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Extended Abstract

Analytic methods give a powerful method for obtaining asymptotic estimates in
combinatorial enumeration. When they can be used, they usually provide extremely
precise results. However, there are also many situations where they do not apply, and
one has to use elementary or probabilistic reasoning. Problems in various classes will be

presented, and general principles of what kinds of methods are best for various situations

will be discussed.

1 Introduction

Analytic methods provide extremely powerful tools for asymptotic enumeration.
Their need is steadily being extended by new research. However, there are also many
cases where analytic methods have failed to yield useful information, even when it seemed
that they ought to apply. The goal of this paper is to illustrate both successes and fajl-
ures of analytic methods, indicate where additional research is needed, and draw some
conclusions about the applicability of such methods to various problems.

The most frequent and obvious reason for failure of analytic methods to yield enu-

meration information is the lack of a useful analytic generating function. Of course,

for

any sequence ag, @y, ..., we can find another explicit sequence b, by, ..., such that the
generating function

1) = 3 bt (1.1)

n=0

1s analytic near z = 0. However, what is needed for a function to be useful for asymptotic

€numeration is for it to be in a form that can be used to deduce the analytic behavior

of that function. Usually this requires a generating function (typically ordinary or




exponential one) that reflects the combinatorial structure of the sequence that is being
enumerated. In many situations no such generating function is known, and so it is no
surprise that analytic methods do not apply.

This paper will concentrate on situations where an explicit analytic generating func-
tion is known, but there are difficulties in exploiting this feature. We first briefly review
the standard analytic methods. We then illustrate with a series of examples of recent
successes and failures of such techniques.

The purpose of this note is not to present a general introduction to the use of analytic
methods in combinatorial enumeration and analysis of algorithms. That is done in the
author’s recent survey and tutorial [36]. This note was inspired and is to some extent
based on that work. There are many other sources for basic asymptotic methods, such

as [1,2,3,7,8,9, 10, 22, 23, 24, 27, 28, 30, 31, 32, 33, 42, 43].

2 Standard analytic methods

When a sequence has an explicit single-variable generating function, there is a wealth
of techniques that usually suffice to determine the asymptotics of that sequence with little
effort. The coefficients of generating functions f(z) arising in combinatorics or analysis
of algorithms are usually nonnegative. Hence there is typically a single singularity at

z =z € R on the circle of convergence of

f(2) = i i, 5" (2.2)

whose influence dominates the behavior of a,,. It is referred to as the dominant singular-
ity. If it is the only singularity on z = z¢, everything simplifies. When there are other
singularities, the situation is more complicated but often still tractable.

There are two basic classes of methods that apply to single-variables analytic gen-
erating functions. If the dominant singularity is small, so that f(z) in an appropriate
neighborhood of z = zo behaves like (z — zo)* or (log(z — a))?, then transfer methods

are very effective. For example, the generating function of 2-regular graphs is known [4]

to be

f(2) = (1 = 2) M2 exp(=2/2 — /4) , (2.3)

so that the dominant singularity is at z = 1 and there are no other singularities on z = 1

Transfer theorems, such as those of [16] immediately show that
a, ~ /2 exp(—3/4)n"? as n - oo . (2.4)

If the dominant singularity is large, so that f(z) blows up rapidly as z approaches
To along the real axis from the left, then another class of methods, based largely on the
saddle point method, are most productive. A surprisingly large number of problems can
be solved by using theorems of Hayman [26], which present conditions that guarantee

that the saddle point estimates do apply. For example, the Bell numbers B,,, which have

the exponential generating function

o0 zﬂ,
B(z) = ,; B3 = exp(exp(z) - 1), (2.5)
satisfy
B, ~ n!l(2rz] exp(zo))~V/? exp(exp(zo) — 1)z5™ as n — oo, (2.6)

where zoexp(zo) = n. The estimate (2.6) can be derived immediately from the results
of [26].
These two basic methods for determining the asymptotics of sequences from univari-
ate generating functions suffice for most examples in books such as [4]. However, there
0 b

are many problems where more sophisticated approaches are needed.

3 Recent successes and failures

Single variable asymptotics are well understood. That is not the case when mul-
tivariate generating functions are required. Both transfer theorems and saddle point
methods can be generalized (see [36]), but their applicability is more limited than in the
univariate case. However, there have been remarkable successes in extending some of
these methods even to cases where the number of variables in the problem grows rapidly.

A good example comes from the work of McKay and Wormald [34, 35].

Example 3.1 Simple labeled graphs of high degree. Let G(n;dy,...,d,) be the num-

b . .
er of labeled simple graphs on n vertices with degree sequence dy,d,,...,d,. Then




G(n;dy,...,d,) is the coefficient of z‘f’ z;” R
F = H (1 + Z]'Zk) ) (37)
sok=1
i<k

and so by Cauchy’s theorem
Gndy,...,dy) = (2m)™ / . / Faph=t.. .24V o dzy (3.8)

where each integral is on a circle centered at the origin. The difficulty of this problem
arises from the large number of variables that are used. The general principle of the
saddle point method is to choose an appropriate contour of integration S(? that a sma,‘ll
region of the space of integration gives the dominant contribution to the mtegra..l. This
method, which is well understood for a single variable, can also be extended easﬂ'y to a
fixed number of variables. When the number of variables increases, though, formidable
difficulties arise, and it was a great achievement for McKay and Wormald to overcome
all the technical problems. Let all the radii be equal to some r > 0. The integrand ta'kes
on its maximum absolute value on the product of these circles at precisely the two points
Hn=z2=-=zz=rand zy =20 =+ =2, = —T. Ifd, =d; = --- = d,, so that we
consider only regular graphs, McKay and Wormald [35] show that for an appropriate
choice of the radius r, these two points are actually saddle points of the integrand, and
succeed through careful analysis in proving that if dn is even, and min(d,n —d —1) >

cn(logn)™! for some ¢ > 2/3, then

2
e )

G(n,d, d, N ,d) _ 21/2(27rn)\d+1(1 _ /\)n—d)—-n/l’ exp ( 12)‘(1 _ /\)

(3.9)
(m]
as n — oo for any ¢ < min(1/4,1/2 — 1/(3c)), where A = d/(n — 1).

Even univariate problems still present challenges. Some of the problems arise when
the relevant generating functions do not have explicit forms, but are defined by recur-
sions.

i f
Example 3.2 Heights of binary trees. We let B, denote the number of binary trees o

size n, so that By = 1 (by convention), By =1, B, =2, B3 =5,.... Let

B = 32 Burt (3.10)

_

Since each nonempty binary tree consists of the root and two binary trees (the left and

right subtrees), we obtain the functional equation

B(2) =1+ 2B(z)?. (3.11)
This implies that "

— e g 12
B(Z)=—*—1 (1224) ; (3.12)

1 2n
B"_n+l<n)’ (3.13)

and the B, are the Catalan numbers. Stirling’s formula then shows that

so that

B, ~ 72 =3/2yn oo n— oo .

(3.14)
Let By, be the number of binary trees of size n and height < h, and let
by(2) = i By 2" . (3.15)
n=0
Then

bo(2) =0, b(z)=1, (3.16)

and an extension of the argument that led to the relation (3.11) yields
but1(2) = 14+ 2b4(2), A >0. (3.17)

The b,(2) are polynomials in z of degree 2*=1 — 1 for h > 1. Unfortunately there is no

simple formula for them like Eq. (3.12) for B(z), and one has to work with the recurrence

(3.17) to obtain most of the results about heights of binary trees. Different problems

involve study of the recurrence in different ranges of values of z, and the behavior of the

recurrence varies drastically.

For any fixed 2 with » < 1/4, bu(z) > B(z) as h — oo. For z > 1/4 the behavior

of b;,(2) is more complicated, and is a subject of of nonlinear dynamics. For any real z

with z > 1/4, br(2) = 0o as b — co. To study the distribution of the By, » as n varies

for & fixed, but large, it is necessary to investigate this range of rapid growth.
shown

It can be
(14] that for any A; and Az with 0 < Xy < A, < 1/2,

exp(2"1(B(r) — rB'(r) logr))

hn =

" 2072 (r287(r) 1 () L T O@T) (3.18)




Extensive analysis of this relation yields an approximation to ej(z) of the form
uniformly as h,n — oo with

3.19) ()1 — (=)

A <nf2h <Ay ( =y )

1< nf 2 %h(Z) 1={1= e(z))" ) (3.27)

The function f(z) is defined for 1/4 <z < o0 by valid for €(z) sufficiently small, Arg €(z) < 7/4 + 6 for a fixed § > 0. (The precise error

B(z) = logz + i2—j log (1 + EJ_(:%___]_) , (3.20) terms in this approximation are complicated, and are given in [13].) This then leads to
3=1 an expansion for H(z) in a sector z — 1/4 < a, 7/2 — B < Arg(z — 1/4) < ©/2+ B of

and r is the unique solution in (1/4, o0) to the form
o) = m2 M (3.21) H(z) = —2log(1 —4z) + K + O(1 — 4z*) , (3.28)

where v is any constant, v < 1/4, and K is a fixed constant. Transfer theorems then

: . : the estimate . :
The proof of the estimate (3.18) is derived from the yield the asymptotic estimate

- B —eoh , (3.22)
bh(Z) = exp(2 ﬂ(Z) log z)(l + O(exp( 2 ))) Hn s 2n—l4n as n — 00 . (329)
\ . : imates for the coefficients By are
i valid in a region along the half-axis z > L s estimaeate When we combine (3.29) with (3.14), we obtain the desired result that the average height

: obtained by applying the saddle point etk of a binary tree of size n is ~ 2(mn)"/? as n — oo.

‘ height different from those used
i The methods that are used to study the average height are For extremely small and large heights, different methods are used. It follows from
I N 5 :
if for trees of a fixed height. The basic approach of (13] is to let [11] that
lll Bh,n — Bh-—l,n . 2 2
| Hy= S hUT) AP < (el + /) (3.30)
T

= . for a constant ¢ > 0, which shows that extreme heights are infrequent. (The estimates
. : i is the height of T'. Then
where the sum is over the binary trees T' of size n, gl () 13 e ticig in [11] are more precise than (3.30).) Bounds of the above form for small heights are

- : i H, i : ; . ;
the average height is just Hn/By.. The generating function SR . obtained in [11] by studying the behavior of the b;(z) almost on the boundary between

H(z) i Ho2* = Y(B(2) - ba(2)) (3.23) convergence and divergence. Let z; be the unique positive root of by(z) = 2. Note that
Z) = n = 2

n=0 h>0 B(1/4) = 2, and each coefficient of the by(z) is nondecreasing as h — oo. Therefore

and tﬁe analysis of [13] proceeds by investigating the behavior of H(z) near z =1/4. If T2 > 3> -+ > 1/4. More effort shows [11] that z} is approximately 1/4 + ah~2 for a

we let . certain a > 0. This leads to an upper bound for By . Bounds for trees of large heights
s (3.24) are even easier to obtain, since they only involve upper bounds for the by(z) — br-1(2)
= 1 - 4 ) ’ . .
€(2) ( %) (3.25) inside the disk of convergence z < 1/4. u]
(B(2) — ba(2))/ (2B(2)) » '

en(2)
There are some univariate generating functions which so far have not yielded to

then the recurrence (3.17) yields analytic approaches.

ensa(2) = (1 — e(=))en(2)(1 = en(z)) » eolz) =1/2 (3.26)
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Example 3.3 Heights of random binary search trees. Example 3.2 is set in the standard
combinatorial counting model, in which all trees of a given size are counted equally. In
many applications it is desirable to have different weights for different trees. For example,
if random permutations are used to construct binary search trees, then the two trees of
maximal heights will have probability of occurring of 1/n! each, whereas more balanced
trees will have exponentially larger probabilities. The average height in this model turns
out to be ~ clogn as n — oo, where ¢ = 4.311... is a certain constant. This was
proved by Devroye [5, 6] using branching processes methods. (See also [33].) Generating

function approaches lead to functional equations of the type
Fld=1 / F(u)?du (3.31)
0
which have not been solved so far. It would be nice to develop the analytic generating

function approach to this problem, since it might than be used to obtain new information

about the distribution of heights, for example. )

There are some problems with rather simple generating functions where analytic
methods fail, but not because of the complexity of the function, but rather because of
the basic limitations of known analytic methods. This occurs in a set partition problem

described below.

Example 3.4 Set partitions with distinct block sizes. Let a, be the number of partitions
of a set of n elements into blocks of distinct sizes. Then a, = b, -n!, where b, = [2"]f(2),
with

] Zk
=11 (1+5) - 62)

k=1
The function f(z) is entire and has nonnegative coefficients, so it might appear as an

ideal candidate for an application of the methods for dealing with large singularities,
such as the saddle point technique. However, on circles z = (n+1/2)/e,n € Z%, f(z)
does not vary much, so there are technical problems in applying these analytic methods.
On the other hand, combinatorial estimates can be used to show [29] that the b, behave

in a “regularly irregular” way, so that, for example,

Bn(mat)jz—1 ~ Om(mi)jz as m — 00, (3.33)
b(m1)/2 ~ Mby(m41)/241 S M — 00 . (3.34)
344

The term b, 2" for n = m(m + 1)/2 for example, comes almost entirely from the prod-
k
uct of 2°/k!, 1 < k < m, all other products contributing an asymptotically negligible

amount. There do not seem to be"i;,ny analytic methods that obtain these results without

essentially redoing the combinatorial estimates. O
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