theorem 1
dija gy = 3" sgn(T) (21)
T

where T runs over all (1°,b)-bispecial rim hook tabloids of shape v and type (k**b).

We shall also prove that
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Proposition 2 If Ty and T; are bispecial rim hook tabloids of shape v and type k®+®, then
sgn(Ty) = sgn(Tz).

Thus there is no cancellation on the right hand side of (21) so that as with Chen’s algorithm,
to compute s(1a,4)[px] we need only generate all (1°,b)-bispecial rim hook tabloids T of type
(k") and replace each such T by 3gn(T)sen(r). For example, figure 4 pictures all (1,2)-
bispecial rim hook tabloids of type (23).

Figure 4

! ! .
lee 3100

: [ o (o J
>0 -0 -0 -0 oo

Thus s,5)[po] = ss.2) = 33,22) + 8(29) = 3012,0) + 3(2.9) — 333)-
The motivation for our result is related to the study of Schur function series, although
the proof is through a different channel. Consider the Schur function series of the form:
H1+a1.1:,-+a2m?+'-'+apzf
A T bz + byzd + - bya?

=14 E dosa(z) (22)

where p, g are positive integers, a;,b; are real numbers, and o = (1< < a)isa
partition in increasing order. In [10], we have developed a combinatorial method for evaluat-
ing the coefficients d, of Schur functions s,(z) in the above expansion. Briefly speaking, the
coefficients are calculated through the construction of certain bispecial rim hook tabloids of
shape a with restricted hook lengths which depend on the generating function on the left
hand side of (22). It is known that the series of hook-shaped Schur functions is generated
by:

1+,'
[Ii—==142 3 susam (23)

Pl a+5>0
. Hence the plethysm of the sum of hook-shaped Schur functions with the power sum sym-
metric function pi(z) is the series generated by

1+ zk
H i——z" =1 + 2Zka8a($), (24)

where if |a| denotes the size of a, then

ka = Z 8(1b’a+1)($k)|,a(z). (25)
a+bt1=|a|
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The coefficient k, can easily be obtained using the general combinatorial construction in
[10]. This lead us to conjecture Theorem 1 as a combinatorial algorithm for the Schur
function expansion for the plethysm of a single hook-shaped Schur function with the power
sum symmetric function.

We do not have the space in these proceedings to give a full proof of Theorem 1. Basically,
the proof of Theorem 1 relies on two rules which can be used to compute the general case
of plethysm of Schur functions sy[s,] as outlined in (ref. [2]), namely a version of the
Littlewood-Richardson rule for multiplying Schur functions due to Remmel and Whitney
(ref. [9]) and the SXP algorithm for computing sx[pi] due to Chen, Garsia, and Remmel
(ref. [2]). We shall end this paper with a description of the SXP algorithm and a brief
indication of how it can be used to prove Theorem 1. However before that we give a nice
application of Theorem 1 by explicitly computing the plethysm s2[s(1a,5)] and s2 [s(2e.))-

We say ) is of hook shape if A = (1°,b) for some a and b and ) is of double hook shape if
X = (1%,2',p, q) where 2 < p < q. These shapes are pictured in figure 5.

Figure 5
Hook shapes (1°,0) Double hook shapes (1¥,2',p,q)

<H-

.,

q

Let (,) denote the Hall inner product on symmetric functions. Thus (s, s,) = 6x,-

Theorem 3 Let a + b=n, X be a partition of 2n, ux = (3z[s(104)], 82), and
vy = (812[S(10,)], 82)-
Then

(@) () ux = 0if) is not a hook shape or double hook shape
(43) If A= (1%,2n — k) is a hook shape,
1 if k=2a and a is even
uy=14{ 1 ifk = 2a+1 and a is odd
0 otherwise
(s38) If A= (1%,2,p,q) where2 <p <gq
1 if g¢+p € {2b,2b+2} and £+p is even
uy=194 1 if ¢+p=2b+1
0 otherwise
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(6) (() vx=0if X is not of hook shape or double hook shape
(¢8) If X = (1%,2n — k) is a hook shape,
1 if k=2a and a is odd
=191 ifk=2a+1 and a is even
0 otherwise
(455) If X = (1%,2!,p, q) where 2 < p < q is a double hook shape, then
1 if g+p € {2b,2+2} and £+p is odd
uy =14 1 if g¢+p=2b+1
0 otherwise

Proof: First we use the fact that s; = 1(p? + p,) and s;2 = (p} — p;). Moreover, clearly
p1[sx] = s, for all X so that

1
82[s(18,8)] = 5(8(10,6)8(12,8) + S(2a5)[P2]) (26)
2

snlsen] = 5(sa=n30en) = sanlpa) (27)

Thus we need to compute s 4)3(10,5) and 8(19,)[p2]. By Theoreom 1, to compute 3(1a)[P2),

we must generate all (1%, b)-bispecial rim hook tabloids T of type (2°**). Let B(1°,b) denote

the set of all (1%,b)-bispecial rim hook tabloids T of type (2°*?). It is easy to see that if T

€ B(1%,b), then T must be of hook shape or double hook shape. Now consider a T' € B(1¢, )

of hook shape. Other than the initial rim hook of T, we must have a special rim hooks of

size 2 all of which lie in the first column of T and (b — 1) special rim hooks of size 2 all of

which lie in the first row of T'. Since the initial rim hook of T is either horizontal or vertical,
it is easy to see that there are two posibilities for such T' which are pictured in figure 6.

Figure 6
' 1
[}
a ]x! TI y ‘IT T
hooks ¢ hooks J} 2
[ o EITEE L o ] 0 0 90---0-9
—b-1— =b-1=—q
hooks hooks

sh(Ty) = (121,26 — 1)  sh(Ty) = (1%2,2b)
sgn(Th) = (-1)**! sgn(Tz) = (-1)°
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Thus if we let Iy = (s(10 5)[p2]; 51), then'if A = (1¥,2n — k) is a hook shape,

(=1)**! if k=2a+1
Ih={ (-1)* ifk=2a (28)
0 Otherwise '
Next consider the T' € B(1°%,b) of double hook shape. There are precisely two ways to
fill the 2 x 2 corner square of T' with hooks of size 2, namely z or g g Thus any such T

have one of the two forms pictured in figure 7.

Figure 7
: }
a |l a-1 ||
hooks t hooks i
oo e
’ 1 [ ]
o | H
100 1o
::;:—--:--—- *0 00 :;-_-T:---— L adard
T b-2 ' ' b-1 '
hooks hooks

It follows that the number of squares in the first two rows of T is either 2b or 2b + 2. Using
this it is easy to show that if A = (1¥,2',p,q) where 2 < p < ¢ is a double hook shape, then

(-1)*2+?  ifpiq=2b
Ih=14 (-1)/2*r-2 jfpiq=2b+ 2 (29)
0 otherwise
Note the fact that ) is a partition of 2n and p + ¢ € {25,2b + 2} automatically forces

that k is even.
Next let £y = (S(1a,5)3(19,5),92). One can show by a careful analysis of the Remmel-

Whitney rule to expand s(a)S(10,5) a8 a sum of Schur functions that we have the following.
First £,=0 unless ) is a hook shape or a double hook shape. If A = (1¥,2n — k) is a hook

shape, then

(30)

_J1 if k=2a or k=2a+1
AT 0 otherwise

Finally if A = (1¥,2*, p, q) where 2 < p < g is a double hook shape, then
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1 if p+q € {2b,2b+2}
tx=1< 2 if p+q = 2b+1 (31)
0 otherwise

If we combine the results of (24)-(27) using equations (22) and (23), then one can easily
derive the explicit formulas for u) and v,. u]

Next we present the SXP-algorithm of Chen, Garsia and Remmel (ref. [2]) to compute
su[pi] from which Theorem 1 can be derived. They show that if 4 is a partition of n, then

sulpel= Y oty SShptins () (32)
Hol++++Ix—1|=n
where
(a) the sum is to be carried out over all k-tuples of partitions Io,...,J;_, whose diagrams
are contained in p and whose sum of parts add up to n,
(b) we have
c?o.~~-,lk_1 = (310 EREJ (T 3#) (33)

and

(c) the expression SSy,,... 1,_, (=) denotes certain signed Schur function indexed by a partition
with empty k-core whose construction is best explained through an example.

For instance, in the expansion of sy;3(z®), since n=>5 and k=3, one of the terms in (a) is
that which corresponds to the triple of partitions Io = (1), I = (12), I; = (2). By using the
Remmel-Whitney rule for multiplying Schur functions (ref. [9]), we obtain

(113) —
), 12),() = 2-
To construct

58q),02),2(z),

we proceed as follows. First of all we represent (1),(12), and (2) as partitions with a equal
number of parts, that is, we write (0,1) instead of (1), (12) since it already has two parts,
and (0, 2) instead of (2). This given, we construct the circle diagram given below
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(34)

The precise rule for putting together a column of this diagram from a partition (71,42,...,%m)
is that the distance (in dots) between the st* and (s + 1) circle is given by the difference
%s41 — %5, OF equivalently the st circle is at distance (¢, + 8 — 1) from the top. That is

pictorially we have
(il, i2’ ey 2m)

0 — 1

04—i2+1

0—ip+m-—1
Accordingly, in the column labelled by (1,1) the first circle is at distance 1 from the top
and the second circle is at distance one from the first. Proceeding in the same manner for
the other two partitions we obtain the circle diagram given in (34). This done, assign to
the positions in the diagram (indicated by dots when not by circles) the labels 0,1,2,3,...
sucessively from left to right and from top to bottom, and record the label only when it falls

in one of the circles. This gives the labelled diagram
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H H o
®© . .

O -
®© 0O
T @ (35)

In the case of a general k-tuple Iy, I, ..., I;_; we obtain a circle diagram with m circles

in each column, where m is the maximum number of non-zero parts appearing in any of the
partitions Ip, I, ..., I;_;.

Let b < by < b3 < -+ < by be the labels placed on the circles and 1 < G2< -+ <
s,m be the labels appearing in the column corresponding to the partition I,. Finally, let
inv(lo,..., Ix_) denote the number of inversions of the permutation

9,.19,.2 " om@1,191,2°* Piym ** Th-1,1Qk=1,2 * * * Gh—1,m (36)
and let sh(lo,...,Jx—1) = (b1, b — 1,b5 = 2,...,bpi — mk + 1). This given, we set
SSIQ,.-.,I);-[ = (—'1)(,;)(:)+i""(lo""'Ik_l)ssh(lo....,l,,) (37)

We note that Iy, ..., Iy is also called the k-quotient of sh(Ip, ..., I;_y), see (ref. [5]). Going
back to our particular example, we can easily see that to calculate the number of inversion
of the permutation

0,6,4,7,2,11,

we need only count, for each circle in the diagram of (35), the number of circles that are
North-East of it, and add all these counts. This gives

inv((1),(1%),(2)) =04+0+1+2+4+14+0=4
at the same time, we have (’;‘) (:) = (g) (2) =3 and

I(o,-++, 1) = (0-0,2-1,4-2,6 — 3,7 — 4,11 — 5) = (0,1,2,3,3,6)

So we finally obtain in this case

SS5)a2)(2) = —S12336().

It is worthwhile noting at this point that, in view of (33), the coefficient fo,...Ir_, does not

depend on the order in which Iy,...,I;_; are given. This means that in our particular
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example we can take advantage of the result that cg;f?lg)’(z) = 2 and obtain 5 additional
terms in the expansion of s113[p3] by carrying out the above process for each of the remaining
permutations of the triplet ((1),(1%),(2)). In the table below we give the resulting diagrams
and the corresponding partitions and signs.

oie B Bgle 935

@

o . ©

OO ©_ 0O
e @

H

®

a@.

o b
ONOXN

@I:l
@El_

e
]
@
600 50¢

We thus obtain that the contribution to the expansion of 3113[ps] coming from the triplet
((1),(12),(2)) is the expression

—2(312326(2) + 83245(.’!) - 813325(.’!7) + 81345($) - 81243(13) + 8343 (I)).

Taking all of this into account, we can easily see that the SXP algorithm decomposes into
successive applications of the following 3 basic steps. Namely, to calculate the expansion of
s,[pk] when g is a partition of n, we proceed as follows.

Step 1.We pick a k-tuple of partitions Io, I1,. .., Jx-; satisfying the 3 conditions

(a) The Ferrers’ diagram of each I, is contained in that of .

) | L || L €+ L] T |

@l ol+|h|++|hal=n

This done we calculate the coefficent ¢f, _;,_, by the Schur function multiplication algo-
rithm. If this coeficient is not zero we proceed to the next step. Otherwise we repeat step
1.

Step 2. Pick a permutation I,,,I,,,..., 15, of Io, I1,...,Ix_1 and construct the labelled

circle diagram whose st* column is indexed by I,,.
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Step 3. Calculate the partition sh(l,,,I,;,...,1,,)and the corresponding sign.

Step 2 and 3 are to be repeated over all distinct permutations of Iy, I1,...,Ix~;. This
done we go back to step 1 and repeat the process over all posible choices of Iy, I, ..., 1
satisfying (a) (b) and (c).

We prove Theorem 1 by showing that our algorithm to compute s(;a3)[pn] is equivalent
to the SXP algorithm. To do this we need to prove two things. First, it is well known
that ¢}, 5, =0 unless I; C p for all j. Thus when g is a hook, it must be the case that
I; is hook for j = 0,---,k — 1. In our case, we must show that if v is a partition such
that there is a (1°,b)-bispecial rim hook tabloid of shape v and type (k**%), then v is a
partition with empty k-core and the k-quotient of v = (Io,...,J;—1) where I; is hook for
j=0,--+,k—1. Second, we must show that if » is a partition with empty k-core and the
k-quotient of v = (ly,...,Ix—1) where I; is hook for j = 0,-.-,k — 1, then then number of
(1%, b)-bispecial rim hook tabloids T of shape v and type (k°*?) is precisely cgf.'.'.’.)z,‘_, and
the sign of any such T agrees with the sign given in (37). These two facts are proved by
studying how the movement of circles in a circle diagram D effects the shape of the partition
v associated with D and the k-quotient of v.
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From algebraic sets to monomial linear bases
by means of combinatorial algorithms.

L. Cerlienco* and M. Mureddu

1.1  Let N be the monoid of non-negative integers. Denote by i := (iy,...,%,)
an arbitrary element in the power N®. The usual order on N, as well as the
partial order it induces on N”, will be denoted by <.

Define an n-dimensional Ferrers diagram to be any ideal of the poset N”,
i.e. any non-empty subset F C N™ such that j <i € F = j € . An
element i = (41,...,in) ¢ F is said to be a co-minimal element for the Ferrers
diagram F if it is a minimal element of the complementary filter N” \ F, i.e.
if (41,...,%—1,%r — 1,%r41,...,in) € F for each r such that i, > 1. Of course,
i ¢ F is a co-minimal element iff 7/ := {i} UF is a Ferrers diagram.

We will write < for any term-ordering on N”, i.e. a linear ordering which is
compatible with the monoid structure on N":

0<i foreveryi# 0in N"

i<j=i+r<j+r foreveryi,jreN".

It is well known that any term-ordering on N” is also a well-ordering.

1.2  Let K be a field and let X := {z;,z3,...,2,} be a given set of indeter-
minates. Let us consider the usual polynomial algebra K[X] := K[zy,...,zn].
Denote by Mx C K[X] the free abelian monoid on X. The elements of Mx

(i.e. the monic monomials) will be called terms of K[X] and denoted by xi =
zi'...zi» with i := (41,...,4n) € N". The orders < and < on N”, as well as
the notion of Ferrers diagram, extend to Mx in an obvious way.
An ideal J of the algebra K[X] is said to be cofinite if
codim(J) := dim (K[X]/J) < o0
Given a finite set P := {P,,..., Py} C K™, the ideal
3(P) := {p € K[X] | (VP € P)(p(P) = 0)}

*Submitted by the first author.
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MB2. [Put the first i points of the list 7 in Q.]
Set @ — {P; | 1< 5 < i),

MB3. [Find which coordinate of d;4+; has to be changed, say dit1,s.]
Set s «+ max{k > 1| m_1(P;) = mx_1(P;+1), for some P; € Q}.
(s —1 is the length of the longest initial segment shared by P;41 and some
point P; € Q. If s > 1, then in successive steps this decreases.)

MB4. [Find the points that determine the s-th coordinate of d;;.]
Set £ —{j| P; € Q, m_1(P)) =7e_1(Piy1), ¥ (dj) = 7} (dig1)}-
(Indices of the points of Q which have the first s — 1 coordinates equal
to those of Piyy and whose corresponding elements in F have the n — s
rightmost coordinates equal to those of d;y1. & is always not-empty.)

MBS5. [Assign the value to the s-th coordinate of d;4;.]
Set d,‘+1,, — (1 + ma.x{dj,, | ] € g})

MBS6. [Did you determine the first coordinate of d;;;7]
Ifs>1

MB.6.1. [Find the points that determine another coordinate of d;4;.]
Set Q «— {Pj | 1<j<q, ’Ir"(dj) = W’(d;+1) = (d,'+1’_,, . ..,d,'+1,n)}.
(Points of P. whose corresponding elements in F have the n — s + 1
rightmost coordinates equal to those of di41.)

MBS6.2. [Is Q empty?]

If @ # 0, return to step MB3.

MBY. [Increase i]
Set i «— i+ 1. If i < N, return to step MB2.

MBS8. [Done] Terminate the algorithm.

We put: MB(P) := {dy,...,dn}; ép: P — MB(P), P; — d;. One could
think that MB(P) is ill-defined, that is it depends on the order which has been
used for arranging the points Py,..., Py when starting Algorithm MB (i.e.
on the list P) rather than on the set P = {Py,..., Py} itself. Well, this is not
true. In fact, it is possible to prove the following propositions.

Prop. 1 Let F' := (d'y,...,d'n) be the list associated with the list of points
P! = (Ps(1),-- -, Po(ny), where o € Sy, by Algorithm MB. Then, for some
T € SN, (d'l,...,d/N)=(d-,-(l),...,d,-(N)). o

Corollary 1 If P C Q, then MB(P) C MB(Q). O
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of the algebraic set P is cofinite. More generally, when K is algebraically closed,
from the Nullstellensatz it follows that the ideal J C K[X] is a cofinite ideal iff
the algebraic set of J, i.e.

V(J) :={P € K" |(Vp € J)(p(P) = 0)},

is finite. In this case we have #V(J) < codim(J) (cfr. [3] p.23).
For a given ideal J, any linear basis £ of the quotient algebra K[X]/J

whose elements are of the form [xi]J .= xi + J will be called a monomial
basis. If L5 = {xi +J | i€ L C N"} is a monomial basis, we shall say
that {x! [i € L} is a system of representatives for the monomial basis L.
Obviously, if £y = {x* + J | i € L} is a monomial basis of K[X]/J, then
any polynomial p € K[X] is congruent modulo J to exactly one polynomial of
the form :le L% x!, a; € K. Given an arbitrary term-ordermg < on Mx, a

monomial basis L7 = {xll +J,..., x4 J} with xit < ... < x¥ s said to
be minimal with respect to < if for any other monomla.l basm L'y = {xl 14
Jyoot, l"’+J}w1t;hx“-< -<x1"wehavexll-<x11forj_1 L N. Of

course, both £ and £';, L5 # L', could be mmxma.l with respect to dlﬁ'erent

term-orderings. It is not hard to prove that if £; = {x +J |i€ L} is a minimal
monomial basis then L C N” is an n-dimensional Ferrers diagram.

1.3 In the search for a minimal monomial basis £p, we present a purely
combinatorial algorithm to get it from P. In fact, making use of the Algorithm
MB below, we associate a Ferrers diagram MB(P) = {di,...,dn} C N" to
any finite set P := {P,..., P} C K™. The Ferrers diagram MB(P) gives the
monomial basis £p = {x3+S(P) | d € MB(P)} which is minimal with respect
to the inverse lexicographical ordering <;; with z; <1 2 <1 ... <il Zn -

Put:
P:={P,...,PN} C K"
22: (Pl,...,PN)
d; = (dj,1,-- .,dj,n) € N"

7 K® — K®,  (21,...,2n) — (21,...,2)
(mo(P) is assumed to be the empty sequence.)
7 K" — K"t (2q,..,20) — (%s, .-+, Tn)

ALGORITHM MB. Given a list 2 := (P4, ..., Py) of points, we determine
an ordered Ferrers diagram F := (dy,...,dn).

MBL1. [Initialize.]
Set d; —dg —...dy —(0,...,0); i 1.
(In the beginning the caordmates of all the elements of F are zero.)
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Prop. 2 It is possible to arrange the points P, ..., Py in a suitable list P! =

(P,,(l), Py(n)) such that the elements in the correspondmg list F! = (d,(1), - -
d,.(N)) are arranged according to the inverse lezicographical order <; ;. :
s <t = cl-r(a) =il dr(t) O

Lemma 1 Let F := (dy,...,dn) be the Ferrers diagram associated to P :=
(P1,..., Pn) by Algorithm MB; let dy = (dn,1, . . ©ydNg). Ifdni # 0, then
there is some k < N such that dx = (AN, .- dNi—1,dNi=1,dN i1, - - -, ANp)-

Proof. In order to calculate the first i — 1 coordinates dny,...,dni—
ofdy = 5p(PN) we have to consider the set {P;,,...,P;,, P;,,, = PN} cP
j1<...<js < N,ofall points P;_ € P such that 7I"(6‘p(.PJr) = (dni,...,dNn).
Puttmg P = {mi-1(P;,), ..., mi—1(P;,), mi—1(Pn)}, we have 7r._1(62(PN)) =
(7r. 1(PN)) = (dn,,-- dN. 1). Forevery r € {1,...,5+1}, there is a point

P € P, j; < jr, such that djri = i—l=dni—1,djriy1 = dj, ip1 =
dNit1,-- - djin = dj, 0 = dN,, a.nd 7r, 1(Pr) = mi 1(PJT) Up to a suit-
able rearrangement of the points in P, we may assume that Jji<...< _7_,+1

When calculating 1r,_1(6—p(P: )) we have to consider the set Q ={R €
P IS i, 7 (di) = (djs, 60 0djr, 0) = (dvi — Lidniga...,dna)}
Of course Pj; € Q. Let @ := {7r. 1(P) | P € @} C K*~!; we have P C
Q. Hence MB(P) C MB(J) C Ni-1; in particular (dn1,---,dNic1) €
MB(Q). It follows that there exists a point Py € Q such that op(Pi)

ol

(dN,ly le 1, dNt -1 dN,l+1 dN n)
Asa straxghtforward consequence of Lemma 1 we get:
Prop. 3 The set MB(P) is an n-dimensional Ferrers diagram. (m]

Prop. 4 The set Lp = {xd + S(P) |d € MB(P)} is a monomial linear basis
for K[X]/S(P).

Proof. By induction on the dimension n of K™.
For n = 1, we have P = {p1,...,pn}, pi € K, and S}(P) = (g), with
g = 1L 1(:1; —p.) Algorithm MB gives MB(P) = {0 1,. — 1}; hence

= (4 0(P) |4 € MB(P)) = {1 + ), a¥ 0t (0}, which
a mmlmal monomial basis for K[X]/ (g)
Suppose now that the statement is true for every finite subset of K"',
n’ < m, and prove it for P = {P;,..., Py} C K". As dimK[X]/S(P) =
N = #MB(P), it remains to prove that the residue classes mod.S(P) of the
monomials x4, d € MB(P), are linearly independent over K[X]/S(P); in other
words, we have to prove that any polynomial of the form

(1) p(z1,...,z5) = Z ad.’cd €ES(P), agq€ekK
dems(p)
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is the zero polynomial.
Putting D := MB(P), D, := {d = (dy,...,dn) € D | dy = r} and P, :=
{P € P |6p(P) € D,}, it is easy to check that

) MB(mn-1(Pr)) = Tn-1(Dy).

Let us write down polynomial (1) in the form

h
(3) p(z1,...,20) = Zp,(zl,...,a:,,_l):c;‘.

r=0
where h =max{d, |d = (d1,...,dsn) € D} and

dn—l

4 pr(z1,--yTa-1) = E Gt(dl,...,d,...x,r)-""¢1i1 ¥t
(d1,--8n=1)€Tn1(Dy)

The polynomial p(z1,...,zn) € S(P) has to vanish at every point in P.
Consider a point P = (a1,-...,an) € Pa C P; there exist in P exactly A +1
points that have the same first n — 1 coordinates as P = (ay,. .-, a,). It follows
that the polynomial

h
play,...,an_1,25) = Zp,(al, ey @n_1)Th
=0

vanishes identically. In particular ps (a1, . . .,an—1) = O forevery (a1, ...,an-1) €
€ Q := mn_1(Pr). Hence

(5) ph(xh“-:zn—l) ES}(Q)Q K[z:l,...,a:,,_l].

By (2) and (4) we have

(6)  pa(21,---5Zn-1) = > Q(dy,.odny TS - P

(d1,-18n—1 )EMB(Q)

Because of the inductive hypothesis, the set {z}* ezl L S(Q) | (day- -
...ydn-1) € MB(Q)} is a monomial basis for K[z1,...,Zn-1]/9(Q). (From
this and from (5) we deduce that polynomial (6) vanishes identically. Hence

h-1
) p(z1,...,2n) = Ep,(a:l, ey Tp—1)Ty
r=0
Arguing for r = h—1,h—2,...,1,0 as for r = h, we conclude that
pr(Z1, - - -,Zn—1) is the zero polynomial for every r € {0, .. ., h}. u]

Prop. 5 The monomial linear basis Lp = {xd +S(P) | d € MB(P)} for
K[X)/S(P) is minimal with respect to the inverse lezicographical order <; ;. on

Mx.



116

Proof.  Let P =(Py,...,Pn), D := MB(P) = (dy,...,dn); di = (d; 1,-..

--eydin), Pi = (aiy,...,aip) for i = 1,...,N. Let h := max{d;, | i =
1,...,N}, and Py = {P},,...,P;,} C P; for any P; _there are in P exactly
h +1 points which have the same n — 1 coordinates as P;,; let us denote them
by Qj,,0,.--,Qj,» = Pj, Up to a suitable rearrangement we may assume that
they are the last (h + 1)m elements in the list P, i.e.

(le,Oy LERS) Qj1,h! LRRE} Qjm,ox LRREY Qj,..,h) = (PN—(h+1)m+1) PN—(h+1)m+2; ey PN))

so that

AN—(h+1)(m=-1)n = AN (h41)(m-2)n = - = AN—(ht1)n = ANn = h

We have to prove that for any d’ = (di,...,d,) such that d’ <;; dy there
exists in (P) a polynomial of the form

N-1
(8) z aixdi 4 axd’ ¢ S(P).

i=1
Because of MB.6.1 of Algorithm MB, without loss of generality we may
assume that dj, < d . Observe that (8) is equivalent to

N-1
d; X d a'
(9) Za,-as,'-l‘...af:;ln+aa’,‘1-..a,,';,:0, P,:(a,,l,.,,’a,’n) ep
i=1

Hence, it is enough to prove that the N by N matrix A whose s — th row is

dia d dn-1,1 dno1n d! al
[ RN a,y R et Gy - @sh
. . . . N .
(that is, the evaluation at P, of the list of monomials xd‘, e ,xd"“1 , xd )isa

singular matrix. We shall prove this by showing that the submatrix A’ consisting
of the last (h + 1)m rows of A has rank less than (h + 1)m.

Let X be any minor of order (h+ 1)m of A’; notice that X can be given the
form

(10) X = ZMl 7 A My,

where M; is a minor of A’ which consists of the & + 1 rows whose indices are
N—-(h+1)(m=-i+1)+1,N=(h+1)(m—i+1)+2,...,N = (h+1)(m—1i).
Since all the points Pn_(nt1)(m—i+1)+1, PN=(h41)(m—i+1)42: - - -» PN—(h41)(m—i)
have the same (n — 1) first coordinates, the minor M; is different from zero only

if its (h + 1) columns correspond to monomials x! = zi* .. "’:.":11 zir such that
their exponents i,’s have all the possible values 0,1, ..., h. On the other hand,

there are no more than m — 1 such (h + 1)-tuples of different columns (since
only m — 1 among the monomials x%1, . . .,xd"’-1 , x4 have h as last exponent);
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it follows that at least one of the m minors M;’s in (10) is zero. Hence X = 0.
(m]

1.4 In the case where n = 2 Algorithm MB can be given the following
simplified form.
Assume that

P = {(a1,bu),.. .,(al,blhl), .. .,(am,bml),. . .,(am,bmhm)}
withhi+...4+hpn=N a,ndi;éj:}a.. #aj- Then,
MB(P)={(p,9) |0<p<m, 0 g<hy}.

1.5  All that we have stated up to now can be generalized to what we might
call algebraic multisets in the following sense.
Consider the linear map

D;: K[X] — K[X]
b (l.l)xh—i

where h = (hy,...,h,),i=(41,...,in) € N and (111) = (':1‘) e (’::) Observe
that when the field K has characteristic zero, then

1 1 ai1+"'+in
Di = :TDI = ,—'—.-—'-
1! 119z - .- Oz
where i = (31,...,%,) and i! = 43!- -4, L.

Let vp be the evaluation map at the point P:

vp:K[X] — K
q — q(P)

Define the linear map vi, as the composition vp o Dy, i.e.

e K[X] — K
¢ — (Djg)(P).

For every ideal J of K[zy,...,zy,] and every P € V(J), put

= el op e (b =1)
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Prop. 6 (i) F;(P) is a Ferrers diagram; (i) if (91, .- .,9,) i8 a system of gen-
erators of J, then Fy(P) is the largest Ferrers diagram contained in the set

{ie N"| v;(gj) =0 forevery1 < j < s}.

We define a finite n-dimensional algebraic multiset, or simply an algebraic
mulliset, to be a set p := {(P1, F1),...,(Pn, FN)}; cach element (P, F;)€p
consists of a point P; of K" together w1th a Ferrers diagram F; C N", which
will be called the algeb‘razc diagram of the point P;. We shall freely make use
of the notation (P,i) € p, or also P € p, to mean that for some j € {1 , N},
P = P; and i € F;. With every algebraic multiset p = {(Py, F1), . (PN, fN)}
we associate the set

(p) = {p € K[X]| (Vj)(vi € ;) (v}j(p) = o) } .

It is not difficult to prove that S(p) is a cofinite ideal of K[X] and that
Fa(p)(Pj) = F;j for every j € {1,..., N}. Moreover, one can prove that

N
codim S(p) = #p = Z#}'j.

ji=1

The question now is: how do we get a monomial linear basis for K[X]/S(p)?
Once more the problem can be solved by applying a slightly modified version of
Algorithm MB (in fact Algorithm MB itself with a few obvious changes)
to a suitable set R(p) C (K x N)" associated with the algebraic multiset gp.
R(gp) will be called the umbral representation of p. To be precise, consider the
bijection

u: K™ x N® —_ (K x N)”
((a1,-.-,84),(31,..-,in)) — ((a1,%1),---,(@n,%n))-
Put
R =R(p) = {u(P,i)| (Pi) € p}.
and

MB(p) := MB(R).

(the symbol MB on the right-hand side represents the operator defined by Al-
gorithm MB). It is possible to prove that MB(p) satisfies properties analogous
to those of MB(P); in particular, (i) MB(p) is a Ferrers diagram and (ii) the

set B := {x'+ (p) | i € MB(p)} is a monomial linear basis of K[X]/S(p).

1.6  The above algorithms may come in handy for solving various problems.
Let us examine a few of them.
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I.  First of all, let us see how to determine a system of generators (y1,...,7r)
for the ideal S(p) of a finite algebraic multiset p := {(P1, F1), ..., (Pn, Fn)}-
In fact, the set {71,...,7r} we shall obtain is also a reduced Grobner basis of
S(p). It goes without saying that the same procedure works also when p is a
finite algebraic set.

Let B be the monomial linear basis obtained in 1.5 and let Y = {xr,,...,xr,}
C Mx be the minimal set of terms such that B = Mx \ }_i_, xr, - Mx. For
each xr, € Y determine a polynomial v; € K[X] in the form of a determinant
in the following way. The first row of v; is the list (xdu e Xd, s xr;) where
xq, € Band m=#B = codim(S(p)); the succesive rows are lists of the form

(v%,j(xdl), . .,v},j(xdm),v},i(xr..)), one for each (Pj,i) € p. It can be proved
that the list (71, ...,7r) is a reduced Grobner basis of (p).

II.  Consider a linear form f € K[X]* = K[[X]]. If Ker(f) contains a cofinite
ideal J of K[X], then f is said to be an n-linearly recursive function and J is
called a characteristic ideal of f. This notion has been introduced in [4] as a
generalization of that of linearly recursive sequence, to which it reduces when
n = 1. n-linearly recursive functions may also be regarded as elements of the
dual bialgebra of the usual polynomial bialgebra on K[X]. When working on
these subjects, it may happen that examples (perhaps, suitable examples) of n-
linearly recursive functions are needed. How to construct them? It is convenient
to divide the answer to this question into two parts.

(A) Let us first suppose that we know a system of generators (915---,9s) of the
characteristic ideal J of the n-linearly recursive functions we are considering.
In this case we may calculate a reduced Grobner basis G< := RGB(g1,...,9s) of
(g1, - - -,gs) with respect to some term-ordering < on Mx. Let G< = (71,-.-,7),
v; € K[X], and let §; € Mx be the leading term (with respect to <) of the
polynomial ;. Then the set B = Mx \E;=1 §; - Mx is a monomial linear basis
for K[X]/J, which is minimal with respect to <. It follows that any n-linearly
recursive function whose characteristic polynomial is J is uniquely determined

by the set of its initial values { F(xd) | x4 € B}, all the other values f(xi),

x! ¢ B, being calculated by making use of the polynomials 7; € Gx as scales
of recurrence.

(B) If instead the characteristic ideal is not given, we are quite unlikely to obtain
one of them (remember it must be cofinite!) just choosing at random a set of
generators: most of the times we would get a non-cofinite ideal or, when cofinite,
a trivial one. The correct way to do this consists instead in choosing a finite
algebraic multiset (possibly, a finite algebraic set) p and then determining both
the monomial linear basis B of K[X]/S(gp) and a set of generators for S(p) by
means of the machinery described in the previous sections.

III.  Lastly, consider the following interpolation problem: given a finite n-
dimensional algebraic multiset p := {(P1, F1), . .., (Pn, Fn)} and a set of values
{aji |j=1,...,Nandi€ F;} C K determine the unigue polynomial p of the
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form Z :xci (a; € K and B is a monomial linear basis of K[X]/S(p)) for

which we have ”P (p) = ;i

This problem appears to be an n-dimensional natural generalization of the
unidimensional one which is solved by means of Lagrange interpolation formula
(though a thorough analysis of these two shows that in some respects the anal-
ogy necessarily fails). Once more, the key point for solving this problem is
to determine the monomial basis B. Let B = {xd y---1%q, } and let A be

the m x m matrix whose rows are of the form (vP (xdl) ,(vP (xq,.)), one
for each (P;,i) € p. Consider the vector @ whose components are the values
o= ok P; (p) (arranged according to the order that has been used for the rows

of A). The components of the vector § := A~! . @ are the coefficients of the
desired polynomial.
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Appendix.

1) Example of Algorithm MB for a 4-dimensional set.

&
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by

The system of representatives for the corresponding monomial basis is given

2 3 2 3
1 z; z? z3 oz} z3 riz3  zlzz zlzs
z 2 3 3
2 T1Z9 T1T2 Z1T2 IoZ3 T1ZT2T3 13
2 2 2 2 2

z2 123 22z 2l zlzg

z3 Tz

z3

z3 z 23 z3
1'21:%

z T1X4 3T 4 T1T3T4

4 1

TaTq T1T3T4 T2T3T4
ziz, 23z z2z32,4
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2) Example of Algorithm MB for a 3-dimensional algebraic multiset.

Consider the algebraic multiset g given by

P =(0,0,00 F= [ Oy (100 (©,0.1)

Py =(0,0,1) F,=1(0,0,0) (1,0,0) (2,0,0) (0,0,1) (1,0,1) ]

(0,0,0) (1,0,0) (0,0,1) (1,0,1)

0
Ps=(LL0) Fs=1| (o'10) (1.1.0) (0,1,1) go,

=iy 7= 1]

The umbral representation R = R(gp) of p (whose elements are intentionally
arranged at random) as well as the corresponding diagram MB(R) are

4 — R — MB(R)
(1,1,0),(0,0,2) «— Ry =(10,10,02) «— d1=(0,0,0)
(1L1,0),(0,1,2) «— Ry=(10,11,02) «— da=(0,1,0)
(0.0.1).(1,0,1) «— Rs=(01,00,11) «— ds=(,0,0)
(1,1,0),(1,0,1) +«— Ry4=(11,10,01) «— ds=(2,0, 0)
(0,0,1),(0,0,1) «— Rs=(00,00,11) «— ds=(3,0,0)
(1,1,0),(0,0,1) «—— Reg=(10,10,01) «— ds=(0,0,1)
(0,0,1),(2,0,00 «— Rr=(02,00,10) «— d7r=(4,0,0)
(0,0,0),(1,0,00 «—— Rg=(01,00,00) +«— ds=(1,0, 1)
(1,1,0),(0,0,0) «— Ro=(10,10,00) «— do¢=(0,0,2)
(0,0,0),(0,1,0) «— Rio=(00, 01, 00) «— dio=(1,1,0)
(0,0,0),(0,0,0) «— Ry =(00, 00, 00) «— du=(20,1)
(0,0,0),(0,0,1) «— Ri2=(00, 00, 01) «— di2=(1,0,2)
(1.1,0),(0,1,0) «— Ryz=(10,11,00) «— dis=(0, 1, 1)
(1) 1) 0)) (1)0)0) — R14 = (11; 10) 00) — d14 = (31 0) 1)
(0,0,1),(0,0,0) «— Ry5=(00, 00, 10) «— di5=(0, 0, 3)
(1.1,0),(0,1,1) «— Rie=(10,11,01) «— dis=(0, 1, 2)
(1,1,0),(1,1,0) «— Riz=(11,11,00) «— diz=(2,1,0)
(0,0,1),(1,0,0) «— Riz=(01,00,10) «— dis=(2,0,2)
(1,1,1),(0,1,0) «— Ry =(10,11,10) «— di9=(1,0,3)
(1) 1, 1):(01 0)0) —— Ry = (10, 10, 10) — dzp= (0, 1, 3)

Therefore, a monomial linear basis of K[X]/S(gp) consists of the equivalence
classes (modulo S(gp)) of the monomials
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1 z; z2 2} =z} z3 =TTz TITz TiT]
z z 2
3 1T2  TiT3 zaz3
2 2
23 =zzi 2zl z3  zzd
z3z3 zoz3
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Abstract

Many problems in distributed computing are solved using the paradigm of
bounded time-stamps. The basic object of this powerful technique is a finite
directed graph called a time-stamp system. The vertices of this graph are used
as labels for processes in the system, and the arcs between the labels encode the
order of creation of two processes. The requirements generally considered lead to a
time-stamp system whose size is an exponential function of the maximal number &
of living processes in the system. In the following, we restrict the requirements and
we construct time-stamp systems of linear size in k for these restricted problems.

0 Introduction

Recently, many problems in the coordination of concurrent processes were shown to be
solvable by using a bounded set of time-stamps [5, 8, 11]. Let us begin by describing
the main features of these systems.

In a system, processes are created and die. When a process is created, a time-stamp
is assigned to it; it indicates the “logical time” when this creation took place. The aim
of this time-stamp is to allow the determination of the most recently created process
between any pair of living processes. Generally [10], the set of natural numbers is used
as the set of time-stamps. In [8] Israéli and Li proved that, when the number of living
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processes is assumed to be bounded by an integer k, a time-stamp system with a finite
number of elements may be used. They observed the analogy with a combinatorial
problem adressed by Erdés [6] and others [7, 12] in the sixties. Although proving the
existence of such a system with (2 + ¢)* elements, they constructed explicitly a system
with 3%~ elements. More recently, Zielonka [14] improved their solution by giving a
time-stamp system with k2*~! elements; he also proved that this time-stamp system
is optimal if it is required that any stamp also contains in a certain sense the name
of the process. A generalization of time-stamp systems was considered in [4] as an
application of the construction of a certain family of automata; these may be considered
as distributed time-stamp systems.

In the following paper we consider two new problems consisting in building a re-
stricted time-stamp system and we give solutions with a set whose size is a linear func-
tion of the maximal number k of living processes. The first restriction concerns the
order in which processes die: we restrict the processes dying to the p older ones. We call
these systems p-restricted time stamp systems. Using lexicographic product on graphs
we obtain a p-restricted time-stamp system with p27"1(2k — 2p + 1) elements.

The second restriction is obtained by weakening the information asked to the system.
It is assumed that there are always exactly k living processes (immediately after the
death of any process another one is created), and the determination of the last process
created is required when the whole set of labels is given. We call these systems weak time-
stamp systems. The determination of weak time-stamp systems was already considered
[11] and a solution with k? time-stamps was given. We improve this result by giving a
weak time-stamp system with 2k — 1 elements. Our construction uses a matching from
the family of (k — 1)-subsets of {1,...,2k — 1} onto the family of its k-subsets. This
matching was considered by many authors [1, 2, 9, 13]. Note that weak time-stamp
systems may be used to solve the mail-box problem stated in [3].

Only sequential time-stamps are examined here, concurrent ones being left for further
investigation.

1 Time-stamps

In this section, we give the definitions and some combinatorial results on time-stamp
systems, most of them being due to Israéli & Li. Let us begin giving some notation.

A directed graph is defined as a finite set X of vertices together with a set of arcs
which is a subset £ of X x X. If (z,y) is an arc, the vertex y is said to dominate z.
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The set of all dominators of a vertex z is denoted by I'g(z).

Lg(z) ={y | (z,y) € E}

For a subset Y C X, I'c(Y) denotes the set of vertices which are dominators of all the
elements of Y.

Te(Y) = Q} Ta(y).

In the whole paper we only consider loopless and antisymmetric graphs. They satisfy
Va,yeX, (¢,2)¢E and (z,y)€E=(y,2)¢E

A sequence (¥1,Y2, - - -, Yp) Of vertices is an ordered sequence ifforany 1 <i<y3<p,y;
is a dominator of y;.

Definition 1.1 A time-stamp system of order k is a directed graph, in which any or-
dered sequence having less than k elements has a dominator.

In such a graph, any vertex belongs to an ordered sequence of cardinality k. A
related notion was considered by many authors after Erdés [6, 7, 12] namely that of
a tournament (i.e. a directed graph in which for any pair of vertices {z,y} one is the
dominator of the other) satisfying the so-called property S(p). For such a tournament,
any subset of cardinality p has a dominator. Hence, any tournament with property S(p)
is a time-stamp system of order p + 1 but the converse is not true. An example of a
tournament which is a time-stamp system of order 4 and which does not satisfy S(3)
is given below. The lower bounds found for the number of vertices a tournament must
have in order to satisfy S(p), are hence not valid for time-stamps systems; however,
similar constructions hold.

For any graph G = (X, E) and any vertex z let us denote by G the graph whose
vertex set is ['g(z), and whose edge set is E N (T'g(z) x ['g(z)). We get :

Proposition 1.2 If G is a time-stamp system of order k, then for any = in X,G;isa
time-stamp system of order k — 1.

Proof. If (y1,¥2, - - -, Yp) is an ordered sequence in G, then (z,y1,93,. .-, Yp) is an ordered
sequence in G. If p < k — 1, since G is a time-stamp system of order k, the sequence
(2,91, --,Yp) has a dominator which is in T'g(z). o

Corollary 1.3 The number of vertices of a time-stamp system of order k is not less
than 2F — 1.
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Proof. We use induction on k. For k = 0,1 there is nothing to prove. The first non
trivial case is k¥ = 2 and the smallest time-stamp system of order 2 is the circuit Cs
with 3 vertices. Let G be a time-stamp system of order k + 1 having n vertices. By the
induction hypothesis and by proposition 1.2 each of the G,’s has not less than 2% — 1
vertices. Hence the number of arcs |E| of G satisfies |[E| > n(2¥ — 1). Since G is
antisymmetric and loopless |E| < 1("2—_11 and the result follows. m}

Note that the converse of proposition 1.2 holds:

Proposition 1.4 Let G be an antisymmetric graph such that for any vertezr z, G, is a
time-stamp system of order k — 1. Then G is a time-stamp system of order k.

Proof. Let (z1,22,...,;), | < k be an ordered sequence in G. Then (z2,--.,21) is an
ordered sequence in Gy,. By the hypothesis it has a dominator z in G, and z is a
dominator of (1, z2,...,x;). o

The following classical notion in graph theory is useful in order to build time-stamp
systems.

Definition 1.5 Let G = (X, E) and H = (Y, F) be two directed graphs. The lexico-
graphic product G ® H has vertez set X x Y and its set of arcs is given by

(«',y') € Teeu(z,y) iff (z,2')€ E or (z=2" and (y,y') € F)

Proposition 1.6 If G and H are time-stamp systems of respective order k and l, then
G ® H is a time-stamp system of order k+1— 1.

Proof. Let (u1,us,...,un) be an ordered sequence in G ® H, such that m < k+1— 1.
Let u; = (zi,y;), then the sequence of z;'s is an ordered sequence in G. Note that the
z;’s are not necessarily distinct. If the number of distinct z;’s is less than k, they have
a dominator z in X and for any y € Y, (z,y) is a dominator of (u1,ug,...,up). If the
number of distinct z;’s is not less than k, then the number of those equal to z,, is less
than I. Let (yj,...,ym) be such that T; = Tm and Tj_; # z,. This sequence is an
ordered sequence in H with less than ! elements, thus it has a dominator y and (zp,y)
is a dominator of (uy,us,...,uUn). a

From this proposition follows a method for the construction of time-stamp systems
of arbitrary order. Using the graph Cs, it is possible to get a time-stamp system of
order k with 3¥~! vertices [8]. Other time-stamp systems are known; for little values
of k the smallest are given by the tournaments satisfying S(p) and for greater values
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1
Ll = {4, 5, 6} L5 = {2, 3, 6}
Ly={1,6,7} Le¢={3,4,7}
4 5
L3 = {1, 2,4} L7 = {1,3,5}
\ / Ly= {275) 7}
2 6 3

Figure 1: The Fano plane.

by a construction due to Zielonka [14]. We recall here these results, one of them being
that the Fano plane of order 7 gives a time-stamp system of order 3. Consider the
dominators of vertex i as a line L; of this plane. Since a time-stamp system is loopless
and antisymmetric, the lines have to be numbered such that

Z¢L‘ and ]EL‘=>Z¢L]
This is possible for the Fano plane and this numbering is given in Figure 1.

The corresponding graph F7 is the smallest time-stamp system of order 3, it has 7
vertices and is given by I'r, () = L;. E. & G. Szekeres [12] gave a tournament satisfying
property S(3) with 19 vertices, it is the smallest time-stamp system of order 4, already
known. Note that C3® C3® C3 is a time-stamp system of order 4 which is a tournament
but which does not satisfy S(3). The following construction, due to Zielonka [14], gives
a time-stamp system of order k with k2*~! vertices; for ¥ > 9 no time-stamp system
with a smaller number of vertices is known.

Consider the subset X} of {1...k} x {0,1}* consisting of elements (e, z1,..., )
such that z, = 0, as a set of vertices of a graph G = (Xk, Ex) and let Ej be such that

(Byy1y---5yk) ETg(a,z1,...,2x) if (a>Pandzg#ys) or (a<pandzg=y,)
Proposition 1.7 G is a time-stamp system of order k having k2! vertices.

Proof. Clearly the number of vertices of G is k2¥~1. Since there are no arcs between two
vertices with the same first component, any ordered sequence U of G must have vertices



130

in which all the first components are distinct. Now, if U has less than k elements then
at least one a € {1,2,...,k} is available for the first component of a dominator = of
U. To end the proof, it is necessary to define the other components z,...,z; of z. Of

course &, = 0; to obtain zg, if there exists an element y € U with 8 as first component
take

zg=yf f<a and zg=1—-y,if a < f

If no such element exists take zg = 0. o

2 Restricted Time-Stamp Systems

Consider the family & of ordered sequences having k elements in a time-stamp system of
order k; then, for any U and any u; € U, there exists v € X such that U\{u;}U{v} € S.

Returning to the labeling of processes, this means that when k processes are living
and one dies, then a time-stamp can be given to a new process. Let us restrict the set
of processes which may die to the elder ones, introducing the following notion.

Definition 2.1 A p-restricted time-stamp system of order k is a loopless antisymmetric
graph such that there exists a family S of ordered sequences with k elements satisfying

(2.1) For any vertex € G, 3U €S such thatz € U.

(2.2) If U= (w1,...,ux) and if i<p, Jv such that (uy,...,%i-1,%it1,---,0) €.

We will first build a 1-restricted time-stamp system of order k, then we will show
that for a fixed p, there exists a p-restricted time-stamp system of order k with a number
of vertices which is a linear function of k.

Definition 2.2 Let Gy be the graph with vertez set {1,...,2k — 1} and for each vertex
i, let Tg,(1)={i+1,5+2,...,i+k — 1} where the sums are taken mod(2k — 1).

This graph is a tournament, and moreover each vertex is the dominator of ¥ — 1
vertices and has k — 1 dominators. It is not so difficult to verify that :

Proposition 2.3 Gy is a 1-restricted time-stamp system of order k.
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Proof. Consider the family < of all ordered sequences having k elements. Any U € &
has the form (¢,7 + 1,...,2 + k£ — 1), where the sums are taken mod(2k — 1). Since
we are only checking the 1-restricted property, it is sufficient to find a dominator for
(¢+1,...,24+ k—1), whichis ¢ + k. |

The graph Gy allows us to build p-restricted time-stamp systems for any arbitrary
integer p since we have :

Proposition 2.4 Let H = (X, E) be a time-stamp system of order p. Then H Q Gy is
a p-restricted time-stamp system of order k+p—1.

Proof. Let us first give some notation. Let Y, denote the set of vertices of Gy and for
any ordered sequence V = (vy,...,vy) in H @ Gk, where v; = (z;,y:), let a(V) be the
subset of X consisting of the first components of the v;’s, and let 3(V') be the subset of
Y. consisting of the second components of the elements whose first one is equal to z,, :

(V) {zilui = (i, 9:)}
B(V) = {yilzi=zm}.
Let S be the family of ordered sequences V having k + p — 1 elements and such that

(1) card(a(V)) <p,
() B(V)=y,y+1,...,y+t mod(2k —1), : < k.

Thus, B(V) consists of consecutive elements in Y;.

We first prove that a vertex (z,y) of H @ G belongs to at least one element of .
Consider an ordered sequence U in H of order p and containing z as its last element,

U=(z1,22,...,2p-1,2p = T).
Then, the following sequence v is an element of 3:
(v1 = (z1,41),v2 = (22,92), - - -, Vp = (T, ¥p), Vps1 = (T, 4pF1), - .-, Vpio1 = (2, Yp+k—1))
where the y;’s, (1 = 1,...,p) are abitrarily taken in Y.

Let now V = (v1,v2,...,Un) be an element of & where m = p+ k — 1, and consider
v; € V,i1 < p. Since B(V) is an ordered sequence in Gy we have card(8(V)) < k, hence
either v; = (zi,9:) is such that z; # z,, or ¢ = p and (zj,y;) = (Tm,y: +J —¢) for
j=t+1,...,m.

If z; = z,, or if B(V) has less than k elements, let v = (zm,ym). Then

(’01,1)2, REPAZES PRZES PRER ,vm:v)
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is an element of <.

If z; # z,, and B(V) has k elements, then a(V) has no more than m —k+1 =p
elements and (V) \ {v;} has less than p elements. Since H is a time-stamp system
of order p there exists z € X such that a(V) \ {z;} U {z} is an ordered sequence
in H with z as last element. Let v = (z,y) where y is any element of Y;. Then
(V =v1,v2,...,0i-1,Vit1,. -, Unm, V) is an element of F. O

Corollary 2.5 There ezists a p-restricted time-stamp system of order k with p2°~(2k — 2p + 1)
vertices.

3 Weak time-stamp systems

A time-stamp system allows us to compare any pair of stamps. In many applications
this strong request may be weakened to the determination of the last created process
when the whole set of the k living processes (namely their time-stamps) is known. This
informal requirement may be made precise by the following definition :

Let X be a finite set and let < be a family of k-subsets of X. Then < denotes the
family of (k — 1)-subsets Y’ of X such that 3Y € &, Y'CY.

Definition 3.1 A weak time-stamp system of order k on the family & is given by two
mappings a and B:

a: =X
B : ¥-X
satisfying:
(1) VeeX, Y €S, z€Y
(2) aY)eY and B(Y')¢Y
(3) oY'UB(Y') =B(Y") and B(Y\Y))=Y).

Note that the two parts of (3) are equivalent provided that VY € & 3Y' € &
such that Y =Y'UB(Y)and VY’ € ¥, Y € Ssuch that Y =Y \ o(Y).

In the context of processes, a(Y") is the last created time-stamp where Y is a set of &
living processes, and B(Y”) is the time-stamp which has to be assigned to a new process
when the set of living processes is Y”.
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With this definition, it is assumed that there are always k or k — 1 living processes.
If the determination of the last created process is required for any set of less than k
processes, then we are lead to a situation more or less similar to that of ordinary time-
stamp systems. To verify this fact it suffices to consider the algorithm allowing us
to compare any pair of time-stamps contained in a same element Y of & by deleting
iteratively the last element of Y until one of the two time-stamps to compare is found.

The following proposition allows us to build weak time-stamp systems :

Proposition 3.2 There ezrists a weak time-stamp system on < X, > if and only if
(1) is satisfied and there ezists a bijection A of T onto ' such that

(4) VYeS, AY)cY.

Proof. Let & be a family of k-subsets of X satisfying (1), and let A be a bijection of &
onto &' satisfying (4). Define a and 8 by: .
oY) = Y\XY),
BY) = XYY"

Clearly, the definitions of a and 8 imply (2). The verification of (3) is straightforward:
o(Y'UB(Y)) = «(ATH(Y)) = AT\ XATH(Y) = B(Y").

Conversely, let (X, S, a, ) be a weak time-stamp system and consider A defined by
MY) = Y\ oY), it is easy to verify that X' defined by X'(Y’) = Y" U B(Y”) is the
m}

inverse of \.
Corollary 3.3 For any weak time-stamp system (X, S, o, 8), |X|>2k—1.

Proof. Consider the bipartite graph whose vertex set is &'U 7, and whose edge set is
given by the pairs {Y,Y’} satisfying Y’ C Y. In this graph, every element ¥ € & has
valency k and any element Y’ € ' has valency at most |X| — k+ 1. Thus, if m denotes
the cardinality of & we get

km<m(|X|-k+1)

and the result follows. m]
Proposition 3.4 For any k, there ezists a weak time-stamp system of order k with

2k — 1 elements. Moreover, the computation of the mappings o and B can be done with
a number of operations which is a linear function of k.
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Proof. Let X = {1,...,2k — 1} and let S be the family of all k-subsets of X. Then &'
is the family of (k — 1)-subsets of X. The existence of a matching from 9’ into & is a
classical result of combinatorial theory. It may be obtained as a consequence of Hall’s
theorem, also known as the “marriage theorem”. The following algorithms allow the
computation of o(Y) and B(Y”); they use a last-in/first-out stack S.

Algorithm 1 : Determination of o(Y) Algorithm 2 : Determination of A(Y”)
. for i:=1 step 1 until 2k — 1 do . for i:=1 step 1 until 2k — 1 do
begin . begin
if 1 ¢ Y then push(S,1) . if ¢ ¢ Y’ then push(S,1)
else if notempty(S) . else if notempty(S) then pop(S)
then pop(S) else z :=1 . end;
end; . while notempty(S) )
aY):=z . do begin z := top(S); pop(S) end;
BY') ==z
O

These algorithms can be found in [9] (exercise 1 p 567); they are there attributed to
Debruijn et al. [2]. Aigner [1] proposed another algorithm using lexicographic order on
the k-subsets of {1,2,...,2k — 1} and Trehel [13] proved that these two algorithms give
the same matching.

References

[1] M. Aigner, Lezicographic matchings in Boolean algebras, J. Comb. Theory, B, 14
(1973), 187 — 194.

[2] N.G. de Bruijn, van Ebbenhorst Tengbergen, Kuyswijk, On the set of divisors of a
number, Nieuw Archief voor Wiskunde 2, 28 (1951),191 — 193.

(3] R.Cori, M. Latteux, M. Roos, E. Sopena, 2-Asynchronous automata, Theoretical
Comp. Sci. 61 (1988),93 — 102.

[4] R. Cori, Y. Metivier, W. Zielonka, Asynchronous mappings and asynchronous cel-
lular automata, (1990), to appear in Information and Computation.

[5] D. Dolev, N. Shavit, Bounded concurrent time-stamp systems are constructible,
ACM Symposium on Theory of Computing (1989),454 — 466.



135

[6] P. Erdos, On a problem in graph theory, Math. Gaz. 47 (1963),220 — 223.

[7] R.L. Graham, J.H. Spencer, A constructive solution to a tournament problem,
Canad. Math. Bull 14 (1971),45 — 48.

[8] A. Israéli, M. Li, Bounded time-stamps, Proc 28th IEE Symposium on Foundations
of Computer Science (1987),371 — 382.

[9] D.E. Knuth, The art of computer programming, Vol 3, Sorting and searching,
Addison Wesley, Reading (1973).

[10] L. Lamport, Time, clocks and the ordering of events in a distributed system, Comm.
ACM 21 (1978), 558 — 564.

[11] M. Li, P. Vitanyi, How to share concurrent asynchronous wait free variables, Pro-
ceedings ICALP 1989 , Lecture Notes in Computer Science 372 (1989),488 — 507.

[12] E.& G. Szekeres, On a problem of Schiitte and Erdés, Math. Gaz. 49 (1965), 290 —
293.

[13] M.Trehel, Deuz constructions équivalentes d’un jeu d’arrangements pour les fichiers
inverses multi-indices, R.A.LLR.O Informatique Théorique, 12 (1978),3 — 14.

[14] W. Zielonka, Time-stamp systems for a fized set of agents, (1990), submitted.



137

Invisible Permutations and Rook Placements on a
Ferrers Board

Kequan Ding
Department of Mathematics, University of Wisconsin
Madison, WI 53705, USA

(preliminary version)

April 7, 1992

1 Introduction

Let A be a partition of some integer. Write A = (A1,...,Am), A1 2 -+ 2 Ay 2 1. Sometimes,
it is convenient to write A = (11 2*2 ... n¥n) where v; is the number of );’s which are equal
to ¢. In this paper, we view a Ferrers board F) of shape X as a two dimensional subarray of
an m by n matrix, where n = \; and the k-th row has length Ax, 1 < k < m. For example,if

A= (3,1), then
F,\=<* * :)

We assume, contrary to the usual convention, that F) is right justified; the reason for this
is explained below. Let M(F)) be the set of all m by n matrices (a;;) with a;; in some field
K such that a;; = 0 for (¢,7) ¢ Fi. Thus, for A = (3,1),

M ={( % o))

Say that X is parabolic of type (1, p2,...,px) if m = n and there exist positive integers
L1, B2, - - - 5 gk such that

An Az - A
ME) = S|, P! (1)
0 0 Akk

Thus, A = (4,3,3,1) is parabolic with (g1, g2, #3) = (1,2,1). This explains our use of the
word parabolic: if ) is parabolic then the invertible elements in M(F)) are a parabolic
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subgroup of GL,(K). It also explains why our Ferrers boards are right justified. An element
of M(F}) is a rook placement of shape ) if it is a (0, 1) matrix with at most one 1 in each
row and column. The 1’s correspond to non-attacking rooks on the board F. If there are r
rooks, the matrix has rank r and we say that the rook placement has rank r. If there exists
some rook placement o of rank r on Fj, then Ay > r — (k=1),1<k<r. Letobea
permutation of [n] = {1,2,-,n}, M(o) be the corresponding n by n rook matrix with one
1 in the i-th row and the o(i)-th column, 1 < i < n. Thus, we have M(c7) = M(T)M(o).
An inversion of ¢ is a pair ((0(2),o(j)) where i < j and o (i) > o(j).

Definition 1.1 Let r,m,n be nonnegative integers such that r < min{m,n}. Let Q.. be
the set of all integer sequences

(uavaw)=(ulauh"'7un—rav1)021"'avrawlaw%"',wm-r)
satisfying
0 < uyy £ uw £ < Uy < 7
0 S wy S %) S S W —r S r (2)
0 £ v < i1-1, 1 < 3 < r

We call the sequences satisfying the inequalities above the inversion number sequences. When
m=n=r,u and w do not exist and the sequence v defined above is an inversion sequence
of an ordinary permutation; see [4]. Sometimes, we write (u,v,w) as (u|v|w) to mark the
position between two consecutive components, clearly.

Let Rj be the set of all the rook placements of rank r on a Ferrers board of shape .
Let Wj be the symmetric group on k letters. Let S(k) = {(12), (23),+-+,(k,k — 1)} be its
distinguished generators, which we sometimes view as k by k matrices. Let Ei; € M(F)) be
the matrix whith 1 at (¢, j) position and 0’s elsewhere. Now, we introduce a length function
lon Rj.

Definition 1.2 Let v, = $i_; Einr4i. For o € R}, the length function (o) is defined by
l(o)=min{k+h|o=sp- 5108, s}}.
where s; € S(m) and s, € S(n) and
Spr S10p 8y sh € R,
for each p € [k] and g € [A].

If A = (n™) and r = n, then R} = W,. This function I agrees with the usual length
function on W), in terms of the generators S(n) which counts the number of inversions in
a permutation. If o € R} and o € R}, for two different partitions A and ), it is not clear,
without proof, that /(o) computed in R} is the same as I(c) computed in R},. We will
prove this in Lemma 5.1. Until then we will assume that l(o) is defined with respect to a
rectangular board A = (n™).

In [2], Garsia and Remmel considered another numerical function on R;.
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Definition 1.8 For each o € R}, place a dot in every cell that is above a rook or to the right
of a rook and a circle in each of the remaining cells of Fy. Let GR(c) denote the number of
circles.

Example 1.4 Suppose A = (4,3,2) and 6 = Ey; + E33. Then we get the configuration

o 1 .
0

-~ e e

Thus, GR(o) = 3.

Definition 1.5 Let
R.(\q) = > ¢°F),

o €ER}

and

RL,(\q) =Y ¢'“.
o €R§

Call them rook polynomial and rook length polynomial, respectively.
The main results of this paper are the following three theorems.

Theorem 1.6 There is a bijection ® : Ry, . — Q7. . such that if ®(c) = (u|v|w), then

l(a)=§u;+gvj+’§wk- ®3)

The triple (u,v,w) may be described as follows: Suppose ¢ = E;, 4, + --- + E;,,, where
z; < T3 < -++ < z,. Call the rook at (z;,y;) the ¢-th rook or the i-th 1 of . Then,

e u; is the number of rooks to the left of the i-th zero column in o

e v; is the number of rooks above and to the right (to the “northeast”) of the ¢-th rook
ino

e w; is the number of rooks below the i-th zero row in o

In this paper, we introduce certain permutations, which we call invisible permutations. These
permutations serve as a bridge between Rf,., and 7, .. We will postpone the formal
description of the invisible permutations to section 2.

Theorem 1.7 If o € R}, then

GR@)+ (o) = 3 Xi— r(r+1).

i=1
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Theorem 1.8 If ) is a partition, then

RL.(\,q) = T glielind) T =+ ), (4)
i=1

1<) < <ir<m
where (k)g =14 q+¢*+--- + ¢k-1.

These two theorems give an explicit formula for Garsia-Remmel rook polynomial

R.(\g) =¢¢ Y ;- ‘("_’)H =T+ 7). (5)

15i,<---<i,-<m

where m

C=Z/\;—7‘(1’+1)

i=1
is the constant in Theorem 1.7.

Corollary 1.9 For an m by n rectangular board, we have

RL,(n™,q) = [ ’;‘ ] [ : ] ]! (6)

where [] is the Gaussian binomial coefficient and [r]! = (1)g(2)g <+ (r)q.
If m = n, this is proved in [8] by means of the root system of type An—1
Corollary 1.10 If m =r, then
RL:(A,q) = (M —r4+1)(Aa=r+2),---(\), )

Corollary 1.11 Suppose m =r and A is parabolic of type (1, -+, pk). Then,

k
= l:[1 [wi]!. (8)

In particular, if X\ and X' are parabolic of types (1, - - -, ik) and (#u .- ,,uk) respectively,
where (py, -+, pi) is a permutation of (py,- -+, pux), then RL,(),q) = L,(X,q). Thus, the
rook length polynomial is invariant under permutations of the dzagonal blocks
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2 A Bijection: Maximum Rank Case

The main idea of this and the next section is to extend a rook placement o on a m by n
rectangular board to a permutation matrix M(P(c)) of size (m + n — r) which corresponds
to a permutation P(c). We call the rows and the columns in M(P(0)) which are not in o
the imaginary part of M(P(c)), and call the submatrix of M(P(c)) which is identical to
o the real part of M(P(c)). Note that there are a lot of different ways to extend a rook
placement to a permutation. We choose the permutation so that the column indices of the
rooks in the imginary part of M(P(c)) increase as the row indices increase. We call the
permutation P(c) obtained in this way an invisible permutation of o as this permutation is
“behind the curtain”. This explains the title of this paper. In the following, we give the
definition of invisible permutations and then use an example to illustrate our idea.

Definition 2.1 Leto € R}, .. Let by, by, ..., b, and ¢1, c3, ..., ¢, be the column indices
and the row indices of o, respectively, such that the entries of o at (c;,b;) are 1’s, i € [r] and
€1 < ¢y <+ <c.. Then, P(o) is a permutation in Wpyn—, defined by

1 -~ n—=r | n—-r+¢ -+ n—r+c di -+ dp,
P(o) =
a; ‘¢ Qper b b, n+l .-+ nt+m-—r
where {a, a3, ... , Gnr} is the complement of {by, by, ... , b} in [n] with a; < @z <
<+ < @ney, and {dy, d2, ... , dm—r} is the complement of {n — 7T + ¢1.--,n — T + ¢} in

p+m—r]—[n—r]withd; <dy <+ < dm_;.

Example. Let r =2, m =n =4.

c=FEy+Exn=

OO OO
(=2 = ]
(e I e I on Y ]
[= =g

According to Definition 2.1, ¢; = 1, ¢ = 3, b = 4 and b, = 2. Then, {a1,a2} = [n] —

{b1,5,} = {1,3}. In particular, a; = 1 and a; = 3. Similarly, {d1,d2} =[n+m —7] - [n -

r]—{n—r+c,n—r+c} = {4,6}. Thus, d; =4 and d; = 6. So we have the following
12

invisible permutation.
4 6
P(o) = .
(e) (1 3 5 6)

By the correspondence M, as mentioned in the introduction, the rook matrix corresponding
to P(o) is

3 5
4 2

M(P(c)) = (Eu+ Ea)+ (Eas+ Esy) + (Eys + Ees)
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o O - OO0
—_ O O O oo

In P(o), the columns to the left of the first vertical line are called the column imaginary part
of P(c). The columns to the right of the second vertical line are called the row imaginary
part of P(c). The columns between the two vertical lines are called the real part of P(c).
In the example above, the real part corresponds to the 4 by 4 submatrix of M(P(c)) at the
southwest corner which is exactly the rook matrix o itself.

Remark. It might seem “natural” to put the “real” submatrix ¢ in the northwest corner of
M(P(0)). But, we find that is not convenient.

In order to make this paper more accessible, we consider first the special case r = m < n.
The general bijection will be given in the next section. For a rectangular board, sometimes
we write Ry as R7, . to match the notation Q] .. We call the elements of R; . maximum
rank rook matrices. Recall the definition of invisible permutation. If m = r, then ¢; = i for
t=1,---,7. So, Definiton 2.1 becomes

1 . n—r
P(U) = ( bl . b

ay -+ Qupey

n—r+l .-+ n )

Now, we give the main result of this section. If r = n, this is Hall’s classical theorem and
the map in our theorem is Hall’s bijection [4]. It is clear that the following theorem is the
special case m = r of Theorem 1.6.

Theorem 2.2 There exists a bijection @ : R}, — Q , such that Vo € R, if (u|v) = ®(0),
then

o) =) ui + ) v
i=1 I=1

Proof. For each 0 = YI_, E;y; € Ry, consider the permutation P(c) = (a|b). We count
the number of inversions in P(c) in two steps. First, note that the imaginary part a is
increasing. Any inversion of P(c) with some a; involved must be of the form (a;, b;). Let u;
be the number of inversions of the form (a;,b;), 1 <i<n—r, 1 <j < r. Next, let v; be
the number of inversions of the form (b;,b;),1 <4< r, 1 < j < r. Thus, we get an integer
sequence

(u]v) = (u1,u2, o, Unor|V1, V2, vy Vp).

Write ®(o) = (u|v).
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In the rest of this section, we will refer to the inversions of the form (a;, b;) and (b5, b;) as
column inversions and essential inversions, respectively. Since the imaginary part of P(o)
is increasing,

0<uy; Suy<.. <tpr <. (9

Notice that for each i, the number of inversions of the form (b;, b;) is solely determined by
the sign of each difference (b; — b;) rather than the actual values of b; and b;. The v;’s satisfy
the following inequalities, which are exactly the restrictions on the inversion sequences of
elements of W, (see [4], or page 90 in[1]).

0<vn<k-1 1<k<r (10)

Hence, the sequence ®(o) = (u|v) satisfies the inequalities in Definition 1.1. Thus, we have
(o) € Qf,.

Next, we need to verify that ®(o) satisfies the equality in Theorem 2.2. By the definition
of the length function /, we can first move all the zero columns of o to the left of all the nonzero
columns, keeping the relative positions of the nonzero columns unchanged. This takes exactly
Un_r4; adjacent column swaps for the (¢ + 1)-th zero column, ¢ = 0,1,---,n —r — L. Then,
the last r columns form a r by r permutation matrix, which has Y7_; v; inversions. Hence
the equality in Theorem 2.2 is true. So far, we have proved that @ is a mapping from R,
to Q7 , satisfying the equality in our theorem.

From the definitions of R, and Q7 _, it is easy to see that they are of the same cardinality
('r') r!. Therefore, in order to show that ® is a bijection, we need only show that & is
surjective. We will do this in two steps.

First, consider an arbitrary sequence (u|v) € Q7 .. We are going to construct an integer
sequence (a|b) such that

1. (ab) € Wa,
2. ®((a|b)) = (u]v), and
3. ais a strictly increasing sequence,
The construction can be done by the following algorithm.
Algorithm 2.3
1) Fori=1ton—r, let a; = u; + 4, (Thus, by Definition 1.1, {a1, "+ ,an—r} is stricly
increasing.)

2) Define a sequence of integers b, b,—1,- -+, b1 and a sequence of subsets By, By_1,*-,B1 of
[n) recursively as follows: Let B, = [n]—{a1,-+*,an—r}. Let b, be the (v, +1)-th largest
element in B,. Fori > 1, let By_; = Br_iy1 — {by—i41}, let b,_; be the (v,_i + 1)-th
largest element in B,_;. (This is possible since v; < i — 1, by Definition 1.1.)
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Output a = (ai,az,...,an-r) and b = (b, by, ..., b,).

Clearly, (a|b) satisfies the conditions 1, 2 and 3, prior to the algorithm above.

The second step is to find an element ¢ of Rr, such that P(c) = (a|b). To do this, we
can simply throw away the imaginary part a , and use the correspondence M, as mentioned
in the introduction, on the permutation

o1 2 1
“\oob oo, )
Then, P(c) = (a|b), by definition of P(s). Q.E.D.

In particular, the construction of Algorithm 2.3 gives an inverse of the mapping ®. In
order to illustrate the bijection given above, we consider the following example.

Example 2.4 Let

(0001
= o100/
Then,
1 2 3 4
P(o) = .
13 4 2

Thus: (alb) = (alaa2|bla b2) = (1$3I4a2)

First, consider the inversions of the form (a;,b;). Since there is no b; which is less than
a1 = 1, we have u; = 0. Again, since there is only one term b, = 2 in the real part of P(0)
which is less than a; = 3, we have u; = 1. Next, look at the real part (b1, b2). As there is no
term in the real part of P(o’) which is to the right of 5, = 4 and bigger than 4, v; = 0. On the
other hand, there is exactly one term b, = 4 in the real part of P(0), which is to the right
of b, = 2 and bigger than 2. So, v, = 1. Hence, we have ®(c) = (uy, uz|v;,v,) = (0, 1[0, 1).

To recover P(0) from ®(c), we need only to add i to u; for 7 = 1,2, and then arrange
the elements of {1,2,3,4} — {uy,u,} according to the inversion numbers v; = 0 and v, = 1.
Hence,u; =0+1=1and u; =1+2=3. Also,

B; = {1,2,3,4} — {u1,uz} = {2,4}.

As vy = 1, by is the (1 4 1)st largest element in By, so b, = 2. Thus, B, = B, — {2} = {4}.
Similarly, v; = 0 implies that b; is the (0 + 1)st largest element in B, so b, = 4. To recover
o from P(), we can simply write P(c) as the permutation matrix M(P(c)) and chop off
the first two rows. Then, we are done.
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3 The Bijection in General Form

In this section, we remove the restriction r = m and prove Theorem 1.6 in general. The
idea, here, is similar to that used in the previous section though the techniques are a little
more complicated.

Remark. When m = r, the mapping ® is exactly the mapping introduced in the previous
section. Because of this, we use the same symbol ® in this section.

Proof of Theorem 1.6. Consider the sequences {a;}, {b}, {¢;} and {d;} as defined in
Definition 2.1. Now, define

®(0) = (u|v|w) = (uy, Uz, "+ y Unr|v1, V2, , Ur|W1, Way - -+, Win—y) (11)
where
o u; = the number of b;’s smaller than a;,
e v; = the number of b;’s larger than b; with j <,
o w; = the number of (n — r + ¢;)’s larger than d;.

Mimic the terminology used in section 2. We call u, v and w the column inversion number
sequence, the essential inversion number sequence and the row imaginary inversion number
sequence, respectively. And, we call CIN(o) = Zu;, EIN(o) = £v; and RIN(0) = Lw; the
column inversion number of o , the essential inversion number of o and the row inversion
number of o , respectively. By Definition 2.1, it is easy to check that ®(o) satisfies the
inequalities in Definition 1.1. Further, since a and d are both increasing, all the inversions
of P(c) are counted in the right hand side of the formula (3) exactly once. Thus,

n-r T m-—r
(P(e)) =2 wit D v+ 3wk
i=1 j=1 k=1
where [ is the usual length function on Wy 4n—,. Since a and d are both increasing, we have
l(c) = I(P(c)). Hence, formula (3) is true.

Thus, ® is a mapping from R, , to ), .. Now, we need to show that @ is a bijection.
Clearly, the sets R;, . and §;, . are of the same cardinality (’:‘) (:)"!' Thus, we need only to
show that ® is surjective.

Here, we use the algorithm in section 2. Suppose we have a sequence (u|v|w) from
Qr, . First, use 1) of Algorithm 2.3 on u. We get a = (a1,a3,""*,as-r). Then, use 2)
of the algorithm on v and B, = [n] — {a1,a2,*-,@n-r}. Then, we get the sequence
b = (b, b2, -+, b,). Next, in a similar way, use 1) of the algorithm on w; + n — r,w; +n —
Ty o, Wmer + 1 — 7. We get a strictly increasing sequence d = (dy,dz,-++,dm—,). Let

C=[n+m—r]—[n_r]_{dl,d%"')dm-r}-
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Arrange the elements of C, to form a strictly increasing sequence ¢ = (n —r +¢;,n — r +
¢, ++,n—r+¢). Then,

N

a

c d

b n+ln+2 - n4+m—r )

If we delete the first (n — r) rows and the last (m — r) columns from M(P(c)), we get o.
Thus, @ is surjective and hence is bijective. Q.E.D.

4 The Poset (R, <)

In this section, we define a partial order “ < ” on RI,..

Definition 4.1 Define a graph with R, as its vertez set. If 0,7 € R;.. and o # 7, we say
that o and T are adjacent if there ezists some s € S(m) such that so = T or there exists
some s' € S(n) such that o' = 7 where S(k) = {(12),(23),...,(k -1, k)}.

Note that S(k) generates Wy, and W,, x W, acts on RT,., transitively, by means of left
and right multiplications. The graph defined as above is connected.

Definition 4.2 Let ! be defined as in Definition 1.2. For 0,1 € Ry, defnec <7t ifo=r
or there exists a sequence of elements 0y,0,...,0; € R}, such that 0 = 01,7 = oy, each o;
is adjacent 1o 04y in the graph and l(o;) < I(0i41), fori € [k —1]. If, in particular, o = v,,
then we call the sequence above a reduced sequence of 7.

Lemma 4.3 (R, <) is a partially ordered set.
Definition 4.4 A level set of rank k in (Rlm, <) is defined by
Li(Rm) = {0 € Ry |1(0) = k}.

Corollary 4.5 The sequence {|Li(Rym)|}kpo of cardinalities of level sets is symmetric and
unimodal.

Proof. The best property of the bijection defined in formula (11) is that it maps a rook matrix
to a triple of integer sequences. Each component of the triple satisfies a set of inequalities,
independently. Thus, the enumeration of Rl is decomposed into the enumeration of the
three integer sequences.

By Definition 1.1, a sequence u satisfying 0 < uy <--+ < u,_, < r can be identified as a
partition with its Ferrers board contained in a n — r by r board, such that the i-th column
of the rectangular board contains exactly u; cells of the Ferrers board, 1 <7< n—r. For
example, if n = 7 and r = 3, then the sequence

(u1,u2,u3,uq) = (0,1,1,3)
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can be identified as a partition with the Ferrers board

0 % * =*
000 = ].
0 0 0 =

Let Y, , be the set of all partitions with their Ferrers boards contained in a n —r by r board.
Clearly, the inclusion relation of Ferrers boards is a partial order on the set Y, . This poset
has the following generating function function

it

UEYn,r

where |u| = £ u;. (This formula has many proofs. See for example [6, 3]). Similar is the
case for the set {w}. By Hall’s argument, we know that the set {v} satisfying 0 <v; <i—1,
1 < i < risin one to one correspondence with W, and ¥ v; counts the inversions in the
permutation corresponding to {v}. Thus, by Rodrigues’ formula [7],

> = 3 M=l

weW, 0<wi<i~1
where |v| = Y7, vi. Thus, by Theorem 1.6, we know that
) ¢ = ) gCIN@HEIN(@)+RIN()

d€RLm o€R] .,

= (X ™ X MM ™

U€Yn,r 0<yi<i-1 wWEYm,r

= (X "N ¢ Y ™)

VEYn,r weEW, WEYm,r

- [7]m[7]

This is the formula in Corollary 1.9. Since the coefficients of [¥] and [r]! are symmetric and
unimodal, the coefficients of Y serr,, ¢'®) is symmetric and unimodal.Q.E.D.

Lemma 4.6 Let A = (A1, ++,An) be a partition with \y = n. Then, R} is an order ideal of
R..

Proof. Suppose for a fixed o € R}, there exists some 7 < o such that 7 ¢ R}. Choose such
7 so that I(7) is maximum. Then, by the definition of our poset (R}., <), there exists a
sequence of elements 79,71, ..., 7t € Rim such that 7 = 79,0 = 7, each 7; is adjacent to 7i41,
and I(7;) < I(Ti41), 1 € [t—1]. Since I(7) is maximum, 7; € R}, for all ¢ > 0. And, there exists
some s € S(m) such that s7 = 7, or some s’ € S(n) such that 7s' = 7,. Without loss of
generality, we consider the first case, only. Then, there exists some k such that s = (k, k+1).
The fact that 7 ¢ R} and 7 € R} implies the following two facts:



148

o there is a rook in the (k+ 1,n — k) position of 7 such that n — h > Ary1, i.e., in 7, this
rook is outside the board F,.

e if the k-th row of 7 is nonzero, the rook in the k-th row is to the right of the (n — k)-th
column since otherwise, 71 ¢ Rj.

Therefore, {(7) > I(71) by the equality in Theorem 1.6 whether the k-th row is zero or not.
Thus, we get a contradiction. Q.E.D.

5 Evaluation of Length Function [

Lemma 5.1 Suppose A and p are partitions and 0 € Ry R;,. Then the length of o viewed
in R} is the same as the length of o viewed in Ry,

Combine the lemma with Theorem 1.6, we have

Corollary 5.2 Ifo € R}, then

o)=Y ui+d vi+ Y wy
i=1 k=1

=1

where (u,v,w) is obtained by the method described in the section before, viewing o as a m
by n rook matriz.

Proof of Lemma 5.1. Write [5(0) and I,(o) for the two lengths which we want to prove
equal. We may assume that 4 = (n™) and write [,(c) as /(o) as in Section 2, 3 and 4. For
any given o € R}, if

O = 8kSk_1 - S281 Vr S18p - Sh_ Sk

with (k + h) being minimum, then Lemma 4.6 tells us that each
SkiSki_1 - 8281 Vy 818+ ++ Shi_1Sh € RY,

for1 < k' <k,1 < h' < h. Thus, each reduced sequence of o in R} is also a reduced sequence
of o in R}.. Hence, our equality I3(¢) = l(o) is true. Q.E.D.

In fact, the length function I can be evaluated “locally”, in the sense of the following
corollary, according to the explanation of u;,v;, wy as described in the introduction.

Corollary 5.3 Let o € R} such that 0 = 3y Ey, o, and 71 < 25 < -+ < z,. Let a; be the
number of zero rows above the z;-th row in o, v; the number of zero columns to the right of
the y;-th column in o,and fB; the number of 1’s to the “northeast” of the i-th 1. Then,

T

o) = (ai + Bi + 7). (12)

i=1
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Proof. Clearly, v; = B;, for each i. Note that

n-1 n—r
Z u; = 2 number of rooks to the left of the i-th zero column in o
=1 i=1
T
= > number of zero columns to the right of the i-th rook
=1
T

=3 o

i=1

Similarly, we have Y727 w; = YI; %. Q.E.D.

In [8), it was proved that on a square board, let {(zi,¥:)}1<- be as above, then

(o) = 3 (@i + n— 4i) + Tnv(n, ,9) — r(r = 1). (13)

i=1
Here,
Inv(ys, - 9r) = D i
=1
where y; is the number of y; such that y; > y;, and j < 4,1 <i <.

Remark 5.4 The sum in formula (13) can be realized by the following procedure. First,
move the i-th 1 of o to the north until it reaches the top row. Then, move the I to the right
until it reaches the northeast corner of the Ferrers board. Count the total number of the steps
taken by the 1. Now, sum over all i, 1 < i < r. Next, delete all the zero rows and all the
zero columns from o. The array obtained in this way is a r by r permutation matriz with
inversion number equal to Inv(yy,- -, yr).

In the following, we will prove that the formula (13) is true on arbitrary Ferrers boards.
Although we could prove this by repeating the argument above, we will show directly that
the right hand side of formula (13) equals the right hand side of formula (12).

Lemma 5.5 Let o € R}. Then,

r T

Yo(ai+ Bit+ )= (zi+ n— )+ Inv(y, -, y;) —r(r —1).

=1 =1
Proof. Note that .
Inv(by, -+, b)) = D %
=1

We need only show that

r(r—1)+ i(aﬁ Bi) = i(m;+n—y.~).

=1 i=1



150

Note that we can obtain the right hand side as in the first step of the procedure in Remark
5.4. If we look at the procedure more carefully., we see that as the i-th 1 in o, moves to
the top row, it passes every non-zero row above the z;-th row (say, there are k; of them),
and every non-zero column to the right of the yi-th column (say, there are h; of them).
Meanwhile, the i-th 1 in o passes through all the zero rows above the z;-th row and all the
zero columns to the right of the y;-th column. Hence,

r T

d(zitn—w)= Y (ci+Bi+ki+h).

i=1 =1
Note that (ky,---, k) and (hy,---,h,) are two permutations of the set [r], so,
r r r
ph-ghe (1)
1= =1
Hence, our equality is proved, for all ¢ € R}. Q.E.D. Remark. So far, we have four different

ways to evaluate our length function I. They are given by Definition 1.2, Theorem 1.6,
formula (13) and formula (12). The fourth is the only one which calculates the length
function, “locally”, i.e., it counts the contribution of each rook in o, individually. This local
property is very useful in the proof of Theorem 1.7 and Theorem 1.8. In fact, Theorem 1.7
gives another way to evaluate our length function.
Proof of Theorem 1.7. By Lemma 4.6, all rook placements of shape A with r rooks
can be obtained by adjacent row interchanges and adjacent column interchanges from the
“canonical” rook placement v, so that all the intermediate rook placements stay inside F.
We need only show that GR(c) + (o) is an invariant under the action of the transposition
si = (4,2 + 1), on the rows or on the columns.

Without loss of generality, we prove that this is true for the action of s; on the rows,
only. The situation concerning the columns is exactly the same. We separate four cases.

a) the i-th and the (i + 1)-th row are both non-zero,

b) the i-th row is non-zero and the (i + 1)-th row is zero,
c) the i-th row is zero and the (i 4 1)-th row is non-zero,
d) the i-th and the (i + 1)-th row are both zero.

In case a), there are two subcases.

al) The i-th rook is to the right of the (i 4+ 1)-th rook.
a2) The i-th rook is to the left of the (i + 1)-th rook.
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In case al), let k and j be the column indices of the i-th and the (i +1)-th rook, respectively.
Then, j < k. Consider the two row array formed by the i-th row and the (i + 1)-th row.

(7) (k)
@ e 1
1 e °

By Definition 1.3, if there is a column of the form { in this array, either all columns of the
form ¢ are to the right of the k-th column, i.e., they are determined by the i-th rook and the
(i + 1)-th rook or they are both determined by a rook in some row below the (i +1)-th row.
In both of the cases, the action of s; does not change this column ;. If there is a column
of the form ¢ in the array, the column must be to the left of the j-th column. Again, this
column will not be affected by the action of s;. If there is a column of the form J then the
dot on the top is determined by the rook of the i-th row, which implies that the column is
to the right of the k-th column. But, this means the bottom cannot be a “0”, by Definition
1.3. So, such a column does not exist. If there is a column of the form { the column must
be between the j-th and the k-th columns. Thus, the bottom dot is determined by the
(¢ + 1)-th rook, only. Hence, the action of s; changes this column into the form $. At last,
the j-th column { is changed into the form } and the k-th column { is changed into the
form . Therefore, the local property of I tells us that the action of s; increases GR by 1
and decreases | by 1, so, their sum is not affected by the action of s;.

By a similar argument, we can prove that the sum of [ and GR is not affected by the
action of s; in the cases a2), b) and c). Clearly, in case d), the action of s; does not change
GR(0) or I(o). So, the sum GR(0') 4+ I() is an invariant under the action of the symmetric
group of the rows. For the columns, the situation is exactly the same. Thus, GR(o) + (o)
is a constant C. The constant C can be figured out from the canonical form v, as given in
Definition 1.2, in which {(v;) = 0 and hence

C = GR(v,) = EI_: N—r(r+1)

=1

Therefore, Theorem 1.7 is proved. Q.E.D.

6 Proof of Theorem 1.8

To illustrate the idea of our argument, we start with the case that r = m = 2. Consider a
Ferrers board, in which the first row has A; cells and the second row has A, cells. Suppose
the rook in the second row is in the k-th cell from the right. Now, consider the position of
the first rook. there are two cases: Either the first rook is to the left of the second rook or
the first rook is to the right of the second rook.

Case 1. The first rook is to the left of the second rook. In this case, by formula (12), the
second rook contributes g¥~! to the generating function because it has (k — 1) zero columns
to the right and there is no rook to the northeast. At the same time, the first rook has a
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contribution ¢, k=1 < i< A\ — 2.
Case 2. The first rook is to the right of the second rook. In this case, there are (k — 2) zero
columns to the right of the second rook and there is only one rook to the northeast. Again,
by formula (12), the second rook contributes ¢*~! to the generating function. Note that the
first rook contributes ¢/, 1 < j < k — 2.

Hence, combining the two cases, the generating function of the rook placements of this
shape is given by the following expression.

A2
2T+ g4+ ¢ = (A)y(M - 1),
k=1

From the argument above, we can see that the local property of I makes it possible to look
at the contribution of each rook to the generating function, individually. With this in our
mind, we can go ahead to look at the general case. From the formula obtained above, we
conjecture that for r = m, we have

RLn(Aq) = (M—-m+ 1g(A2 —m + 2)g - (Am-1 — 1)g(Am)q (14)
= I:I (A —m+j),.

This is the formula in Corollary 1.10. If m = 1, this is obvious. When m equals 2, the
formula is proved above. Now, we use induction on m. Suppose that the rook in the last
row (i.e., the m-th row) is in the k-th cell from the right. Since m = r, this rook is the m-th
rook. Then, by formula (12), the m-th rook has k — 1 — ¢ zero columns to the right if there
are t rooks living to the right of the m-th rook. Hence, the m-th rook contributes g*1 to
the generating function. This is independent of the configuration formed by the first m — 1
rooks. Now, delete the k-th column ( from the right side) and the last row from the Ferrers
board and use the induction hypothesis on that board, we get the formula 14.

;‘n=-11((}‘j —1)=(m- 1) +7)q 2221 ¢!
H?:l(’\j -m +j)q

RLm(’\i q)

Finally, we consider the general case, i.e., r < m. Suppose that the r rooks live in the
rows with indices 21,13, -+,%,. Thus, by formula (12), the zero rows give an extra factor

q&u=1liu=ie-1=1) {5 the contribution of the rook in the i;-th row, which does not appear in
the case r = m. Therefore, using formula (14),

RL:(A\q)= Y ¢Zml-i#0G-imaD [T\ _py ),
1<4)<<ir<m i=1

Here, we used the convention that i = 0. Since Y=t =) = Tiea(r = + 1) (35— 4521 — 1),
the theorem is proved. Q.E.D.



153

Proof of Corollary 1.11 Let A be a parabolic board of type (g1,- -, px). Then, A, — (m —
i) =j,if s = Yl pi+jand 1 < j < gy for some integer t, 1 < ¢ < k. Therefore, by
formula (14), we have

k
RLa(A,q) = (M =m+1);(la—=m+2)g-+ Ame1 = 1)g(Am)g = T[]

=1

Since the formula above does not change if we permute the y;’s, the rook length polynomial
is invariant under the permutations of diagonal blocks. Q.E.D.
Comments. The results obtained here have other consequences. For example, Corollary
1.9 and formula (14) tell us that the coefficients of rook (length) polynomials are a unimodal
sequence for arbitrary rook placements on a rectangular board and those maximum ranked
rook placements on any Ferrers board. These strongly support the general conjecture made
by Garsia and Remmel that the sequence of coefficients of R,(],¢) is unimodal.

The corollary of 1.10 tells us that if we swap the second and the third diagonal blocks in
a parabolic Ferrers board of shape A = (6,5,5,3,3,3), then the rook length polynomials for
the boards with A = (6,5,5,3,3,3) and X = (6,5,5,5,2,2) are exactly the same though the
two boards are quite different!

* * * * * % * ok ¥ * * *x
* * kx k ok * ok ok k *
* k *x ok ok * x * *x X

* x X * x ok kK
* x X * x
* ok * * %

Masao Ishikawa pointed out that the bijection @ in section 3 does not preserve the partial
order and in general (R}, ., <) is not isomorphic to the direct product Y, x W, x Y, .. It
is my pleasure to thank him for this and many other suggestions.
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La Correspondance de Robinson-Schensted
pour les
Tableaux Oscillants Gauches

Serge Dulucq 1
Bruce E. Sagan ¥

Abstract. We introduce an analog of the Robinson-Schensted algorithm for
Skew Oscillating Tableaux which generalize the well known correspondence
for Standard Tableaux. We show that this new algorithm enjoy some of the
same properties as the original. In particular, it is still true that replacing a
permutation by its inverse exchanges the two output tableaux. These facts

permit us to derive a number of identities involving fn“"p .

1. Introduction

Les tableaux de Young, introduits en 1902 par A. Young [You] pour calculer
certains idempotents de 1'algébre du groupe symétrique, ont été trés abondamment étudiés
sous différents points de vue. En particulier, dans le cadre de la théorie des
représentations du groupe symétrique, l'algorithme de Robinson-Schensted [Rob, Sche]
donne une preuve combinatoire de I'identité

=Y (), )

Al—n
identité dans laquelle n/ est la dimension de la représentation réguli¢re, et f * est 4 la fois
le degré et la multiplicité de la représentation associée 2 la forme A. Depuis, une riche
combinatoire sur les tableaux de Young a vu le jour. Ainsi, plusieurs correspondances
analogues 2 celle de Robinson-Schensted ont été proposées pour divers types de tableaux:
tableaux semi-standards [Knu], tableaux oscillants [DDF, Fav, Sun, McL], "shifted"
tableaux [Sag, Wor], tableaux gauches [SaSt], ...
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Dans ce travail, nous nous intéressons a la famille des tableaux oscillants gauches,
de tels tableaux correspondant a des chemins quelconques allant d'une certaine forme
initiale 3 une certaine forme finale dans le treillis de Young représenté figure 1.

%)

/ﬂi \/\E

Figure 1

Ces tableaux oscillants gauches généralisent donc les notions de tableaux
oscillants (pour lesquels la forme initiale est la forme vide &), tableaux standards (la
forme initiale est & et le chemin est une chaine dans le poset représenté figure 1),
tableaux gauches (la forme initiale est quelconque et le chemin est une chaine dans ce
méme poset).

Dans cet article, nous donnons un analogue de l'algorithme de Robinson-
Schensted [Rob, Sche] pour cette famille des tableaux oscillants gauches. Nous montrons
€galement que cette correspondance posséde les mémes propriétés que l'originale, en
particulier celle qui fait que le remplacement d'une permutation par son inverse a pour
effet d'échanger les deux tableaux obtenus [Schii]. De ces résultats, nous déduisons un
certain nombre d'identités faisant intervenir le nombre de ces tableaux.

Le paragraphe suivant présente les définitions et notations que nous utilisons au
long de ce travail. Ensuite, nous proposons un algorithme (dit fondamental) associant &
un tableau oscillant gauche un triplet constitué d'une involution partielle et de deux
tableaux partiels, correspondance donnant une premiére formule d'énumération pour ces
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tableaux (en fonction des formes initiale et finale et de la longueur des tableaux). Dans le
paragraphe quatre, nous donnons la correspondance de type Robinson-Schensted pour
les tableaux oscillants gauches, déduite de l'algorithme fondamental. Nous obtenons ainsi
une formule analogue 2 la formule (1) sur les dimensions. Dans le dernier paragraphe,
nous montrons que cette correspondance posséde une propriété analogue a l'originale,
propriété dont nous déduisons une formule pour le nombre de tableaux oscillants gauches
ayant une forme initiale et une longueur fixées.

2. Définitions et notations

Nous utilisons ici la terminologie habituelle sur les tableaux et nous supposons

connu l'algorithme de Robinson-Schensted tel que présenté dans [Sche]. Les définitions
non précisées ci-dessous pourront étre trouvées dans cet article.
Nous notons indifféremment par A = (A,, A,, -...... , \;) une partition et le diagramme
de Ferrers correspondant, représenté en notation "Frangaise", c'est & dire avec la plus
longue part A, sur la ligne inférieure (ligne 1) et ou les parts nulles sont interdites. La
cellule du diagramme sur les ligne i et colonne j est notée c=(i, j) et ainsi, cel si et
seulement si 1<j<Ai. Si WS A, la forme gauche M/ est I'ensemble de cellules
{cl ceXetcen}. Silkpl=n, nous écrivons M/l +- n et parlons de partition (gauche)
de n pour M.

Un tableau de Young T de forme M/ est un étiquetage des cellules de A/p par
des entiers positifs de sorte que les lignes et colonnes soient croissantes au sens large.
Nous notons T, ou T(i, j) l'étiquette de la cellule c=(i, j) ; ainsi, kT signifie k=T(i, j)
pour un certain couple i, j. Un tableau de Young est partiel si ses étiquettes sont
distinctes, standard s'il est partiel et les étiquettes comprises entre I et n=|A/pl. Par
exemple, losque A=(5, 4, 2) et p=(3, 2), les deux tableaux suivants sont respectivement

partiel et standard.

15 13
29 46
14 6 12 5

Figure 2

Les ensembles de tableaux de Young partiels et standards de forme A/jL sont notés
respectivement PT(A/u) et ST(A/p), 'ensemble PT (W) désignant les tableaux de Young
partiels de forme A/l avec décroissance en ligne et colonne.

Nous notons f** le nombre de tableaux standards de forme M/j.
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Une involution partielle @ sur [n]=(1, 2, ...., n} est un ensemble de paires
verticales d'entiers de [n] deux & deux distincts

[ i, o . L
n=(f : ) ol i, <i,<..... < <neti,>j (I<p<k),
J1 Ja covneees Je
ces paires verticales constituant les cycles de I'involution qui sera toujours sans point
fixe. Nous notons ®=i, i, ......... Bt T=J, Jy e Ji les lignes supérieure et

inférieure de cette involution.
L'ensemble des involutions partielles sur [#] est 'ensemble PINV(n).

Définition 2.1 Un tableau oscillant gauche de formes initiale o et finale B etde
longueur n est une suite T de diagramme de Ferrers (ou partitions)

T=(a=7~o,kl, ...... A, =B)
ol Ay est obtenue 2 partir de A, _; par ajout ou suppression d'une cellule. L'ensemble de

tels tableaux est noté TOG, (o — B) et leur nombre %,

Exemple 2.2

T= . ] T IO OO O

Ainsi T € TOG({(2,1) » (1)} .

Cette notion de tableaux oscillants gauches généralise donc les notions de
« tableaux oscillants [DDF, SUN, DF, MacL] qui correspondent au cas ot o=,
* tableaux de Young standards correspondant au cas ot a=2 et ol les seules

opérations admises dans "I'histoire" du tableau sont des adjonctions de cellules.

Dans le prochain paragraphe, nous présentons l'algorithme fondamental & partir
duquel nous obtiendrons dans la section suivante une correspondance de type Robinson-
Schensted pour les tableaux oscillants gauches. Pour terminer, nous verrons que cette
correspondance possede des propriétés analogues a celle de Robinson-Schensted, en
particulier lorsque l'on permute les deux tableaux oscillants gauches obtenus ce qui a
pour effet d'inverser (en un certain sens que nous définirons) l'involution partielle.
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3. L'algorithme fondamental
Théoréme 3.1 Soient o et B deux partitions et # un entier. Il existe une bijection

6:TOG, (a—pB) —> PINV(n) x PT(B/p) x PT(a/p)
T > (n,P,Q)
telleque ®# U P U Q = [n] (o U désigne I'opérateur union disjointe).

Remarque 3.2 Dans I'énoncé de ce théoréme, la partition | décrit I'ensemble de toutes
les partitions A telles que AC o et ACP .

On déduit immédiatement de ce théoréme le résultat suivant.

Corollaire 3.3 Le nombre de tableaux oscillants gauches de formes initiale o et finale
B et de longueur n est donné par

70| n Q /

1320 Lalp—k
n-klpair B gpi—1

En considérant des formes particuliéres pour o et B, nous retrouvons les formules

d'énumération suivantes pour les tableaux oscillants [DDF, Fav, Sun].

n

1Bl
(i) 72°° = 2n)!! .

Corollaire 3.4 (i) ff*“:( ](n—IBD!! .

Avant de prouver le théoréme 3.1, nous allons définir les différents processus de
suppression dans un tableau de Young gauche partiel que nous serons amenés a
considérer.

Soit PePT(A /). Trois types de suppression peuvent étre réalisées sur ce

tableau.

« Suppression d'une cellule vide.

11 s'agit de la suppression d'une cellule appartenant & | en position (i, j) telle que
les cellules en position (i, j+1) et (i+1, j) n'appartiennent ni a W, ni a A/u (figure 3 ci-
apres, suppression de la cellule vide (5, 1) ).
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S
w s

——

N O
w s

Figure 3

« Suppression d'une cellule contenant un entier.

11 s'agit de la suppression d'une cellule en position (i, j) de A/) contenant un
certain entier k, sur le méme principe que dans 1'algorithme de Robinson-Schensted. Cet
entier k vient prendre la place du plus grand entier de la ligne i-1 qui lui soit inférieur
(lorsqu'il existe), ce processus étant itéré jusqu'a ce que l'une des deux situations
suivantes se produisent.

- Suppression externe :

Le processus se termine par I'expulsion d'un entier de la premigre ligne de A/ (la
figure 4 représente la suppression de la cellule contenant 6 ce qui conduit & I'expulsion
de l'entier 3).

26

_‘NO\
W A

Figure 4

- Suppression interne :

Le processus se termine lorsque, 2 une certaine étape, l'entier m expulsé de la
ligne p+1 est plus petit que tous ceux de la ligne p (p>0) de M/ ou lorsque cette ligne p
ne comporte aucun entier (cas ol Ap=p). Dans ce cas, l'entier m est placé dans la
derniére cellule de | sur la ligne p. Ainsi, une cellule "coin" de . est remplie (la figure 5
représente la suppression de la cellule contenant I'entier  ce qui a pour effet de remplir la
cellule (3, 2)).

w A
_‘NO\

wh

Figure 5§
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Preuve du théoréme 3.1
Soit T= (0 =%Ag,Agse.eee0s A, = B) un tablean appartenant 2 TOG, (o — B). On construit
une suite (Jq, désignant le tableau vide de forme o/or)
(ro, Po, Q0)=(D, Da, Ba), (11, P1, Q) -.cecr (@n, Pn, Qu)=(m, P, Q)
A I'aide de l'algorithme suivant (voir exemple 3.5).

Algorithme Cl. Supposons qu'a la ki¢me étape, Ak soit obtenue & partir de A1 par:
(1) ajout d'une cellule en position (i, j) ; dans ce cas
Q= Qk-1, k= Tic-1,
Py(i, j)=k (ajout d'une cellule & Py ; étiquetée k) ;
(2) suppression d'une cellule en position (i, j) ; dans ce cas, on supprime la cellule en
position (i, j) de Py.1, le processus conduisant au tableau Py par ’
(a) une suppression externe :
Q= Qk-1
on ajoute le couple (k,m) & .1 ol m est I'entier expulsé de Py.; ;
(b) une suppression interne :
Qx(, j)=k ol (i, j) est la cellule de Py.; ayant été remplie,
k= Tk-15
(c) une suppression de cellule vide :
Qx(i,j)=k ot (i, j) est la cellule supprimée,
k= Tk-1.
Un exemple de cette construction est donné ci-dessous (exemple 3.5).

11 est facile de voir que, partant de T e TOG, (o — B), cet algorithme fournit

P ePT(B/u) : & chaque étape de l'algorithme, P, € PT(A, /Ky),

Qe PT(a/p) : en effet, Q=B et, & chaque étape, si P, € PT(A, /) alors

Q, € PT(au/p,) (cas 2b et 2¢ de I'algorithme),

ne PINV(n) par construction.
Deplus,®t U P U Q = [n] car

Q est étiqueté par des entiers correspondant aux étapes de suppression (cas 2b et
2c),

P est étiqueté par des entiers correspondant aux étapes d'insertion (cas 1), entiers
non supprimés lors d'étapes ultérieures (cas 2a),

7 est constituée de couples dont les entiers correspondent aux étapes de

suppression externe (cas 2a) et aux entiers expulsés.
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Exemple 3.5

k= 0 1 2 3 4 5 6 7 8 9
i 0 [ [ O -
T= 1N ] O 0O OO0
1 1 1 1 7

- ] 4 14 1 7 7
k= ] (133 13 13 [J4 [OJ4 O14 O
= ]2 52 52

% l [T 18

Ainsi'f‘_>{[:j] I%IIESI%}

Pour montrer que cette application est bijective, nous allons construire son
inverse. Pour cela, nous donnons un algorithme qui, partant d'un triplet (x, P, Q)
appartenant 3 PINV(n) x PT(B/p) x PT(a/p)telque n U P O Q = [n], fournit
un tableau T de TOG, (o — B).

Soit donc le triplet (%, P, Q).
On construit une svite (Py=P, Qn=Q), (Pn-1, Qn.1), ...... , (Po, Qo) a l'aide de
l'algorithme suivant.

Algorithme !, Supposons qu'a I'étape k, k variantde n 4 1,
(1'1) I'entier k soit 1'étiquette d'une cellule de Py :

on supprime la cellule de Py contenant cet entier ce qui donne Py ;,

Q1= Qs
(2'1) I'entier k n'appartient pas Py :

(a) le couple (k,m) appartient A T

on ins¢re (en utilisant I'algorithme de Robinson-Schensted) I'entier m dans

Py pour obtenir Py_;,

Q1= Qx;
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() Qx(i, j)=k et Pi(i, j)=m
on vide la cellule (i, j) de Qx pour obtenir Q.1,
on insére I'entier m dans Py 2 partir de la ligne i+1 en utilisant également
l'algorithme de Robinson-Shensted et 1a cellule (i, j) de Py devient vide pour former Py.1,
(c) Q(, j)=k et Px ne posséde pas de cellule en position (i, j)
on vide la cellule (i, j) de Qx pour obtenir Q.1,
on ajoute la cellule vide (i, j) & P pour obtenir Py ;.
On obtient ainsi, 4 l'issue de cet algorithme, la suite de tableaux (Py=P, Pp.1, ...... , Pg)

ot P, e PT(A, /1,). Le tableau T estalors T = (ot =R, A;,..ceeer A, = B).

11 est facile de voir que cet algorithme ot correspond exactement a la construction
inverse de celle fournie par 1'algorithme Cl,
I'étape (1) correspondant 2 la suppression d'une cellule,
I'étape (2’1 correspondant 2 I'insertion d'une cellule :
(2'1a) étant une insertion externe,
(2"'b) étant une insertion interne,
(2°%c) étant l'insertion d'une cellule vide.

Un exemple d'application de l'algorithme ! est donné dans la deuxiéme partie de
l'exemple 3.8 (3.8.2). Il correspond 2 la construction inverse de celle de l'exemple 3.5.

11 est maintenant naturel de se demander ce qu'il advient lorsque I'on considére le
miroir du tableau oscillant gauche lorsque 1'on applique l'algorithme C(. Pour cela, nous
allons dans un premier temps introduire quelques notations et définitions.

Définition 3.6

@i) A un tableau T =(a.=A,, A,,......, A, =P) appartenant 2 TOG, (o — B), on
associe son miroir T* = (B=A,, ......, A;, A, = @) appartenant 3 TOG, (B — o).

(ii) Etant donnés un entier # et un tableau P € PT(AL /) (resp. P e PT(\L/p)) on
définit le tableau P° € PT(A / p) (resp. P € PT(A /1)) par P°(i, j)=n+1-P(i, j) pour toute
cellule (i, j)e Mp.

(iii) A une involution partielle ne PINV (n) ayant pour cycles les couples (ip, jp),
on associe l'involution n°e PINV(n) dont les cycles sont les couples(n+1-jp, n+1-ip).

Théoreme 3.7 Soit T un tableau oscillant gauche tel que 8(T) = (r, P, Q).
Alors 8(T?) = (n°, Q°, P°).
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Preuve. Nous n'en donnerons ici que le principe.
Etant donné un tableau T=(a=%, A,,......, A, =P) tel que 6(T)=(x, P, Q),
posons (o, A, B)=(n", Q% P°).
Considérons alors la suite
(ro, Po, Q0)=(D, Do, Do), (M1, P1, Q1), ..., (g, Py, Qu)=(r, P, Q)
obtenue en appliquant l'algorithme C{ au tableau T,

et la suite
(A,=A, B, =B), (Apts Byy)s oo » (Ags By)

obtenue en appliquant I'algorithme C"! au triplet (o, A, B).
La preuve du théoréme consiste & montrer que, 2 toute étape k, 0<k<n, les tableaux Py et
Ap vérifient

P, € PT(A, /1, ) pour une certaine forme i,

A,_, € PT(A, /v,) pour une certaine forme 7y,
c'est a dire que les formes "globales" de ces deux tableaux sont identiques, fait dont nous
déduisons le résultat attendu, soit

07 (n°, Q°, P°) = TR,

La preuve de cefait consiste & examiner les différents cas intervenant dans les algorithmes
Cl et @ appliqués en parallele aux suites (m,, P, Q,) et (A, B,_,), et résulte
essentiellement des propriétés de 'algorithme de Robinson-Schensted pour un tableau
gauche.
Nous nous contentons de donner ici un exemple illustrant ce résultat, plutdt que
d'effectuer cette énumération des différents cas & examiner.

Exemple 3.8
(3.8.1) Le triplet (n, P, Q) obtenu par application de l'algorithme C au tableau T, ce

tableau €tant le miroir de celui considéré lors de I'exemple 3.5.

k= 0 1 2 3 4 5 6 7 8 9
~— ’_ R - - 1
T= O O 0 1 L1 0O

2 5 5 5 s
P ] ] [ ] 2 24 24 2 2 28 8
k™ 1 11 [T IO O3 004 O ™ 02
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PR 67| .58 . 3 -
Ainsi T —» [1 4] ‘02 ¢ 9 } et, pour 0<k<n=9,

P, € PT(A, /H,) pour une certaine forme pi.

(3.8.2) L'algorithme ol appliqué au triplet (o, A, B) =(xn°, Q°, P®).

k=" 0 1 2 3 4 5 6 7 8 9

|
—
—
—

7
71 1 1
Ay O O14 M4 OO4 13 O3 O3 [

52 52 ]2
B~ [8 ] ]
6 9
o= 3 4

On peut constater que A,_, € PT(A, /7, ) pour une certaine forme Y, et ceci pour tout k
compris entre O et n=9. Le tableau ainsi obtenu est donc exactement le tableau miroir du
tableau précédent.

4. La correspondance de Robinson-Schensted pour les tableaux
oscillants gauches.

A partir de 1'algorithme fondamental présenté précédemment, nous obtenons une
correspondance pour les tableaux oscillants gauches analogue a celle de Robinson-
Schensted.

Théoréme 4.1 Soient o une partition et z un entier. Il existe une bijection

@ :PINV(2n) x PT(a/p) x PT(a/p) —> TOG, (o — B) x TOG, (e — B)
(n,P,Q) B (*.,Q

o ®UPUQ=[2n]
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Preuve. Elle est immédiate compte-tenu du théoréme 3.1. En effet
(%, P,0) «* > T =(0=Lgywcreers Ay =By evvers Ay = 1)

P=(0=2g,Apseeneshy =P)
0 =(0=2Ags Agusprrn by =B)|

Nous déduisons immédiatement de ce théoréme I'identité suivante.

. Za-p 2_. 2” . arp )2
Corollaire 4.2 zp‘,(f ) _z(k,k,Zn-Zk)(zn 26y Y (oY

k pia/pl—k

La bijection @ du théoréme 3.1 est I'analogue de la correspondance de Robinson-
Schensted pour les tableaux standards. Elle permet, en la particularisant, de retrouver les
identités connues pour les tableaux oscillants [DDF, Fav, Sun], les tableaux standards
gauches [SaSt] et les tableaux standards [Sche].

Corollaire 4.3 () Y, (ff*ﬁ)’= @n)!
B

@ (=3 (2)2 KOS ()

B/al—n a/pl—n-k

@ Y, (f*) = n.

Bl—n

Preuve.

(i) est une conséquence immédiate du corollaire 3.3 en prenant o=J ;

(ii) est une conséquence du théoréme 3.1 ; il suffit pour cela de se restreindre aux
tableaux "oscillants” P et Q pour lesquels aucune suppression de cellule n'a lieu
(tableaux standards gauches). La correspondance fournit alors des triplets (r, P, Q) tels
que

n e PINV(2n),

PePT(a/p) avec & U P={1,2,...... ,n},
QePT(a/p) avec ® U Q={n,n+1,......,2n};
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Ceci correspond i ne jamais employer la régle (2¢) (réciproquement 2c)) de
l'algorithme C( (réciproquement a™h.
(iii) méme raison que précédemment avec 0=J .

5. Propriété de la correspondance ®

Une involution e PINV(2n) peut é&tre représentée sous la forme d'un graphe
G(m) ayant pour ensemble de sommets les entiers de [2n] disposés sur deux lignes
paralldles, de sorte que les entiers i et 2n+1-i soient en correspondance, et pour arétes les
paires verticales constituant 7 (les cycles de l'involution).

Exemple 5.1
12 11 10 9 8 7

(37 8 1112 _}{" "/
251410 Om = s .

1 2 3 4 5 6

Définition 5.2

Etant donnée e PINV(2n), on définit son inverse 7"le PINV(2n) comme étant
l'involution dont le graphe G(m'1) est le graphe symétrique de G(1) par rapport 2 un axe
horizontal. Autrement dit, au cycle (ip, j) de T correspond le cycle (2n+1-jp, 2n+1-ip)
dans 71, et ainsi 7"l= n° (définition 3.6).

L'inverse d'une involution partielle ainsi défini correspond exactement 2 l'inverse
d'une permutation du groupe symétrique lorsque celle-ci est représentée de maniere

analogue sous forme d'un graphe.

Exemple 5.3 A l'involution 7t de l'éxemple précédent correspond l'involution inverse
7! dont le graphe est le suivant.

e TR e 2N

Proposition 5.4  Soit PINV (n) I'ensemble des involutions partielles sur [n]
« dont les cycles de longueur 2 sont bi-coloriés,

« pouvant admettre des points fixes.
1l existe une bijection {: PINV:(n)

> {ne PINV(2n) : n=n"1} .
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La figure suivante suffit pour se convaincre de la validité de ce résultat.

Figure 6

Théoréme 5.5 Soient n un entier et o une partition.

Soit (m, P, Q) appartenant 3 PINV(2n) x PT(c/ ) X PT(o./ ) tel que
o(n, P, Q)= (P, Q.

Alors ¢(n™, Q°, P%) = (Q, P).

Ce résultat est une conséquence immédiate des théorémes 3.7 et 4.1. Nous en déduisons
I'identité suivante.

Corollaire 56 Y fr*=Y (:) 21, Y
k

B pro/pl—k

ou I, = coefficient de L’/_ dans e***.
Preuve.
Soient ¢ appartenant 3 PINV(n) telle que {(c)=r, et P un tableau de PT(o/) tel que
1O P U P° =[2n]. Comme nt=n"1, nous avons
(6,P) 5> (n,P) «— (%, P, P°) = (17, P, P*) > (P, P) «—— P.
On déduit alors immédiatement de ce fait la formule du corollaire.

Comme précédemment, en particularisant la correspondance @, nous retrouvons
les identités suivantes pour les tableaux oscillants, les tableaux standards gauches et les
tableaux standards.

Corollaire 5.7 @) Y, £27P =1, = coefficient de x—, dans e***,
B n:

122

_ z n!
& (n-2k) K
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@ Y =3 (Z) Inv(n—k) Y, f**,

B/al—n k pa/pl—k

2

P X
ou Inv(p) = coefficient de 57 danse 2.
p!

Gii) Y, fP =Inv(n).
Bl—n

Un raisonnement analogue a celui prouvant le corollaire 4.3 permet d'obtenir ces
résultats, compte-tenu du théoréme 5.5.

Remarque 5.8 Il est possible de mettre en évidence d'autres propriétés de cette
correspondance pour les tableaux oscillants gauches, propriétés classiques dans le cas des
tableaux standards. Ceci sera 'objet d'un prochain article.

Références bibliographiques

[DDF] M. Delest, S. Dulucq, L. Favreau, An analogue to Robinson-Schensted
correspondence for oscillating tableaux, Actes du 20iéme Séminaire Lotharingien
de Combinatoire, L. Cerlienco et D. Foata éd., Alghero, Sardaigne, 1988.

[DF] S. Dulucq, L. Favreau, A Combinatorial Model for Bessel Polynomials, Proc.
Third International Symposium on Orthogonal Polynomials and their applications,
Erice, Sicily, C. Brezinski, L. Gori and A. Ronveaux ed., Lecture Notes in
Math., Springer Verlag, 1990, 243-249.

[Fav] L. Favreau, "Combinatoire des tableaux oscillants et des polynomes de Bessel",
These, LaBRI Université Bordeaux I, 1991.

[Knu] D.E. Knuth, Permutations, matrices and generalized Young tableaux, Pacific J.
Math. 34(1970), 709-727.

[McL] T.J. McLarnan, "Tableau recursions and symmetric Schensted Correspondences
for ordinary, shifted and oscillating tableaux", Ph.D. Thesis, UCSD, 1986.

[Rob] G. de B. Robinson, On representations of the symmetric group, Amer. J. Math.
60(1934), 745-760.

[Sag] B.E. Sagan, Schifted tableaux, Schur Q-functions, and a conjecture of R. Stanley,
J. Comb. Theory (A), 45(1987), 62-103.

[SaSt] B.E. Sagan, R.P. Stanley, Robinson-Schensted algorithms for skew tableaux, J.
Comb. Theory (A) 55(1990), 161-193.

[Sche] C. Schensted, Longest increasing and decreasing subsequences, Canad. J. Math.
13(1961), 179-191.



170

[Schii] M.P. Schiitzenberger, Quelques remarques sur une construction de Schensted,
Math. Scand. 12(1963), 117-128.

[Sun] S. Sundaram, "On the combinatorics of representations of Sp(2n, C)", Ph.D.
Thesis, MIT, 1986.

[Wor] D. Worley, "A theory of shifted Young tableaux", Ph.D. Thesis, MIT, 1984.

[You] A. Young, On quantitative substitutional analysis II, Proc. London Math. Soc. (1)
34(1902), 361-397.



171

Random palindromes:
multivariate generating function
and Bernoulli density

Ph. Dumas §
L. Thimonier §1

Abstract

Consider a finite alphabet with a probability distribution p. We study the proba-
bility 6(p) of obtaining a palindrome in a finite time by independant draws. Using a
Mahler equation for an associated generating function, we give a closed form expression
for 6(p). Moreover we describe completely the cases where §(p) has value less than 1,
in connection with the singularities of the generating function. Except for the case of
a one or two letters alphabet it is found that §(p) is always less than 1.

1 Introduction

Consider a finite alphabet A and a language £ over A. Fix a probability law p on A and
choose randomly and indepently letters w;, wa, ..., wy, ...from A. We look at the first time
T when we obtain a word which belongs to £. This time T is a finite integer or infinite. We
denote §(L, p) the probability that T is finite. By definition [2, 7] the Bernoulli density of
L is the function §(L, p) of p.

It must be noticed that some classical random allocation problems like the birthday
paradox (occurring in collisions in hashing methods) or the coupon collector problem arise
in this context [3, p. 297]. There have been only few general attacks for these random
words problems until recently, when the use of regular languages equipped with shuffle was
proposed [7, 5].

Taking into account that the word obtained at time T has no proper left factor in £, this
notion of a density leads us to study the language F whose elements are the words from £
but without proper prefix in £. We call these words prefix free words and F the prefix free
language associated with £.

§ Algorithms Project, INRIA Rocquencourt BP 105, 78153 Le Chesnay Cedex, France
fLaboratoire de Mathématiques et d’Informatique Fondamentale, Université de Picardie, 80039 Amiens
Cedex, France
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Our basic tool is generating functions: with a language G we associate its multivariate
generating functions
= Y gaz”

aEN™

In the expression, m is the number of letters in the alphabet A = {a1,...,am}, z is an
m-tuple of indeterminates (2i)1<i<m, the indeterminate z; marks the letter a; and, for each
multi-index @, g, is the number of words in G for which the letter a; occurs «; times.

Frequently we want to take into account the length of words and we bring in an additional
indeterminate u. Then the generating series is

G(u,z) :==G(uz) = Y. ga ulolz>

aEN™

We equip the algebras of formal power series Q[[z]] and Q[[u, z]] with the classical ultra-
metrics, which make them complete spaces.
When F is the prefix free language associated with £, we have the equality with F(u,z)
the generating function of F,
6(L,p) = F(1,p)

since the word a;, - - - a;; appears with probability p;, - - - pi.

A palindrome is a word w = w; ---w; of length [ greater than or equal to 2, which is
equal to its reversal W = w; - - - w;. We now specialize £ to be the language of palindromes
and we look for a closed form expression and some properties of its density 6(p) := 6(L, p).
To this end we use the language F of the palindromes without proper prefix in £. So we
have §(p) = F(1,p).

The case m =1 is evident; there is only one prefix free palindrome, aa. :

The case m = 2 is well known: F is a regular language, the prefix free palindromes over
a two letters alphabet being of the form abb- - - bba. The generating series is then rational:

u?z? u?z?

F(u,z) =

1—uz, 1—wuz

The case m > 3 has been studied by Beauquier and Thimonier but with univariate
generating series. Hence they only deal with the uniform probability distribution case. In
Part 2 we use a functional equation to derive a closed form expression of F as a series of
rational fractions.

In the very simple case m = 2, the density is constant and equal to 1. Hence it is natural
to ask if we may have §(p) = 1 when m > 3. Part 3 is devoted to this question. The
expression of §(p) obtained as a by-product of part 2 is an alternating sum and we cannot
estimate it directly. To achieve our goal we relate the density to the radius of convergence
of the power series F'(u,p). The classification of the singularities of F(u,p) according to the
location of p gives us a very simple answer: we have §(p) = 1 only when m < 2.
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2 Multivariate generating series

To obtain an expression of the generating series F of the language of the prefix free palin-
dromes, we use a lemma from Beauquier and Thimonier|[2].

Lemma 1 If a palindrome has a prefix in F with length 1, its length is greater than or equal
to 2k — 1.

The application of the lemma requires a few supplementary notations. First if k is an
integer, we put

zF = (2F,.. . 2F)

and ~
Sk =Y zF.
=1
Next we introduce the language S of the symmetrical words: a word is symmetrical if it
is equal to its reversal @ = w;---w;. Accordingly a palindrome is a symmetrical word of
length at least 2. We introduce also for each i = 1...m, the language L; of the palindromes
starting with a; and the language F; of the prefix free palindromes starting with a;. We
obtain immediately
145
S = —,
(2) -5,
Li(z) = 2#S(2),
L(z) = 85.5(z)

and we are looking for
F(z) =) Fy(z).
1=1
The preceding lemma translates into a functional equation a la Mahler.

Lemma 2 The generating series F; of the language of the prefiz free palindromes starting
with a; satisfies a Mahler equation,

Li(2) = F() + (- + 5()) Fi().

Proof : If w is a palindrome starting wit a;: i) either it is prefix free, ii) or it has a unique
proper left factor v = a;v’a;, which is prefix free and has length k. In the latter case: a) either
w has length 2k—1 and is written v = a;v’a;v'a;, b) or w has length 2k+1 (I > 0) and is written
vuv, where u is a symmetrical word of length I. This immediately generates the equation
above, by translating union and concatenation of languages (operating unambiguously) into
sum and product of generating series. (]
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Proposition 1 The generating series F; has an explicit expression,

Fz) = Y (-1 155y (sz*ﬂ),

n_>_0 1 - Sgn+1 0_<_k<n ¢ 1 - Szk-{-l

Proof : Let Gi(z) be the series defined by F(z) = z2G;(z). This is licit because the letter
a; occurs at least twice in every word of F;. The series G; satisfies a fixed point equation,

Gi(z) = 5(z) — z:G(z%) (1 + 2:5(z)) .
The mapping H(z) — S(z) — z:H(2?)(1 + 2:5(z)) is a contraction in the complete space
Q|[2]], whence the result by iteration. a

By rearranging the preceding expression and summing over i, we can prove the next
theorem. It shows clearly the symmetrical aspect of the series F' with respect to the in-
determinates 2y, ..., z,. Recall that the indeterminate u labels the length of the words.
Moreover lg z is the logarithm base 2 of z. Last the support of an integer s, supp s, is the set
of the indexes for which the corresponding bit of its binary expansion equals 1. For example
the support of 13 = 2° 4+ 2% + 2% is {0,2, 3}.

Theorem 1 The generating series F' satisfies

1 + Uzj Szj

— 7
1—u?HSn

F(u,z) = Z(-—I)UE"JU"HS,.,_I H

21 JjEsupps

This formula allows us to compute the first few terms of F,
F(U,Z) = Szu2 + (5152 - Sa)ua + (S; - S4)u4 + (S]S% - 5154 - SzSg + Ss)“s + .-

Proof : This result directly follows from the proposition. It suffices to apply the formulae

II (1+aj:c2j)= ooz II e

0<j<n 0<s<2™  k€supps
Y (=Dra.z™ I (1 + ajx”) =14+ Y (=nlelzs I] a.
n>0 0<j<n s>1 kEsupps

3 Radius of convergence, Bernoulli density

Until now series were considered as formal power series. Henceforth we think of them as

analytic functions. We call R(p) the radius of convergence of F(u,p). Its value is greater

than or equal to 1 since F(u, p) is as a generating function in the sense of probability theory.
We use some open disks; we denote A(0, p) the open disk with center 0 and radius p.
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The density of the language of palindromes is the function § : p — F(1,p). It is defined
on the standard simplex of dimension m — 1,

m
Simp,, ;:p; 20(:=1...m), Zp; =1.
=1
With a p from Simp,,_,, we associate py = max; p;, the Euclidean norm |p| of p and
more generally the norm |p[,: defined by

m 1/2k
k
Il = (E P} ) .

i=1
Theorem 2 Let p be a point of Simp,,_;.

1. If all the p; but one are zero (p is an extremal point of Simp,,_, ), we have §(p) = 1
and R(p) = +o0.

2. If only two p; are non zero (p is on an edge of Simp,, _, but is not a vertez), we have
é6(p) =1 and R(p) = 1/ps.

3. In the other cases (p is not on an edge of Simp,,_, ), we have 6(p) < 1 and R(p) =
1/ |lpl|. Moreover F(u,p) extends to the disk A(0,1/ps) as a meromorphic function,
whose poles are all simple and equal to w/ |p|, with k a positive integer and w a 2*-th
root of unity.

The first two cases of the theorem have been seen in the introduction.
The proof follows from four lemmas. To avoid calculations with infinity, we suppose in
the sequel that p is not an extremal point of the simplex.

Lemma 3 The radius of convergence of F(u,p) satisfies

1 1
— S R(p) < —.
Ipl P+

Proof : The prefix free palindromes are palindromes, therefore L(u, p) is a majorizing series
for F(u,p). It follows that R(p) is greater than or equal to the radius of convergence of

14+u
L(u,p) = v? |p|} ————;
(1,p) = P s
that is to say R(p) > 1/ |p|.
Likewise, among the prefix free palindromes, there are those in which there occur only
two distinct letters. Their generating function is

u2p2 u2p2
®(u,p) = : oy
(u,P) g 1—up; 1—up;
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Hence we have a minorant series for F(u,p).
We call H the set of indices ¢ which satisfy p; = p; and h the cardinality of H. Using the
classical notation [u"]f(u) for the coefficient of u™ in the power series f(u), we may write

[w]®(u,p) =3 pip}? 2 3 plpi? =3 (Ipl’ - p%) py?
i#5 i#j, JEH JjEH
and consequently
[w"}F (u, p) > [u"]®(u, p) > b (Ip|* - p2) P32
Thanks to Hadamard’s formula regarding the radius of convergence of power series, we get
1/R(p) 2 p4. o
We have to be more precise on the value of R(p). To this goal we associate with p

another point of the simplex, p’ = p?/ |p|°.

Lemma 4 The density at p’' and the radius of convergence at p are related.
1. If6(p') =1 then R(p) = 1/p4.

2. If §(p') < 1 then R(p) = 1/|p| and F(u,p) eztends as a meromorphic function over
the disk A(0,1/p4). The singularities of this function are the simple poles w/ Ipl,x,
with k > 0 and w a 2%-th root of unity.

Proof : When |u}- |p| < 1 we may write Lemma 2 as follows,

Fi(u?, p?) n l+u ( 2,2

F|i u, = - u'p; — ‘Ft 2’ 2 .
( p) up; 1— u2 I]p"2 pt (u P ))

Summing from ¢ = 1 to 7 = m, we obtain

1+u

F ) =-H ) T o112

(wIpl® - F(u2,5%).

The functions u — H(u, p) and u — F(u?, p?) are analytic on the disk A(0,1/ |lpl,), because
[u?||p?] < 1iff |u||p], < 1. Accordingly there are only two possibilities.
In the first case the function of u

u* |p|* - F(u?,p?)
1-u?[p|®

is analytic on the disk A(0,1/||p],), which means that

1 2 p2 /

By recurrence on k, F(u,p) is analytic on the disks A(0,1/ |p|,) and then on the disk
A(0,1/p4), since the sequence (|[p|J,+) is strictly decreasing and converges to the limit p, 6,
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p. 15, 26]. As a result the radius of convergence satisfies R(p) > 1/p4. From Lemma 3 we
conclude R(p) = 1/p+ in the case under consideration.

In the second case the application is not analytic on A(0,1/ ||p[,). We have §(p’) < 1 and
R(p) = 1/ |p] according to Lemma 3. The function F(u,p) extends to the disk A(0,1/ [p],)
and its extension has two simple poles, £1/|p|. By recurrence it extends to the disk
A(0,1/p;) as described in the lemma. o

To conclude we need a lemma of independent interest. One may see it as a convexity-like
property.

Lemma 5 Let 3, caz® be a power series in m variables with non negative coefficients.
Assume that the power series in one variable u,

S Y et

laf=n

has a radius of convergence R(a) > 0 when a lies in a convex set A from R.™. Then for a
and b in A, we have the inequality

1-A .
W/ / if A €[0,1/2],
1 1/(1/2 1/2 .
ROat(I=Np) = 2 \RG) +}th)—)> FA=1/2,
o i e/2,1].

Proof : For A € [0, 1], @ a multi-index and a, b € A, we have, according to the binomial
formula,

(Aa+ (1 = \)b)® IT e+ (1= A)by)=

1<i<m
> JI Oaf + (1= A)5)
1<i<m
> el T e+ @ - AR TT b
1<i<m 1<i<m

We collect these inequalities for all the « such that |a| = n and we use the concavity of
the nth root function to obtain

1/n
( Y ca(Pa+ (1 - A)b)"‘) > (" + (1= A" x

|la|=n
1/n 1/n
—A— Chd ii. C o
( +(1-2) (|f|v'—'na ) +A"+(1"\)"<1}=:n ab) )
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It suffices to compute the upper limit in order to exhibit the formula. (]

We arrive at the last step of our proof. In the simplex Simp,, , we consider a radius
from the center of gravity eq,, = (1/m,...,1/m), which corresponds to the equally likely
case. This radius is parametrically defined by p = eq,, +tq, t € [0,t+]. Here q is a vector
which satisfies 3°; ¢; = 0, [q] = 1. The number ¢, has value —1/(mgq..), where ¢_ = min; ¢;
to ensure that the point p = eq,, + tq lies on the simplex.

Lemma 6 Ifm > 3 the radius of convergence satisfies

R(p) =1/|pl
for arbitrary p € [eq,,, eq,, + t+q].

Proof : By restriction to the segment [eq,,, €q,, + t+q], the three functions of the point p,
namely 1/R(p), |p|, and p,, gives us three functions of t. We call them respectively f(t),
g(t) and h(t). We know that f(t) can take only two values: g(t) or h(t). Our goal is to prove
that f(t) = g(¢) for all t € [0,¢,].

We introduce the set C' = {t € [0,t+[, f(t) = g(t)}. We will verify that 0 lies in C and
C is both open and closed. As [0,?,[ is connex, it will yield C = [0,¢,.[, as desired.

First 0 € C. Indeed we use one more time the fact that prefix free palindromes are palin-
dromes, but some palindromes are not prefix free. Hence é(eq,,) = F(1,eq,,) < L(1,eq,,),
that is to say

6(eq,,) < — <1l
The last inequality follows from the assumption m > 3. According to Lemma 4, we have
R(eq,,) =1/ |eq,,| since eq), = eq,,. Consequently f(0) = g(0).

Secondly C is open. Let to # 0 be a point from C. (The treatment of 0 is similar.)
According to Lemma 5, we have the inequalities

1) 2 fel) ifte /2l
f0) 2 F=falto) el (tot L)/

This permits us to define a continuous piecewise linear function ¢(t) wich is a lower bound
for f(t) on the segment [to/2, (t4+ —to)/2]. The difference ¢(t) — h(t) is continuous and takes
a positive value at . By continuity it takes positive values on an open interval I around .
For ¢t in I, we have f(t) > ¢(t) > h(t) therefore f(t) = g(t). Hence I is a subset of C and C
is open.

Finally C is closed. Let ¢; be a point adherent to C. We use an integer N > 2, which
will be made precise later. Let ¢ be a positive number that satisfies

Lt oty —t t1)?
e<m1n(—l~—ug(l)).

N N ' 2N
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We choose a point to from C such that |t; — fo| < €. In the first place we prove that

f(t) > 5 olta).
i) If ¢; < to, we have t; € Jto/2,10] since |t; — to| < € and € < #;/2 < o/2. From Lemma 5
we may write f(¢1) > (t1/t0o)g(to), but to — ¢; < € < t;/N hence t,/to > N/(N +1). This
gives us f(t1) > N/(N + 1)g(to). ii) If t < t;, we successively derive by the same method
by € [to (fo+ £4)/2], (1) 2 (ks — 0)/(ts  to) g(to) and again f(t2) > N/(N + D)g(to).
Thereafter we choose N large enough to ensure f(t1) > h(¢1). Using the fact that g(t) is the
Euclidean norm, we have

9(to) to—t 2
=1+ +0((to — 1)?).
o =gy HOl )
So we can impose
glt) . 1
g(t1) N+1

if N is great enough, since [to — #;| < € < g(¢1)?/(2N). Under the assumption we get

olto) > 7 9(t)

and further

fit) > (N]YH)z g(tr)

This relation implies f(¢1) > h(t;) if N is large enough. So f(t1) = g(t1), t1 is a member of
C and C is closed. 0

The last lemma gives us the theorem. Indeed it shows that R(p) = 1/ |p| for all the
points p which lie on the interior of a d-dimensional face of the simplexford =2 ...m —1,
hence for all the points p which are not on an edge of the simplex.

4 Conclusion

Except in case m equals 2, the function F(u,p) is transcendental because it has infinitely
many singularities. As a result the language F cannot be an unambiguous context-free
language [4]. In fact it is not even context-free [1].

The singularities are poles which aggregate on the circle C(0,1/|p|). This phenomenon
is illustrated by Figure 1 in the case p = eqs;. It is typical of the solutions of a Mahler
equation in the simplest case when the function is not rational. The idea we used may be
employed for a univariate function when the equation gives poles with modulus less than
1. It must be noticed that the asymptotic behaviour of the coefficients is immediate in this
case. For example the probability that the waiting time T has value n is asymptotically

(1 — &) lpl*/*
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&7

Figure 1: The poles of F(u,eq,) agglomerate on the circle of radius 3.

and in particular the number of prefix-free palindromes of length n is equivalent to
(1 - 8(eqy,))m?™/2,

These formulae can be used to compute §(eq,,) with the help of the recurrence corresponding
to the Mahler equation,
Un = MUp_g — Ufnyz] (N > 4).

For the first few values of m we obtain the following values of §(eq,,) which represents the
probability to obtain a palindrome in a finite time with a uniform probability distribution
over a m letters alphabet.

3

é(eq,,)
1.0000000000
0.7215100801
0.5415013253
0.4299516130
0.3555383290
0.3027139845
0.2633895810
0.2330230426
0.2088879991

O W00~ Utk W

—

We can also get 6(p) with a great accuracy since the expansion of F' that we obtained
converges very rapidly. For example we can compute §(p) in the case p = (1/2,1/4,1/4)
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using the approximation,

m N nogn 1+S,, 1+S
()= 5 S T (1t ),

=1 n=0 1- 52"+l 0<k<n
Taking only N =7, we get a result which is exact to 38 digits,
§(1/2,1/4,1/4) ~ 0.75241112528971363575197933398903183045.

The path we took to prove Theorem 2 may seem rather indirect; however 6 takes values
arbitrary near 1 and the elementary methods, which we have employed, obliged us to some
tricks. As an extension of ours results, we can prove that almost surely the process gives
palindromes only a finite number of times if m > 2, thanks to the Borel-Cantelli lemma.

We wish to acknowledge the contribution of Philippe Flajolet in offering valuable sug-
gestions and stimulating comments during the course of this work.
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1 Introduction

In 1988, Professor Anders Bjorner in Stockholm gave to me, his brand new student, the
following problem to work on: What can be said about the numbers game? Three years
later new answers to the question are still popping up, as the subject tends to get both
deeper and wider the more is extracted from it. I will here mention some basic properties
of the game and some connections with Coxeter groups.

The numbers game is a one-player game played on a graph. It was defined by Shahar
Mozes [7] as follows. Let G be a simple graph with NV nodes. Place a real number on
each node. A move now consists of first picking a node ¢ with a negative number p;, then
adding the number p; to the number at each neighbor j of ¢, and finally reversing the sign
at node i. If no move is possible the game has terminated.

Mozes showed that the process is what I will call strongly convergent: Given a starting
position either every play sequence diverges (i.e. can be continued forever), or every play
sequence will converge to the same terminal position in the same number of moves. In
other words, the length and result of the game is independent of what choices are made.

Possible questions to ask about the numbers game are for example:

e Are there any natural generalizations that preserve the strong convergence property?
o From which positions does the game converge, and in how many steps?

o Given two positions p and gq, is it decidable whether ¢ can be reached by playing
from p?

These questions all have sort of a “global” aspect on the game; we need to know
every possible way to play from p, and every position reached in this way. Therefore it
is natural to study the game graph obtained by taking all positions reachable from p as
vertices, and taking the moves as directed edges, each labeled with the node fired. The
sequences of legal moves from p define a language £, in the alphabet of nodes. But now
some additional questions arise.
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o Is the language £, a greedoid? This was known for a related game.
o Is the game graph, viewed as the partially ordered set of positions, a lattice?

In order to get some algebraic tools for dealing with such questions, it is natural to
represent a position on a graph with d nodes as a point p = (p1,p2,...,ps) in real d-
dimensional space, where the coordinates are given by the numbers on the nodes. A move
is then seen to be equivalent to a reflection of the point in some hyperplane [4] [5] [7].
This is the background to why Coxeter groups, which have a standard representation as
groups generated by reflections, are interesting in this context.

2 The polygon idea

Bjorner had observed the following relations in the numbers game. Suppose two nodes
z and y are both playable. If z and y are not neighbors, then playing zy or yz leads
to equal positions. If z and y are neighbors, then zyz and yzy are legal play sequences
leading to equal positions. Thus we get polygons in the game graph.

Figure 1: Polygons: zy = yz (left) and zyz = yzy (right)
These polygons imply strong convergence by the following theorem, Eriksson 1991 [4].

Theorem 2.1 A game has the strong convergence property if and only if whenever two
different moves are possible, they define a polygon, that is, two legal play sequences of
equal length (possibly infinite) which end (if finite) in the same position.

Let (zyz...); denote the alternating play sequence of length 1.

3 Generalizations by weighted graphs

The first generalization we shall make is the introduction of weights on the edges of the
graph. Specifically, to each edge (i, j) we assign two strictly positive weights, k;; and k;;,
such that if p; denotes the number on node 2, then the new position after firing node 7 is
computed from the previous position by

{pj 1= p; — kijp; for each vertex j # i;
Pi = —p; (as in the unweighted game).
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By geometric considerations one can show that if there are integers m(i,j) > 2 for
every edge (7,7) such that the weight product kjk;; = 4cos?(w/m(z,5)) then we get
alternating polygons: (zyz...)m(zy) = (YTY...)m(e,y) Which are legal if both z and y are
playable. If kj;ki; > 4, then we get an infinite polygon, 7.e. both sequences (zyz...) and
(yzy...) are playable forever. Other weight products than these do not give polygons,
hence it follows that the edge weighted numbers game is strongly convergent if and only
if every weight product satisfies one of the conditions above.

Next, it is natural to explore what happens when we define a node weight, w; > 0, for
each node ¢, such that firing node ¢ affects the number at the same node by p; := —w;p;.
In this case things get more complicated, but a thorough analysis along the same lines as

in the edge weighted case gives:

Theorem 3.1 A node weighted game is strongly convergent if and only if for each edge
(¢,7) the corresponding weight product satisfies either kj;ki; > 2,/ww; + w; + wj, or
kjiki; = 2,/wiw; cos(2m /n) + w; + w; for some integer n > 3, and w; = w; if n is odd.

Note that if all node weights are equal to 1, then we get back to the conditions for the
purely edge weighted case. From now on, by an N-game I will mean a strongly convergent,
edge weighted numbers game.

4 Coxeter groups

Let V be a finite index set. A Coxeter group (W, S) is a group W with a distinguished
set of involutory generators, S = {s; : ¢ € V}, and relations (s;s,)™*¥ = e (the identity
of the group), with integers m(z,y) > 2, or m(z,y) = oo, by which we mean that s;s,
has infinite order in W.

Now think about the moves of an N-game as linear transformations of the posi-
tion vector. These transformations are clearly involutions, and by the polygon property
(ZYZ...)m(z,y) = (YZY...)m(zy) We have the Coxeter type of relations. Indeed, the moves
generate a group of linear transformations that is isomorphic to the corresponding Coxeter
group defined by the m(z,y), as is demonstrated by the following equivalence between
the numbers game and the standard representation of a Coxeter group as acting on an
|S|-dimensional space X with some basis {e; : ¢ € V} and geometry given by a bilinear
form B(es,e,) = —cos(w/m(z,y)), and generators S = {0, : ¢ € V} where every o,
is a reflection in the hyperplane perpendicular to unit vector e, [5]. Hence, for A € V,
0z(A) = A = 2B(), ez)e,.

Given a Coxeter group (W, S), construct a graph G with |S| nodes on which to play
the numbers game in the following way. For any pair z,y of nodes, put an undirected
edge (z,y) in G if the relation exponent m(z,y) > 2. Let the edge weights be kyy = ky, =
2cos(mw/m(z,y)). Then the numbers game on G is an N-game, by Theorem 3.1.

To every vector A € V' we now associate the position in the game where the number
written on a node z is )\xdéfB(/\, ez). A reflection o, gives a new vector o,()), in which
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the numbers of the associated game position are given by

=X fz=y;
[o=()y = {/\y + 2cos(m/m(z,y))A: if z #y.
Hence a hyperplane reflection o, from the negative to the positive halfspace is equivalent
to the firing of the corresponding node z in the numbers game.
Indeed, if T'; is the game graph from a position p where all numbers are negative, then
I, is isomorphic to the Cayley graph of the corresponding Coxeter group.

5 Length of game

Now let W be the Coxeter group of linear transformations generated by the set of moves,
which we denote S, in the N-game played on G = (V,E). Let p = (p1,p2,---) be a
position in the game. Let a; be the functional on positions that returns the number
at node ¢, i.e. @(p) = p;. Thus the multiset {a;(w(p)) : w € W,i € V} contains
all numbers that can ever arise in any node when playing the game from p (backwards
and forwards). This can be interpreted as the values obtained by applying the set of
functionals @ = {a;(w(-)) : w € W,i € V} on the start position p. One can see that ® is
(isomorphic to) a root system, see [6], of the Coxeter group, where the a; are the primitive
roots of .

It is known that the roots can be partitioned in ® = &t U &, where every ¢ € &+
is a nonnegative linear combination of the a;, and every ¢ € ®~ is a nonpositive linear
combination of the c;. Further, if s; € S is the move of firing node 7, then an important
property of root systems is that ®* os; = (®+ — {@;}) U {—e}. If i is playable, then p; =
a;(p) is negative, while —a;(p) is positive. Hence, ®* 0s;(p) has exactly one negative value
less than ®*(p). In a terminal position ¢, ®*(¢) has only positive values. Consequently,
the length of a game from p is equal to the number of negative values in ®*(p), if finite.
If this number is infinite, then the game from p is divergent.

By the above, we can also state a comparison test.

Theorem 5.1 If p < p (that is, p; < p; for every node i) then every play sequence that
is legal from p is also legal from p.

This is immediately clear from the fact that the linear combinations in ®+ have nonneg-
ative coefficients.

6 The language of play sequences is a greedoid

Definition. A language L is a greedoid if it is left-hereditary, which means that

ayelL=zael (Gl)
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and L satisfies the following exchange condition.
a,BeL,|Bl>|a|=>Fxehiazel (G2)

It is known that in another vertex-firing game, the chips game of Bjorner, Lovész and
Shor [2], the language of legal play sequences is a greedoid. We now prove this for any
N-game.

Lemma 6.1 Let G = (V, E) be an edge weighted graph that defines an N-game.

(a) Given a subset V' C V, let G’ be the subgraph of G induced by the nodes in V.
Then The numbers game on G’ is strongly convergent, that is, an N-game..

(b) If = is a legal move and a is a legal play sequence in a position p on G, such that
z ¢ a, then za is a legal play sequence from p.

PROOF. (a) This is obvious from the characterization of N-games in Section 3, since the
weight product of any edge in G’ is the same as for the corresponding edge in G which
defines an N-game.

(b) Let V! =V — {z}. Let p be the position after playing z. Then « is playable from
ple (the restriction to G'), and p|er < pler, so by Theorem 5.1 « is playable from plgr.
Accordingly, za is playable from p. O

In the following, fix G = (V, E), and fix a subset V' C V with induced subgraph G'.
Let d(a) denote the number of moves in play sequence o which are firings of nodes that
are not in V.

Lemma 6.2 Let p be a position on G where  and o are legal play sequences such that
d(B) = 0 and d(a) > |a| — |B|. Then there exists a play sequence y such that d(v) =0,
|¥l = 18] = |a| + d(e) and a is legal from p.

PROOF. If d(a) = 0 we can restrict the game to G’ and strong convergence on G’ implies
the existence of the desired 4. Suppose the theorem has been proved when d(a) < n, and
suppose this d(a) = n. Then a can be written ayyo; where y € V', d(e;) =n — 1 and
d(a;) = 0. By hypothesis there exists some v such that d(v1) = 0, |71| = |8| = |aa| +n -1
and a;7; is legal from p. By Lemma 6.1(b), a1yv; is legal from p. Let ¢ be the position
after ayy. In ¢ we have 7; and o legal, d(y1) = 0 and d(a3) = 0 > |az| — |n]| by the
above. Thus there exists a v with d(y) = 0, such that ayyasy = o is legal from p, and
Il = Il — lal = 18] — Il + d(<0). ©

Theorem 6.3 L,, the language of legal play sequences from position p in an N-game, is
a greedoid.

PROOF. Obviously, £, is left-hereditary, so we only have to verify (G2), the greedoid
exchange property. Suppose « and J are legal play sequences with |8| > |a|. Let V' be
the set of vertices fired in 8. Then d(8) = 0 and d(a) > |a| — |B|, so by Lemma 6.2 there
is a play sequence v of length at least 1 and firing only nodes in V’, such that o is legal.
Let z be the first move of 4. Then z € B and az is legal. O
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7 Final words

Much more can be said about the numbers game than was possible here. I refer the
interested reader to my doctoral thesis, due in spring 1993.
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FONCTIONS DE BESSEL, EMPILEMENTS ET TRESSES

J.M. Fedou, LaBRI*
Département d'Informatique
351, Cours de la Libération
33405 Talence, Cedex France

Abstract. In this paper, we show that the inverse of the basic Bessel function 4J( and the

quotient of the basic Bessel functions, 9J1 and 4J( are the generating functions of some
heaps of sticks. Moreover, we show that the numerators of the rational functions appearing
in the development of these functions are the invariant polynomials of some kind of braids.

Résumé. Nous montrons dans cet article que l'inverse du g-analogue de la fonction de
Bessel 4J( ainsi que le rapport des g-analogues des fonctions de Bessel 4J1 and 9J( sont
les fonctions génératrices de certains empilements de demi-segments. Nous montrons que
les numérateurs des fonctions rationnelles apparaissant dans le développement de ces
quotients sont des polyndmes invariants de certains éléments du groupe des tresses.

1. introduction

Récemment sont intervenus les g-analogues des fonctions de Bessel dans des
problémes d'énumération de polyominos, par exemple les polyominos parallélogrammes
ou diagrammes de Ferrers gauches (M.P. Delest et J.M. Fedou [9]) et les polyominos
convexes dirigés (M. Bousquet-Melou [5]) selon les paramétres aire et nombre de
colonnes.

ENUMERATION DE DIAGRAMMES DE FERRERS GAUCHES ET FONCTIONS DE BESSEL.

Un diagramme de Ferrers est la figure obtenue 2 partir d'une partition
ni 2ny 2 ...2 ng d'un entier n = n; + ny + ...+ nk en juxtaposant des rectangles de
hauteur 1 et de largeur n; . Un diagramme gauche de Ferrers est la différence de deux
diagrammes de Ferrers (cf. figure 1).

Figure 1. Diagramme de Ferrers gauche d'aire 13 ayant 5 colonnes.

* Unité associée au Centre National de la Recherche Scientifique n° 1304.
This work is partially supported by the PRC Mathématique et Informatique
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Ces objets apparaissent également dans la littérature sous le nom de polyominos
parallélogrammes . M.P Delest et J.M.Fedou [9] ont montré que la série génératrice
F(t;q) des diagrammes de Ferrers gauches selon les parametres nombre de colonnes et
aire s'exprime aisément comme rapport de g-analogue des fonctions de Bessel J 1€tXo,
n+l
o n 2
N =D q( ) nHl 04l
n=0 (4;9),(q9),
F(I;Q) - 0 (459),(4Q)pss ,

n

= (=" q(z)

a0 (gq)?

ol (a;q)p = (1-a) (1-aq) (1-ag2) ... (1-agn-1). On remarque en effet que F(t;q) est 4 un

changement de variables prés un g-analogue du quotient }—(1) .

Rappelons que les fonctions de Bessel Jy [10] sont définies pour v>-1, par

R (-l)n (% x)2n+v
=3

n=0 0! I(v+n+1)

I

et définissons, pour v entier, le g-analogue de Jy par
n+v
oo (_l)nq( 2 )xn+v

Tx)=Y,

=R CHNCT I
On a alors F(t;q)= :JJ—(I) (gx).

ANCIENNES FORMULES, NOUVEAUX q-ANALOGUES

Ces problémes ont fait resurgir d'anciennes formules concernant les fonctions de
J .
Bessel. Les développements des fonctions % , ﬁ ont été €tudiés par Carlitz [6], Lehmer

[14], Watson [16] et beaucoup d'autres et il semble que la plupart de ces résultats
admettent des g-analogues agréables. La figure 2 donne les premiers termes des
développements classiques ainsi que leurs g-analogues. En particulier, les numérateurs
intervenant dans tous ces développements sont  coefficients entiers positifs,
symétriques et semblent unimodaux.

n | ap| by an(q) bn(q)
1 1 1 1 1
2 3 1 1+g+q2 1
31191 4 1+2q+4q2+5q3+4q4+2g5+q6 1+g+q2+g3
1+3q+8q2+16q3+26q4+ 1+2q+4q2+
4 | 211 33 |3395+37q6+33q7+26q8+16q9 6q3+7q4+6q5+
+ 6+2q7+q8
8q10+3q11+q12 4a%+2q 4

Figure 2. premiéres valeurs des polyndmes ap(q) et bp(q).
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notations. On note,

1 a, (@
—_—— = X
To(x) 230 (@)
J,(x) b,(q) .

P x) S (29,35, 8
ol (q;q)p= (1-9)(1-g2)...(1-qn).

Nous donnons dans le paragraphe 2 de cet article une interprétation combinatoire

de Jo, Jl , ':Ifl— en terme d'empilements de demi-segments et montrons au paragraphe 3

que les polyndmes ap(q) et bp(q) s'expriment trés simplement en terme de tresses
valuées.

FONCTIONS GENERATRICES, EMPILEMENTS ET PYRAMIDES

La notion d'empilement de pi¢ces, due & Viennot [15], est une version
géométrique de la théorie des monoides partiellement commutatifs, introduite en 1969 par
Cartier et Foata [8]. Soit un ensemble 8 muni d'une relation binaire ®, réflexive et
symétrique, dans lequel deux éléments en relation sont dits en concurrence. Un
empilement est un ensemble fini de couples (A,n), ou A est élément de s et n est un
entier, appelé niveau de A, tel que

- deux pieces distinctes de E en concurrence ne sont jamais au méme niveau

- si une pi¢ce P de E est de niveau non nul n, il existe une pi¢ce de E en
concurrence avec P et de niveau n-1.

D'un point de vue monoide de commutation, on peut définir un empilement a
I'aide d'une suite d'éléments de AB. Deux suites (A;j)ij=1..n €t (Bj)i=1.n sont dites
équivalentes lorsque les deux suites sont formées des mémes €éléments et lorsque les
couples d'éléments en concurrence sont dans le méme ordre, plus précisément lorsqu'il

existe une permutation ¢ de {1..n} telle que

- pour tout i, Bg(j) = Aj,

- pour tout couple d'entiers i<j tels que A; B, A, o(i)<o(j).
Un empilement est une classe d'équivalence pour cette relation. Dans ce qui suit on
désignera un empilement 2 l'aide de l'un de ses représentants. On note &(.8) l'ensemble

des empilements d'éléments de 8.

Une pi¢ce A; d'un empilement est dite maximale (resp. minimale) lorsque aucune
des pi¢ces Aj,...,Ajq (resp. Aj,1,...,A,) n'est en concurrence avec Ai. Les pitces
maximales (resp. minimales) correspondent en théorie des monoides partiellement
commutatifs aux lettres commutant avec toutes les lettres placées a leur gauche (resp.
droite). Un empilement dont toutes les piéces sont  la fois maximales et minimales est dit
trivial. En d'autres termes, un empilement est trivial lorsque aucune de ses piéces n'est en
concurrence avec une autre.

L'un des intéréts de la théorie des empilements est de visualiser et d'éclaircir un
certain nombre de théorémes et plus particulierement les théorémes d'inversion. Ces
théorémes permettent d'énumérer certaines familles d'empilements relativement 3 une
valuation donnée. On appelle valuation toute application v de I'ensemble des objets dans
un anneau de polyndmes telle que

- pour tout élément s de 8, v(s) est un polyndme sans coefficient constant,

- le nombre d'éléments ayant une composante non nulle relativement & ce mondme

est fini, ceci afin de s'assurer de la convergence des séries étudiées.
La valuation d'un empilement est le produit des valuations des piéces qui le composent.
On appelle série génératrice d'une famille d'empilements la somme des valuations des
empilements faisant partie de cette famille. Le théoréme 1 ci-dessous est 1'analogue du
théoréme d'inversion de Mobius.
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théoréme 1 La série génératrice des empilements de 6(A8) est

1
VE) = ————
Eeezm 2, DFv(E)
Fe¥'(8)
on T (AB) désigne l'ensemble des empilements triviaux et IF| désigne le nombre de piéces
deF.

théoréme 2 Soit T, un sous-ensemble de 8. La série génératrice des empilements
( éventuellement vides) ayant toutes leurs piéces maximales dans T, est,
Y. (-DFfIv(E)
_  FeT(M*)
e ® = ey
Fe¥'(8)
on I (TN.©) désigne l'ensemble des empilements triviaux dans le complémentaire de N, .

Pour les preuves concernant ces théorémes ainsi que des compléments sur le sujet, le
lecteur pourra se reporter 3 Viennot [15]. Ceci nous améne 2 une interprétation

. Iy s .
combinatoire des numérateurs des développements dejla et Tla a l'aide de certains

éléments du groupe des tresses.

GROUPE DES TRESSES

Le groupe des tresses a ét€ introduit par Artin ([2], [3]). Du point de vue de la
théorie des groupes, le groupe des tresses 4 n+1 brins B, est le groupe libre engendré par
les générateurs x1, X2,..., Xp, satisfaisant aux relations

(1) pour tout i, 1 <1< n-1, Xj Xj+1 Xi = Xi+1 Xi Xi+1,

(2) pour tout i,jde {1,2...,n} tel que li-j 122, x; Xj = Xj Xj .
On peut visualiser le groupe des tresses de la maniére suivante.
Considérons deux ensembles de n+1 points, appelés respectivement origines et
extrémités. L'élément x; du groupe des tresses fait passer un brin joignant i 2 i+1 au
dessus du brin joignant i+1 2 i, les autres origines j (j#i et j#i+1) étant directement reliées
aux extrémités j :

Ces tresses €lémentaires se composent aisément ; la tresse f.g s'obtient en reliant
les extrémités de f aux origines de g. Ainsi, la relations (1) est représentée figure 4. Les
travaux sur le groupe des tresses sont nombreux et variés. Toujours d'un point de vue de
la théorie des groupes, le probléme du mot ainsi que celui de la conjugaison pour le
groupe des tresses ont été résolus par Garside [13]. . Du point de vue topologique, le
groupe des tresses est reli€ 2 la théorie des noeuds( [4] ). Récemment, de nombreux
développements ont été introduits également en Mécanique Statistique ol le groupe des
tresses est trés proche de la relation de Yang-Baxter ([17]). L'article de Cartier [7] fait le
point sur tous les développements récents sur le groupe des tresses.

il i i+l i+2 i i i+1  i+2
il i i+ i+2 il i i+1 Q42
X; x!

Figure 3. générateurs du groupe des tresses
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i

Figure 4. Xj Xj+1 Xi = Xi+1 Xi Xi+1

Définition 3. Soit w un mot de {X1 ,X2,...,Xn-1, X1°! 271 ,...,xn.1"1 }* représentant
I'élément t du groupe des tresses By. La différence entre le nombre de lettres positives x;

intervenant dans w et le nombre de lettres négatives x;"! dans w est indépendante du
représentant w de la tresse t et est appelée exposant de t. On note,

exp(t)=(EIWIXI] (Elwl J

i=1 i=1

Définition 4. Une fonction Tr de B, dans C est une trace de Markov lorsqu'elle vérifie
les conditions suivantes:

- Tr(ab) = Tr(a) Tr(b) pour a,b € B,
- Tr(a xp) = T Tr(a), pour a € By ;
- Tr(a x41) =T Tr(a), pourae By,
ot les constantes T et T sont définies par T =Tr(xy) et T = Tr(xy1).

En particulier, les traces de Markov sont utilisées pour calculer les polynémes de
lien ([4],[17]). Dans ce qui suit, nous utiliserons la trace de Markov triviale Tr définie

par Tr(a) = q **P@),
Exemple. Si a= x; x5 x1-1 x5, alors exp(a) = 3-1=2 et Tr(a) = q2.

2. fonctions de Bessel et empilements de demi-segments

2.1, définitions

On considére deux droites paralleles D et D' de R3, de vecteur directeur T,etO,
O' deux points appartenant respectivement 2 D et D'. Un point M de D (resp. M' de D"

est ainsi enuérement caractérisé par son abscisse m (resp m') dans le repere (O, T )deD
(resp. (O',l, ) de D).
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——+——+—o

A(3)
Figure 5. un demi-segment .

définition 5. On appelle demi-segment tout intervalle semi-ouvert [A; A'[od Aet A'
sont des points 2 abscisses entiéres positives a et a' respectivement de D et D'. On
appelle poids du demi-segment [A,A'[ le mondme ([A,A'[)=ga+2". Deux demi-segments
[A;A'[ et [B;B'[ sonten concurrence lorsque (a<b et a>b") ou (a>b et a'<b') ou
(a=b et a'=b").

Exemple. Le demi-segment dessiné figure 5 est [ A(3) ; A'(1) [ et son poids est q4.

définition 6. Un empilement trivial de demi-segments est la donnée d'une suite de demi-
segments deux & deux disjoints. Le poids d'un tel empilement est le produit des poids des
demi-segments qui le composent.

Exemple. Le poids de 'empilement trivial dessiné figure 6 est q30.

Un empilement trivial ayant n demi-segments est défini par la donnée de n points &
abscisses entieres Ay, Aj,..., A distincts de D et n points 2 abscisses entiéres non
nécessairement distincts A'y, A',..., A’y de D'. L'entier n étant fixé, la somme S, des

n
poids de tous les empilements triviaux & n piéces est la some des produits H q?i+?i,
i=1
pour 0<aj<aj<...<a, et 0<a'i<a';<...<a'y. En remplagant a; par aj=0t;+0ip+...+0;, €t
a'j par a;=0';+0'y+...+0';on obtient

S =

no, +(n=1)0, +...+20__ +0, na';+(n-1)a’,+...+2a' _ +0'
. Zq 1 2 n-1 "q 1 2 n-17%n

’
ou la somme est prise sur tous les entiers o120, 0y>0,...,a,>0, et
o'120,0'920,...,a',20. I1 vient donc

0

S, =——.
(g:9)?

AL ALD=A S AS)

A (2) A2(3) A3(5) A4(6)

Figure 6. Un empilement trivial.
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définition 7. Un empilement de demi-segments est la donnée d'une suite de demi-
segments. Deux suites de demi-segments définissent le méme empilement lorsque elles
sont formées des mémes demi-segments et lorsque les demi-segments en concurrence
sont dans le méme ordre.

exemple. L'empilement dessiné figure 7 correspond aux suites de points
([A1,A'1[, [A2,A%[ , [A3,A'3[ , [Ag,A'4])
= ([A2,A"2[ , [A1,A'1L, [A3,A'3[ , [A4,A'4[)
= ([A2,A%2[ , [A3,A"3[, [AL,A"1], [A4,A'] ).

définition 8. On dit qu'un demi-segment [Ag,A'x[ est une piéce maximale de
I'empilement ([Aj,A'il) j=1..n , lorsque chacun des demi segments [A;,A"j[, pour i=1 &
k-1 n'est pas en concurrence avec [Ax,A'k[ .

exemple. Les pi¢ces maximales de I'empilement dessiné figure 7 sont [A],A'1[ et
[A2,A%[ .

Figure 7. Un empilement de demi-segments
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figure 8 Une pyramide de denﬁ-éegments

définition 9. On dit que ([A;,A'i) i=1..n est I'écriture standard d'un empilement de
demi-segments lorsque pour tout k, [Ax,A'[ est la piéce maximale la plus 2 droite de
I'empilement ([Aj,A'i[) i=k_.n.

exemple. l'écriture standard de l'empilement dessiné figure 5 est
([A2,A"2[ , [A1L, AL, [A3,A'3[, [Ag,A'[ ).

2.2.  séries génératrices

En appliquant le théoréme 1 sur les empilements, on a,

propriétlé 10. La série génératrice des empilements de demi-segments est la fonction
FO .

De méme, la somme des poids des empilements triviaux de n+1 pieces telles que A;>0
est
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(@9);
et I'application du théoréme 2 montre immédiatement,

propriété 11. La série génératrice des empilements non vides de demi-segments tels que

la piece maximale soit de la forme [O ; M' [ est la fonction (21_:) . Ce rapport est

également la série génératrice des empilements non vides de demi-segments telles que les
piéces maximales soient toutes de la forme [M ; O' [

exemples. La figure 7 montre, en perspective, un empilement de 4 piéces de poids g22.
La figure 8 montre une pyramide de demi-segments dont I'unique pi¢ce maximale est de
la forme [O; M'[.

3. tresses simples

Afin de diviser I'ensemble des empilements en sous classes, nous introduisons la
notion de tresse simple. D'une maniére intuitive, une tresse simple est une tresse non
entrelacée : une tresse simple induit un ordre partiel (dessus, dessous) sur les brins qui la
composent. Ainsi, la tresse T de la figure 9 est simple alors que la tresse T' ne 'est pas.

notation. on note Gjj = X; Xj41 ...Xj.] Xj pour i<j, et Gj;j=1lorsquei>j.

définition 12. Soit T une tresse de B,. On dit que le couple (i,j) est un brin maximal de
la tresse T lorsque la tresse (Gj,) 1 T Ojn estune tresse de By.;.
définition 13. On définit I'ensemble BS,, des tresses simples a n+1 brins de B, par

récurrence de la maniére suivante,
-si n=0,BSy = {1},
n+l n+l

-sin > 0, alors BS, = U U (0;,) BSn_l(O‘j'n)_1 .

i=1 j=1

exemple. X1 = 61’1 (0'2’1)'1 = 0'1’1 ; Xl'l = 62,1 (01,1)‘1 = (0'1’1)'1.
remarque. Les tresses simples de B, sont donc les éléments T de B, qui s'écrivent sous
la forme,

n n
— -1
T= I 1l Oy, n+1-i ]:llohj,j )
1= =
ou, pour touti, j appartenant a {1,2,...,n}, 1 <k; <i+let 1<h; <j+l.

1 2 3 4 1 2 3 4
—

/ SN

1 2 3 4 2 3 4

T T
Figure 9. Une tresse simple T, et une tresse non simple T'.

7
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De maniére combinatoire, on peut lire I'écriture précédente A partir du dessin
d'une tresse simple a I'aide de 'algorithme suivant:

- prendre un brin maximal (ky,h;) de T,

- enlever ce brin et considérer la nouvelle tresse T; de B,_; obtenue en
décrémentant d'une unité les origines de T supérieures A k; et les extrémités de T
supérieures 2 h;.

La tresse T ainsi obtenue est une tresse simple sur laquelle on peut itérer ces opérations.
On obtient ainsi une suite de tresses simples T; de B,,; dont un brin maximal est le brin
(kj41,hi41). Cet algorithme permet de lire une tresse simple directement 2 partir de son
dessin. Par exemple, si T désigne la tresse simple de la figure 9, on a,

1 2 3 4 1 2 3
= -— /
7 -1
- = 0,3 O3
/ > [
1 2 3 4 1 2 3
T 1 2

1
NQ
w
e
™
Q
S
!‘q,:_.
w

= 0,3 05,04,

Remarque. Cette écriture n'est pas en général unique. Ainsi, pour la tresse T de la figure
8, les différentes écritures possibles sont,

T= 02302201,1=023 012 01,1(022)1= 013012 (023)1

Définition 14. On appelle écriture standard d'une tresse simple T I'écriture obtenue dans
l'algorithme précédent en prenant a chaque étape le brin maximal le plus 2 droite.

Exemple. L'écriture standard de la tresse T de la figure 9 est T = 02,3 02201,1.

Remarque. On peut représenter les tresses simples 2 I'aide de permutations 2 inversions
orientées sans cycles.

En effet, toute tresse T de By, induit une permutation de Sy, il suffit de considérer
I'image de la tresse T par le morphisme envoyant chaque générateur X; sur la

transposition (i,i+1).Si I'on représente graphiquement une permutation 7 par la donnée
de segments [i,n(i)[, le nombre de croisements entre ces segments est le nombre

d'inversion de la permutation 7. Choisir un ordre entre deux segments se croisant revient
alors 2 orienter l'inversion correspondante. On obtient alors une tresse simple en orientant
chaque inversion, a condition que le graphe obtenu ne contienne aucun cycle. En effet, si
tel est le cas, la tresse obtenue est entrelacée. De plus, la trace de la tresse simple se lit
aisément sur la permutation orientée sans cycle en prenant q pour les orientations

(c@ —— o)) et é pour les orientations (6(i) ——— ©(j)), oit (6(i), 6(j)) est une
inversion .
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figure 10. Une permutation orientée sans cycle.

Exemple. La tresse T de la figure 9 est représenté par la permutation orientée sans cycle
de la figure 10.

4. empilements de demi-segments et tresses simples valuées

4.1. résultats concernant 1/Jg

Soient 6(n) 'ensemble des empilements de n demi-segments et T(n) I'ensemble
des triplets formés d'une tresse simple a n brins, d'une suite croissante de n entiers et
d'une suite strictement croissante de n entiers,

teBS,
Tm)={(t{a.};_.{a}}; )| 052 <2, <. <a,

' ' '
0<a'<a',<..<a',

théoreme 15. 11 existe une bijection @, de 6(n) dans T(n) telle que, pour tout E de
8(n),

o
Zaﬁ»a'.

(E)=mn(t) q* ,
ot ¢, (E)=(t, (ai ):=1 ’(a'i ):=1 )-

preuve. La démonstration se fait par récurrence sur le nombre n de piéces.

11 est clair que ¢1([A(a),A'@@")[ = (e,(a),(a)), ol e désigne l'unique tresse & un brin,
définit une bijection de 61 dans Ty satisfaisant aux conditions du théoréme.

Supposons que 1'on ait construit la bijection @p-1 de 6n-1 dans Tp-1.
Soit alors un empilement E de 8(n). 11 se décompose de maniére unique sous la forme
[A(a),A'(a")[XF, ou [A,A[ est la piece maximale la plus & droite de E et Fest un
empilement 2 n-1 demi-segments dont toutes les pi¢ces maximales sont soit 2 gauche de
[A,A'[, soit en concurrence avec [A,A'[. Soit
n-1 y \n—1
‘pn-l (F) = (u’(bi )i=1 ’(b i)i=1 )
On a pour un certain i de {1,...,n}, et un certain j de {1,...,n}( on convient que
bn=b'n=+°°)»
b1<by<..<bij<a<bi<..<bppetb<br<.<bji<a <bj<..<bhi
Considérons alors les suite (a))k=1..n €t (@'k)k=1..n définies par,
ag = by pour k<i, aj = a et ag = bk - 1 pour k>i, et
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a'k = b’k pour k<j, a'j = a' et ax = bx-1 + 1 pour k>j.
La suite (ak)k=1..n €st éviciemment croissante et la suite (a'x)k=1.n st strictement

croissante. Soitt=Gjnu (cj,n)'l, qui est par définition une tresse simple. On montre
par récurrence que le mot ainsi récursivement défini est une écriture normale de la tresse
associée.

En effet, supposons que Ej ait pour pice maximale la plus  droite la piece

[B(b),B'(b")[, et que soit par récurrence écrite sous la forme u= Oh,n-1V (Ok.n-1)"1. On a,
avec les notations précédentes b=by, et b'=b'y. Si t n'est pas sous forme normale, alors,
i<h et j<k ce qui entraine a<bp=b et a'<bp=b', ce qui contredit le fait que [A,A"] est la
piéce maximale la plus 2 droite.

L'application @, définie par
0 (B)=(t,(a,)_ (2');.),

i=1

est la bijection recherchée, la bijection réciproque se définissant de maniere analogue.

En sommant le poids des tresses dont I'image par @, correspond & une méme tresse tg,
on obtient

corollaire 16. La somme des poids de tous les empilements associés @ une méme tresse
simple ty est,
w(ty) |,
T(E) = —°—2 q(z).
9a (BY=(tg ) (9:9);

En sommant sur tous les empilements de demi-segments, il vient,

théoréme 17. Les polyndémes ay(q) sont reliés aux tresses simples par la relation,

a,(q)= q(’] Y tr(e).
teBS,
De plus, les polynémes an(q) sont a coefficients entiers positifs, symétriques de degré

n(n-1).

preuve. La symétrie s'obtient en remarquant que l'inverse d'une tresse simple est une

tresse simple et que m(t-!) = -% Le degré se déduit en remarquant que la tresse simple
Tt

de plus fort exposant est la tresse 61,01 61,02 ...61,2 61,1, de poids qn(n-1)/2,

4.2. résultats concernant J1/J

. . . LT .
Le théoréme d'inversion des empilements montre que la fonction Tl' est la série

énumératrice dont l'unique pi¢ce maximale est de la forme [O, M'[ ou encore la série
énumératrice dont l'unique piéce maximale est de la forme [M, O[ Nous montrons ici,

Figure 11. BSl,.
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théoréme 18. En notant BS1,_, l'ensemble des tresses simples @ n brins n'ayant qu'un
unique brin maximal de la forme (i,1), on a,

b,,(q)=q(;] Y tr(®).

1€BS’a

Ce théoréme se déduit en utilisant le corollaire 16 et le lemme suivant,

lemme 19. L'image par ¢, de l'ensemble des empilements de demi-segments dont les
piéces maximales sont de la forme [A,O'[ est l'ensemble des triplets

te len—l

t{a )i {2\ ) 0|03, <2, <..<a,

—al! ' '
0=a'<a,<..<a’,

Reprenons les notations de la construction de la bijection ¢y. Ici, a'=0, et 1a piece
maximale la plus 2 droite de I'empilement E; est de la forme [B(bp),B'(b'k)[, ol by<a et
b'k quelconque. Par conséquent, h<i et j=1<k, ce qui prouve que la tresse associée
appartient bien a BS1,,_;. De plus, a'1=0, et a est quelconque, d'oil la propriété.

exemple. la figure 11 montre les quatre éléments de BS!; ainsi que leurs poids.

conclusions. Le rapport des fonctions de Bessel 4J; et 4Jg est apparu lors de

I'énumération des diagrammes de Ferrers gauches. La combinatoire liée a ces objets est

particuliérement riche. Diverses interprétations combinatoires ont ét€ données, a I'aide de

de mots de Dyck, de multichaines d'un poset, de polytopes rationnels dans la théorie de

Ehrhart dans [11], et ici a l'aide des tresses simples. Divers problemes concernant ces

fonctions énumératrices restent ouverts, en particulier la log-concavité ou du moins

I'unimodalité des polyndmes an(q) et bp(q) ainsi qu'une preuve combinatoire de la

symétrie des polyndmes bp(q).
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ABSTRACT

Combinatorics has many general constructions that produce finite sets from
finite sets, such as the Cartesian product and power set constructions. Bi-
jections of the given sets give rise to bijections of the constructed sets in
an obvious way. We explore the reverse process, the problem of defining a
bijection between the given objects from one between the constructed ob-
jects. We formulate a precise interpretation of the question and present a
concrete criterion for when such cancellation is or is not possible. We apply
the criterion to several standard combinatorial constructions. In particular,
we show that a bijection between the mth powers of sets suffices to define
a bijection between the sets themselves, but a bijection between power sets
generally does not. Our effective cancellation procedures are in some cases
computationally infeasible, but we do offer a reasonably explicit procedure,
in the spirit of the involution principle of Garsia and Milne, to cancel the
construction of forming the Cartesian product of a given finite set with a
fixed set that carries a distinguished element. By contrast, our methods
allow us to conclude that Cartesian product with a fixed set without extra
structure cannot be cancelled.

Key words: Bijection, bijective proof, G-set, Cartesian power, power set
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Introduction

Any analytical demonstration of a combinatorial identity compels us to in-
quire about the existence of a direct demonstration by means of a bijection.
While it is conceivable that all true identities will eventually yield to suffi-
cient cleverness, it is also conceivable that this is not the case. To allow for
the possibility of settling such questions in the negative, eventually we must
formalize the notion of “bijective proof.”

Fixing on a good definition seems difficult. Instances of the following sort,
however disguised, must surely be excluded: an identity is actually estab-
lished by analytic means so that the mere existence of a bijection is assured,
and by specifying enumerations of the sets on each side of the identity we
single one out. Perhaps the bijection itself is to be judged faulty in that
it may be inefficient to compute. Perhaps the defect is with the form of
the specification of such a bijection, which makes use of the structure of
the families of combinatorial objects rather than just the structure of the
objects themselves. Or one’s complaint may simply be that such a bijection
is irrelevant to the proof of the identity.

It is less clear how one should treat instances of the following kind. In
the course of showing that two (indexed families of) sets A and B have the
same cardinality, a combinatorial construction is performed on each, yielding
sets QA and @B and a self-evident bijection between Q4 and QB is then
produced. (We may formalize “combinatorial construction” as a faithful
endofunctor on the category of finite sets and bijections. This captures that
idea that a construction @ on a set A does not depend on how the elements of
A are named.) Assuming it is known that the cardinality of Q.5 determines
the cardinality of S, the equicardinality of A and B is proved. This may
well be a bijective proof that |QA| = |@B|, but is it a bijective proof that
|Al = |B|?

Sometimes a principle is available that cancels the construction @, thereby
uniformly specifying a bijection between A and B whenever a bijection be-
tween QA and QB is given. The involution principle used by Garsia and
Milne in their combinatorial proof of the Rogers-Ramanujan identities is
a celebrated example, though it must be slightly recast to fall within our
rubric. In practice combinatorialists generally accept such proof as “bijec-
tive” but the objections raised above still apply. In particular, even when
the bijection between @A and QB is computationally efficient the derived
bijection between A and B may not be. The specification of the bijection



between A and B has a global character, since one takes account of the
entire bijection between QA and QB for its definition. Lastly, the truth the
identity is evident as soon as one has the bijection from QA to @B, so the
bijection between A and B is not strictly relevant to the proof.

One criterion that separates artificial “combinatorifications” of analytic
. proofs (which we wish to exclude) from proofs that use the involution princi-
ple (which we wish to allow) is that the latter may be described as canonical
in that they do not involve arbitrary choices. They are, if you will, symmet-
rical. Hence symmetry considerations will play a pivotal role in our analysis
of combinatorial constructions.

We have no hope of settling the debate here as to what truly constitutes
a bijective proof. Sidestepping the thorny issue of the absolute existence
of bijective proofs of combinatorial identities, we consider more tractable
questions of relative existence. A combinatorial cancellation principle for the
construction Q takes a bijection that demonstrates the identity |Q A| = |QB|
and yields a bijection that demonstrates the identity |A| = |B|.

We study questions concerning the existence of bijective cancellation princi-
ples. The condition we formulate for the cancellation of a construction F' is
certainly necessary and sufficient. Qur main examples show the construction
QA = A™, the m*® Cartesian power of A, may be cancelled, but QA = 24,
the power set of A, may not.

Even our negative results may have a positive value for the working com-
binatorialist. Knowing that the power set construction cannot generally be
cancelled suggests the possibility of interesting bijections from 24 t0 28 even
in situations where no bijection from A to B is available.

Our methods come from group theory and are purely mathematical, as op-
posed to metamathematical. Nevertheless it may be fruitful to interpret our
results as statements about combinatorics in various toposes, though we do
not pursue this.

The organization of our paper is as follows. In the next section, we give a
few preliminaries concerning group actions. Then we dive immediately into
considerations that lead us to our Fundamental Lemma and Main Theorem,
which give us computable criteria for the existence of cancellation principles.
The five sections that follow apply this theorem to obtain various positive
and negative results, some new and some old: a positive result for cancel-
lation of disjoint union (old), a negative result for Cartesian products (a
folk-observation that, while not in the research literature, seems to surprise
few seasoned combinatorists), a positive result for Cartesian products with
pointed sets (new), a positive result for Cartesian powers (new), and a gen-
erally negative result for power sets (new) which is clarified by the solution
an interesting group-theoretical problem. The final section situates our work
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in a more abstract, category-theoretic setting.

Preliminaries

A G-set is a set with an action by a group G (on the left). Two G-sets
are isomorphic if and only if there is a bijection from one to the other that
commutes with the action by G. A G-orbit is a transitive G-set, and a G-set
is a disjoint union of G-orbits. The stabilizer Stab z of an element of a G-set
is the set of elements g with gz = z. (For background on group actions on
finite sets, see Chapter 1 in [Jacobson].)

Note that if § is a G-orbit containing an element z, then the action of G on §
is isomorphic to the action of G on the left-cosets of Stab z. Furthermore, if
z and y are both in the orbit §, Stab z and Stab y are conjugate subgroups.
It follows that a G-orbit is determined up to isomorphism by the conjugacy
class of the stabilizer of any of its elements.

If a G-orbit contains an element whose stabilizer is H , we say that it is a
G-orbit of H-type. Note that for H, H' conjugate in G, an orbit is of H-type
if and only if it is of H'-type.

For each group G, the above remarks allow us to formulate a complete
numerical isomorphism invariant for G-sets — indeed, several such invariants,
each with its own uses. Let L(G) be the lattice of subgroups of G. For any
G-set §, we define maps og,0%,7s from L(G) to Z by letting os(H) be
the number of elements of § whose stabilizer is H, o (H) be the number
of elements of S that are stabilized by H (i.e., whose stabilizer contains
H), and 7s(H) be the number of G-orbits of § of H-type. Note that all
three functions take a single value on each conjugacy class of subgroups of
G. For every non-negative integer-valued function 7(H) that is constant on
conjugacy classes of subgroups there exists an associated G-set.

Equivariance Criterion

Our first goal is to fix a way of making questions about bijective cancellation
precise. In particular, we must specify carefully that information which is to
be available to a cancellation procedure. Input to the procedure will consist
solely of:

(i) rosters of the elements of sets A, B, QA and QB;

(i) the bijection between QA and QB;

(iii) the declaration of any extra structure that the sets A and B might
carry, and whatever additional structure QA and QB acquire through the
construction @Q.

The procedure must not depend on extraneous information implicit in the
presentation of the data. It must make no use of the ordering of the elements
on the rosters, no use of the specifics of the coding of their names or anything



else, lest the task of producing a bijection between A and B be trivialized.
Now, as we shall indicate, these stipulations may be formalized so as to
treat the cancellation procedure as a black box. Having no need to specify
a particular model of computation, we do not do so.

We will write Bij(X,Y) for the set of bijections between X and Y. For
the moment, let us fix two sets A and B of cardinality n. Let @ be an
endofunctor of the category of finite sets and bijective maps, which is to say,
a species in the sense of A. Joyal (see [Joyal]). Thus Q takes a finite set A to
a finite set Q A, takes a bijection f: A — B to a bijection Qf : QA — @B,
and respects composition of composable bijections. We also ask that @ be
faithful, so Q f = Qg if and only if f = g. Then if a cancellation procedure
for @ exists, it will provide a function

Fa,B : Bij(QA,QB) — Bij(4, B) .

The procedure cannot depend on the names of the elements of A and B, so
the function F4 g must be invariant under relabelings. More exactly: Write
Sym § for the symmetric group on a set S. The group Sym A x Sym B acts
on Bij(4, B) by

(p1,p2)f = p2fpi’

and on Bij(QA,@B) by

(pl»pZ)F = EFPI-I’

where p is shorthand for Qp. Invariance under relabelings amounts to

Fa,8((p1,02)f) = (p1,p2)Fa,B(f) ,

that is, the equivariance of F4 p with respect to the action of Sym A X
Sym B. The existence of such an equivariant map, for each =, is thus a
necessary condition for the existence of an effective procedure of the desired
kind. (We do not stipulate that F4 p should be a one-sided inverse to F,
but this is an easy consequence of equivariance, by the fundamental lemma
below.)

Is it also a sufficient condition? Write [n] for {1,...,n}. If an equivariant
map exists, for any A and B, then certainly there is a map

Fn)n) : Bii(Q[n], @[n]) — Bij([n], [n])

equivariant under Sym [n] x Sym [n]. (Of course, producing an equivariant
Fin),[n) from F4 B requires well-ordering A and B; since A and B are finite
sets this can certainly be done.) It is easy to define a lexicographic order
on the set of all maps from Bij(Q[n], Q[n]) to Bij([n],[n]), since [n] comes
with a canonical ordering. So we may effectively single out one equivariant
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map for each n, namely, the lexicographically earliest one. Let this be done.
(Note that in practice this step may be computationally infeasible.)

We are trying to pass from the mere existence of an equivariant F, A,B to an
effective implementation by way of Fin)In]- Suppose we are given a bijection
F between QA and QB, where A and B each have cardinality n. Our
procedure cannot make use of a particular pair of bijections a : A — [r] and
b: B — [n], since there is no canonical way choose such. Nevertheless, the
procedure may consider the totality of all possible pairs a and b. Each such
pair yields bijections @ : QA — Q[n] and b : QB — Q[n] from which we
obtain the self-bijection of Q[n]

F' =}Fg—!

and the bijection
b~ Fing ) (F'))a

between A and B. The equivariance of Fin),ln] guarantees that the same
bijection between A and B will result in every instance. Thus we have a
procedure for effectively determining bijection from A to B. We conclude
that the existence of an equivariant F4 p is indeed sufficient.

Some foundational reflection on the last argument may be justified. We are
working within the assumptions of classical set theory and logic. Neverthe-
less, our problem, dealing as it does with sets containing indistinguishable
elements, is awkward to formalize in that context. For us, the distinction
between a non-empty finite set whose elements are entirely indistinguishable
and an empty set is fundamental. The set of well-orderings of a non-empty
set of indistinguishable elements may also have no distinguished elements;
nevertheless it is non-empty.

Casting the argument somewhat differently may appeal more to some read-
ers. Suppose Finmj(F') = f'. Fix a sufficiently rich first-order language
with variables ranging over the elements of [n] (but with no constants for
the elements of [n]), so that we may characterize the isomorphism type of
any F’ by a finite predicate. Since F' may have symmetries, some elements
of [n] may be indistinguishable by predicates, but equivariance guarantees
that we may describe the function f’ by predicates nevertheless. Construct
such predicates for every pair (F/, f’). This family of predicates may now
be used to determine when F4 g(F) = f. Thus one never need refer to a
well-ordering of A or B. One need only presume a computational model
powerful enough to implement the necessary logical procedures.

In view of the above, we adopt the following principle:

Equivariance Criterion: A combinatorial construction Q is bijectively
cancellable iff for all A, B there exists a Sym A x Sym B-equivariant map
from Bij(QA, @ B) to Bij(4, B).



Main Theorem

We will now concentrate on the question of existence of an equivariant ¥4 5.

Fundamental Lemma Let G be a (finite) group and S and T be G-sets.
(sets with a G action.) Then the following are equivalent:

(i) There is a G-equivariant map h from S to T'.

(ii) For every s € S there is a t € T such that Stab s C Stab ¢.

Proof

(i)=>(ii): Stab s C Stab h(s) since gs = s implies gh(s) = h(gs) = h(s).
(ii)=>(i): Pick a representative sp of each orbit O of §. Set h(so) = to
for some element tp of T satisfying Stab so C Stab {p. Extend h to a
map from S to T by sending h(gsp) to gto. To see that h is well-defined,
suppose g150 = g280. Then g;'g; € Stab so and g5 1g, € Stab tg, that is
g1to = gato as desired. To see that h is equivariant, note that for all ¢’ € G,

h(g'(gs0)) = g'9to = ¢'(h(9s0))- a
Here is how the Fundamental Lemma is applied.
For f € Bij(A, B), Stab f is exactly the group

{(p, fof™) | p € Sym A} .

According to the Fundamental Lemma, there is an equivariant map
Fa,B : Bij(QA,QB) — Bij(4, B)

if and only if for every F € Bij(QA,QB), Stab F is contained in one of the
groups Stab f.

Suppose (p1,p2) € Stab F. Then p; is determined by p;. Indeed if Stab F
also contains (py,p}) then it contains (e, p2(p3)~!) € Stab F as well, where
e is the identity map, and

PP = FeF=z. |
Since Q is faithful, we have pa(p5)~1 = e, so p2 = ph.

We may regard A and B as Stab F-sets by taking (p1,p2)(a) = p1(a) for
a € A and (p1,p2)(b) = p2(b) for b € B. In particular, the following two
statements are equivalent:

(i) There exists f : A — B such that Stab F' C Stab f.

(ii)There is an f : A — B which is an isomorphism of Stab F-sets.
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For (i) says that p; = fp;f~! and (ii) says that for (p;,p;) € Stab F we
have fp1 = p,f.

We may also regard QA and QB as (Stab F) sets by taking (p1,02)(@) =
pi(a@) for @ € QA and (p1,p2)(b) = pz(b) for b € QB. Certainly F : QA —
@B is an isomorphism of (Stab F)-sets.

In general, if G is a group and A is a G-set, QA is a G-set in a natural way,
since @ is a functor. We are now ready for the

Main Theorem The faithful endofunctor @ is bijectively cancellable if
and only if for all finite groups G and for all finite sets A and B, QA and
@B are isomorphic G-sets if and only if A and B are isomorphic G-sets.

Proof In one direction, the stated condition, along with the recently noted
fact that F': QA — QB is an isomorphism of (Stab F)-sets, implies con-
dition (ii) above. This implies condition (i), which by the Fundamental
Lemma implies the existence of an equivariant map.

Conversely, suppose the stated condition fails. Then let A and B be noniso-
morphic G-sets with QA and QB isomorphic as G-sets, and let F : QA —
@B be a G-set isomorphism. Then G maps to Stab F, but the equivalence
of (i) and (ii) forbids Stab F C Stab f for any f : A — B, lest A and B
be isomorphic, and the Fundamental Lemma says that no equivariant map
exists. (]

Cancellation of Disjoint Union

In this and the following sections, we take A, B, and C to be non-empty
sets.

First we consider the disjoint union construction X — X ac , which we will
hereafter write as X + C to suggest the analogy with arithmetic addition.
Suppose that one knows a bijection F : A+ C — B+ C. Given a € A,
iterating f sufficiently often on ¢ must eventually produce and element b of
B. Thus we define a bijection f: A — B. (See [Stanley].) Notice that the
only a priori bound on the number of iterations required is the cardinality
of C. What is crucial for us is that the construction of F = f used only the
information provided by the bijection f, not the properties or names of the
elements of A or B. Underlying this situation is the simple group-theoretical
fact that, for any finite group G and G-set C, G-séts A and B are isomorphic
if and only if G-sets A+ C and B + C are isomorphic. (See [Burnside].)
More specifically, note that for a fixed group G, the effect of the operation
@ on the each of the G-set invariants o, 0¥, 7 is to add a constant vector,



which is clearly an invertible operation.

In light of the Main Theorem, the reader may wonder why we allow the
possibility that C carries a nontrivial G-action. Q here is the construction
“disjoint union with the fixed set C.” Since we do not insist on C being dis-
joint from A and B, the relabeling their elements may induce a permutation
on C as well. The possibility of C carrying a non-trivial group actions cor-
responds to the fact that disjoint union of sets with C' can be accomplished
in a C-equivariant way (i.e., one that does not depend on the labelling of
the elements of C).

Noncancellation of Products

Now we consider the Cartesian product construction X — X x C. Fix a set
X, |X| > 1, and set both A and C equal to the set of linear orderings of X.
Let B be the set of permutations of X. We may define a bijection between
between A x C and B X C by using the fact that two linear orderings of X
induce a permutation of X. There can be no canonical bijection between A
and B, however: The set of permutations of X has a distinguished element,
the identity permutation, but the set of linear orderings does not.

Here is the general group-theoretic viewpoint. Let G be a finite group. Let
G, be the G-set obtained by having G act on itself by translation and G be
the G-set obtained by having G act on itself by conjugation (so that g sends
g’ to gg'g™1). For a nontrivial group, G and G, cannot be isomorphic as
G, is transitive but G, is not. Nevertheless h : G; X Gt = G X G; defined
by h(g1,92) = (9195, 92) is always an isomorphism of G-sets.

Cancellation of Pointed Products

The situation is altogether different when we multiply A and B by a set C
with a distinguished point.

From the group-theoretic viewpoint, the analog of C is a G-set with a fixed
point.

Theorem A and B and G-sets and and C is a G-set with a distinguished
point, and A X C is isomorphic to B x C, then 4 is isomorphic to B.

Proof A G-set A is determined by the invariant, o4, the integer-function
on the set of subgroups of G which records how many times each subgroup
of H of G occurs as a stabilizer. Given a point a € A and a point ¢ € C, the
stabilizer of (a,c) in A x C is Stab(a) N Stab(c). It follows immediately that
0 axc is linear in 04. Represent the linear transformation by the matrix M.
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We show that M is nonsingular. Order the subgroups of G so that their
cardinalities are non-decreasing. Then M is upper triangular. The fixed
point of C' guarantees that the diagonal entries of M don’t vanish. o

Notice the contrast with the previous situation. The G-set obtained by
having G act on itself by translation had no fixed point and this led to an
upper triangular matrix with some zeros on the diagonal.

We may also exhibit this cancellation principle more explicitly by the follow-
ing construction. Now A and B are finite sets, and C is a finite pointed set,
with a distinguished element called *. Let f : AxC — B x C be a bijection.
We define a map f, : A — B as follows. f.(a) is the projection of f((a, *))
onto B. Amap f71(=(f~1).): B — Ais defined similarly. Iteration of the
map f, U f;1: AUB — AU B produces some cycles. We then use fe to
pair any element a of A that occurs in a cycle with an element f(a). This
gives us a nontrivial partial bijection between A and B, say from A to B.
Multiplying by C' we get a nontrivial partial from A x C to B x C taking
A x C to B x C. This induces a bijection from (A\A)xCto(B\B)xC
(see the section “Cancellation of Disjoint Union”) and now we may iterate
the process until we get a bijection from A to B. It should be noted that
this construction was only discovered after the group-theoretical approach
suggested its feasibility.

Cancellation of Powers

Given a bijection between between the m-fold Cartesian powers of two finite
sets, we will use the Main Theorem to define a bijection between the sets
themselves.

Theorem Fix a finite group G. If the m-fold powers »™ and r'™ of the
permutation representations r and ' of G are isomorphic, then r and r’ are
isomorphic.

Proof Without loss of generality, assume r and ' both represent G in
Sym § for some finite set . Recall that L(G) is the lattice of subgroups
of G, and that the permutation representation r determines a function o, :
L(G) — Z which counts the number of times each subgroup of G occurs as
the stabilizer of an element in §. The stabilizer of an m-tuple (s;,.. ©y8m)
is just ﬂ Stab s;. This observation makes it easy to compute o,m from o,:
for any subgroup G’ of G,

O‘Tm(G’) = Z O‘T(Hl) . °0,-(Hm).
Hy,..,H,
G' =N H;



In particular, o,m(G) = o,(G)™ since an intersection of subgroups that
gives G cannot involve groups other than G itself. We will prove that o,
can be recovered from o,m by induction on the length of the longest chain
from a subgroup G’ to the top of the lattice. We have already seen that
o,(G) = (0,m(G))Y/™. Let G’ be a proper subgroup of G, and assume that
we have calculated o.(H) for all groups H strictly containing G’. Then

om(G) = Z or(H1): -+ 07(Hm)
Hy,...Hpn D G’
G' =(H;
+3 (7) S ol orHnni) | 0@
i=1 Hyy oy Hpj D G

where the H; are subgroups of G that properly contain G’. Since the right
side is a polynomial in 0,(G’) with positive coefficients, the equation can
have at most one non-negative solution. Thus o,m determines o,. Since
Opm = Opm, it follows that o, = o,+, which implies that r and r’ are isomor-
phic. m]

The Main Theorem now implies that the m-fold Cartesian power functor is
cancellable. However, we do not have a satisfying, concrete description of
such a cancellation principle.

Noncancellation of Power Sets

The power set of S will be denoted 2°. We show that a bijection between 251
and 252 does not generally induce a canonical bijection between S and Sz by
finding a finite group G and a pair of G-sets S and Sz which are not isomor-
phic even though 2§ and 25 are isomorphic. The counterexample is then the
isomorphism between 2 and 25, considered simply as a bijection between
power sets. In this light, the G-action appears as relabelling-symmetries. If
there were a canonical induced bijection between S; and S it would also
possess the same relabelling-symmetries. This is impossible, since G has a
different action on the two sets.

Since the stabilizer of an element is H if it is stable under H but under no
strictly larger subgroup of G, we have

of(H)= 3 os(K)

KDH

and

os(H)=of(H)- Y os(K).
KoH
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The function os(H) can be determined from oF(H) working inductively
down the lattice of subgroups. Moreover, each orbit of H-type contains
[Ng(H) : H] elements with stabilizer H, so

a's(H) = [Ng(H) : H]TS(H)

where [Ng(H) : H] is the index of H in its normalizer. The isomorphism
type of a G-set § is clearly determined by the function rs(H), and so by
either of the functions o (H), os(H).

Let O be a G-orbit of H-type, with s € O having stabilizer H. Pairing
elements gs of O with cosets gH of H gives a G-set isomorphism between O
and G/H. If K is a subgroup of G, the following are clearly all equivalent:
(i) gs is in the same K-orbit as g's

(ii) there exist k € K such that gs = kg's

(iii) there exist k € K such that gH = k¢'H

(iv) there exist k € K, h € H such that g = kg'h

(v) KgH = Kg'H .

Let o( K, H) be the number of K -orbits in G/H. The equivalence of (i) and
(v) implies that o(K, H) is also the number of double cosets of the form
KgH. For any H' conjugate to H, O is also of H' type, so o(K,H') =
o(IK(, H). As the number of double cosets K gH equals the number of double
cosets HgK (note (HgK)™ = Kg~1H), o(K,H) = o(H, K). In particular,
o(IK, H) also only depends on the conjugacy class of K.

The key formula is
ots(K) = 9% g o HK)Ts(H)

where H ranges over representatives of the conjugacy classes of G. The left

side is the number of subsets of § which are stabilized by K. A subset of S is

stabilized by K exactly if it is the union of K-orbits of §. The number of K-

orbits of S is Z o(H, K)rs(H) since each G-orbit of H-type decomposes
HCG

into o(H, K') K-orbits.

Example 1 Take G = Z/2Z x Z/2Z, the Klein 4-group. Since G is
Abelian the issue of conjugacy of subgroups is moot. The subgroups of G
are G itself, the three 2-element subgroups R;, R; and R3, and {e}. Taking
the subgroups in this order, the matrix

[o(H, K)] =

e e
N = DD
N =N =
NN =
BN N



is singular, with vector [-21 11 —1] in the kernel. The linear transformation
[o(H, )] takes the same values on [20 00 1] and [0 1 11 0]. Let $; be a
G-set with two orbits of type G and one of type {e}. Let S3 be a G-set with
one orbit of type R;, i = 1,2,3. Then 25! and 252 are isomorphic G-sets.

Example 2 Take G = S3, the symmetric group on three letters. The conju-
gacy classes of subgroups of G are represented G itself, the 3-element cyclic
subgroup C3, any of the 2-element subgroups R; generated by a reflection,
and {e}. Taking the subgroups in this order, the matrix

1
[o(H, K)) = i
1

1
2
3
6

W DN =

1
2
1
2

is also singular, with vector [-2 1 2 — 1] in the kernel, so the linear trans-
formation [o(H, K)] takes the same values at [2 0 0 1] and [0 1 2 0]. Let
S1 be a G-set with two orbits of type G and one of type {e}. Let S; be a
G-set with one orbit of type C3, and two of type R;. Then 25 and 2%2 are
isomorphic G-sets.

The preceding examples are far from rare, as we will now show.
We thank Goetz Pfeiffer for a demonstration of the following

Theorem The matrix [o( H, K)] has nonzero determinant precisely when G
is cyclic.

We have modified Pfeiffer’s approach to avoid quoting results from repre-
sentation theory. First we will need a
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