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ABSTRACT. The Catalan and the Motzkin numbers can be expressed in terms of
multinomial sums and of numbers of standard tableaux. This phenomena is general-
ized to a large class of multinomial sums. The asymptotics of these numbers relate
the Littlewood-Richardson rule to the Selberg integral.

Introduction. In [2] we saw that the free term in (t+^ )2" equals (2^) = ^ d\.
(\,, \l)^-2n

Note that ^. (2n) is the n-th Catalan numbers. Here d\ denotes the number of
standard tableaiix of shape A. Similarly, the coefficienc of } m(t+1 +1)"+1 equals

(n + l)^n, where /in = ^ C?A [2, pp. 135], and the ^n's are the Motzkin
(Ai,A,,A3)l-n

numbers. Young's rule, which is a special case of the Littlewood-Richardson rule,

was instnunental m deriving these relations.

As we show in feheorem 1.2 below, these observations admit considerable gen-

eralizations: we show that the coefficient of a certain nonomials in the expansion
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of a multinomial expression is equal to a similzir sum of d^'s. A key tool here is

a certain consequence of the Littlewood-Richajdson rule, and which is essentially

due to R. Stanley [5].

In section 2 we calculate the as\Tnptotics of these numbers. As a byproduct we

deduce an ualgebraic" evaluation of the integral

^(7)
.00 ,-00 ^

=r-rn'f'
10 JO ^[

n (*. -^)
Ki<j<k

2-y

. e-^+-+tk}dt, ---dtk

in the case r = 1. Note that the Selberg integral yields I{^) for all 7's.

1. The main theorem.

1. 1 Notations. Identify a partition A I- n with its corresponding irredudble Sn

chaj-acter \\ and with its Young diagram D\.

Given a diagrain D, not necessarily a Young diagram, let D" denotes its double

reflection with respect to both the x and the y axes. For example,

((43)-(3. 2))-=

Let k. h, v. w be integers, Q ^k < h, 0 ^. v. w. Let A be a partition with diagram

As

where

=(vk)

Then A = (Ai, --- , \k+h) ^~ kv+kw = n, where Afc+i ==. -. =: A^ =w and

A, + \k+h-i+l = W + U, 1 ^? $ fc, hence also A. - A,+i = \k+h-i - >k+h-, +i

1 ^i ^ fc-l. Conversely, let A = (Ai, --- , \k+h) 1~ " satisfy A^+i = ... = A/, and
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AI + Afc+h = As + Afc+/, -i = ... = A^-+ A/t+i. then A determines such u- = A/, and

u = AI -i- ̂ k+h - ^h- and n = fcr -i- hw. We denote

A(&. ^, n) = {(Ai. .. . , Afc+/i) 1-n | Ai + \k+h =... = ^k + A/,+i . Afc+i = ... = A/, }.

A(k, h, n) = {(v. w) e^\ kv+hw =n] and

.\(k, h, v, w) = {A   A(k, h, kv+ hw) [ A/, =u/ , Ai + A^. +/, - AA = v}.

S'mce k < h, A(k, h, n) = U A(fc, /i, v, w) (disjoin union).
(v, w)^A(k, h.. n)

Let \(k, h, n>) = ^ ^\ (which is an Sn character), then deg\(k. h. n) =
A A(Jl-. A. ")

^ d^. where C^A = deg,y^.
\^\{k. h. n}

0<h<l1 O^h
Denote p( /i. r) == <{ z,. ._.^

-^- -^

/2o(^-, /i) =p(h, x)p(k, y}.

We shall write ^(k, h) = ^^- . ^-^-.
xl 3/1

0

Denote s(h, x) = { 1

h=0
,1=1

£L+^z+---+£^i + £J!- h>2
Z2 ' 23 ' ' Sh ' X\ - - -

andP{k. h, n)=(s(h, z)+s(k. y))n+(^^.

We shaU write P(fc, A, n)=(^+... +^+^+... +^)In, m=n+©+(^).
We denote by K(k, h. n) the coefficient of p,o(k, h} in P(k, h, n).

With these notations we can now state

1.2 Theorem. a) Let 0 ^ k. /i. n be mtegers with k < h. Denote m = n + (^) +
fc-I A-l

(^), a(k, h) = ]~[(j!) f[ (j!), and Jet K{k. h, n) be the coe&cient of ̂ o(k. h) =.
j=0 j==0

^.yinP(k, h, n)=^+-.. +^+^+... +^Y. Then

A-(l-. h. n)= ^ ^.
m!

A-l

lv, w)eA[k. h. n) J~[ (y + ;)t . J~[ (u? -;-^")!
1=0 j=o

m!
a(k, h). n

Â (fe, A, n)

*-I

b) Let Q<, k, d{k = h) and denote n = 2A:(f, a(^) = f[ (j!)2, m = n + 2(^)
j=0
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2kd+k(k-l}. and

J:(k, n)=
(2kd+k(k-l)}\

n(^-j)'
]=0

Then K(k, n) is the free term in {*(^+---+ ̂ ) + ^ (^ + ... + ^-)} . and
a(k). ^. K(k, n)=nl-

k-1

n
3=0

{kd+])'. E. d,
A A(ifc. jfc, n)

(here A = (Ai, - . . , ^2*)   A(^, fc, n) if and only if A I- n and Aj. + ^21; =

\k+\k+l}.

c) Let n = 2kd, a(k) and A(k, k, n) as in b). and denote

A'(fc'n)=El3T
(n+k(k-l)V.

v=QT[[(v+jW-v+j)\}
J=0

Then A'(&, n) is the coefficient of ̂ o(A:, k) = ^7=^. . 22;^. in
zl Vl

£i+... +it+S. +... +^
x-i xi y-i y-i

n+k(k-l}

Moreover, denote \{k, k, n) = ^ {\k - \k+i + l)x\, then
A A(fc, *.n)

_ (n-l-fc(fc-l))! J^_.. /L L _^ _ (n+tffc-l))! ^ C\. _ \. __i_
k-n)= ' alfcl.n!"" '<leS?C^fc-/>:-n) = ' alfctn!" ' 2- (Afc - Afc+i + 1)^^.

A A(fc. Jt-. n)

We give below the proof of a). The proof of b) is similar and simpler, and is

left for the reader. The proof of c) is also similar. and below we indicate the few

changes that occur in it.

The proof of a) is done in steps 1. 2 and 3 below, assuming 2 <^ k. The remaining

(small) cases can easily be verified similarly.

Step 1: Denote 6(k, h. n) = n!
k-1 k-1

[v, w)eA(k. h.n) H (v+i)! f[ (w+j)!
rO J»0

, then verify that

&t
K(k, h, n)=^8(k, h. n).

Indeed, let p. = (f^) ... (if) . (?;)... (if) be a monomial in the
expansion of p = P(k. h. n); 0 ^ a,, bj and S a, + S 6j = m. The coefficient of p, in

the expansion of P is the multinomial coefficient ai'... a^mAi'"-Ak' .
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. '1-al ... ^»"th-'-
..Now, ̂  = z;' 1;^, . y;' ^, ^i -' hence ̂  = ^o if and only if a, =

zl" ' »l'

ai+i-1, 2 <:i ̂  h and 6^ = &i+j-l. 1 <, j <, k. In that case. m == "+(^)--($') =

Sa, +S6j = ai/i+6ifc+ (^) + (^. so (61. ai)   A(fc, /i:n) and. denoting 61 = r

ai = w, the proof follows.

Step_^: Verify that

a(k, h)-S(k, h, n)= ^ deg{(vk)®{wh)).
(v, w) A(k, h,n)

Here {vk)®(wh') is the outer product of the (irreducible) Skv and the Shw char-

acters (u^') and (wh}. The above follows from the "hook" formula and since

deg((t;fc)®(wA)) = (^"J deg(uA). deg(wh).

Step 3: The proof of Theorem 1. 2. (a) will clearly follow (by taking degree5)

once we show that

^ (^)0(U-A)= ^ XA.
(v, w}eA(k, h, n) \ Mk, h, n)

This follows from the following theorem, which is a slight generalization of a result

of R. Stanley [5, Lemma 3.3].

1.3 Theorem.

{vk)Q(wh)= s ^>
XCMk.h.v. w}

We remark that one can deduce 1. 3 from the Littlewood-Richardson (L-R) rule

[1] or from the Remmel-Wbitny rule [3], which is a variant of the L-R rule.

Note that since A(fc, /i, n) = U A(fc, /i, u, w), a disjoint union, hence
(u. w) A(Jk, A. n)

S (Vk)®(wlt) = ^] X-!l>< and the proof of 1. 2. (a) is complete.
{v, w}eA(k. h, n) A A(Jk. A. n)

To prove fc), note that when k = h, the sets A(fc, fc, u, w) are not necessarily

disjoint. In fact, it is easy to verify the following: Let A = (Ai, -- . , Asjk)   A(fc, fc, n)

(n = 2kd), and let v +w = 2d (i. e. kv + kw = n). Then A   A(A;, A;, f, w) if and

only if \k+i ^ v ^ \k (and similarly for w).
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Imitate now the proof of (a)! It clearly follows that

^(k. k. n}= Y^ Y^ X\= ^ (A^. -A^+i+D^A.
{v.w}eA(k. k. n) \e\(k. k. v.w] XeMk.k. n)

The rest of the proof of (c) is similar to that of (a). Q. E.D.

2. Asymptotics.

We calculate the asymptotics of K{k. h, n), n -». co, using first the expression

for K(k. h. n) in 1.2 as a sum of multinomial coefficients. We then sketch a second

approach which is based on the tableaux-interpretation of K{k. h. n). also in 1. 2.

That second calculation involves an integral which can be evaluated by the Sel-

berg integral. A comparison between these two computations yields eui l"algebraicr

evaluation of that integral.

2. 1 The Selberg Integral [4].

Denote Dn(x) = D{xi. ... , Xn)= Y[ (i. -Zj), Z3i(z) = 1. Then 7(a, /3, 7;n)
Ki<j;<n

j'o1 ... J'o1 n^rl (i - ^)'-Ii . \DnWl-dx =
J=l

"TT17(l+7+7j)-r(o+7j)-r(/3+7j)
t±o Hl+7)-r(a+^+7("+J-l))

By setting 3 = m., dilating each variable by the factor 1/m and then letting

m -+ oc, one obtains

sn

,oc " ;")f... fs^-'^2'-e-^=gr (l+^r')
We turn next to the asymptotics of K(k, h, n), first in 1.2.a and in 1.2.b. Recall

that OT, ^ bn if Urn an/br, = 1.

2.2. Lemma. As m 1. 2, let

K(k, h. n)= E
m!

Jl-1 h-l

(v, w)eA(k. h,n) I-[(u+;)! ]~[(w+J)\
«=0 j=0

^-
Sl
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'1 /i. j. Al'n+lt+'l-I)/!

wherem = n+©+&. TOenA'(^. ^. ") ̂ ^ v^. (^)(K""-"/--^T7T^7--

Proof. Denote a= (^) +(^). som = n+a. The sum K(k. h. n) is dominated by
the summands with large v and w. For such a summand. let

m -Q , AI /- , 7l
u =

w =

+ - v^+ - and
k +h ' k " ' ' k

m~a , A2 /C: ̂  72
4- - v/m + -,k+h ' h

with Ai +^2 =7i +72 = 0. By Stirlings' formula, such a summand is asymptotic

to

h+k-1

1+

mm+i (^
^t_(^r+^^--+^'

j-0

h+k X, \h^^^^ , h+k A. ̂ (^+^^)
m

(1+
'm

-1

]_^ A+fc-1 (k + kr^lt+k^2 [_^ (j^_k^_ ^
exp|-^/2^y ^(/i+fc-D/2

using the relation \i + \2 = 0. Then

1 \h+k-1 (^4. Jfc)m+(/>+fe)/2

hk

K(k, h. n}^
/27T. m^+k-2)12

r ^<J^l>ld^
-oc

^ ^(A+fe-2)/2 ^^^m(k+k-2)/2
^) ^^" m^-^r. .

Next. we calculate the asymptotics of A'(^, /i, n) from the presentation

A'(fc, /i, n)= ^ riA , in 1.2.a. and 1. 2. b.
A A(Jk, /i, n)

Note that A(k, h, n)

= {(AI, --- . \k+h) | A, +Afc+/, -,+i =w+v l^i^k;

Aj=Aj+i=w fc+1^7$/i-l, A. >A, +1 l^z^/i+fc-l,

with n = kv + hw}.

If k = h. then u= w. n = 2kv, u = ^, hence

i\(k, k, n)=A(k, k, 2kv)= {(\i,... . >2k) | A, + Asfc-. +i = 2u 1 $z ̂  ^-.

A, >. A.+i, 1 $i ^2Jb- 1, with n = 2Ji:u}.
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To estimate ̂ A, setw = ^+ ̂  +^, u = i^- -^ - i. The factors involving -.
play no role in the calcLilations, so they are dropped in further discussion. Set A, =

^+c. v^-£4^1v^for!=1----^-ThenA^-+i =?^-c'v^-£^Tilv/H-k+h.

Further

d ^C2 ^ ... ^Cjfc^ |c.|

<Jfc+A

h+k
2hk

Set A, = ^ + x.^fn with ̂ ^" z, = 0 and apply (F. 1.2) from [2], keeping in
inind the above restrictions relating the a;, 's to the variables {c,. c«}. Then in the

resulting integral set y, = a;, + c'^~kk) ^or a11 l- Then Vk+1 = .^c-

dx
*.+/»-! //l-fc-l

^ (^)"'"" ( II^!j(fc+ ̂)"+(fc+A)2/2^^... - ^^ -(fe+A)r2/2^1
n

(k^+h2-l}/2

£»(^,..., Zfc+A)=^yi,..., y^)=n(2y. )(y?-y^)/t-tpt (y?,..., yJ)]2

E^-f^)

1=1

g-(fc+fc)r2/2 ^ g-(k+Jfc)(^+... +^)-i:(A-fc)^+i

fc+/>-i yf A-t-i ^ ..
_, , ^, ^2,. /l\(fc2 +'l2-l)/2

^} \ n r-l{K'trl) ~ '"{'aj \ir^k

/

'n^')(fc+^n+('+/l)2/2fr
J=l

n(2y. )(2/?-y^i)A-*[^(yi2,..., ^)r

2hk

1=1
!'i^»2^"-^y*^tyk+il

e-^+k){y^+...+yl)-k(h-k)yl^^_^y^^

k+h-i fh-^-i ^ 
__,,,., .. a,. /l\(fc2 +/12-2)/2 2hk

h+k

^h-k-1
n j'i(^+^)n +(Jk+/i)2/2 f ^_

k+h-2 fh-k-\

^ r--- r'[lt h-k[D^,..., t^e-^k^+-^dt ^ e-2hk^dy^
'0 JQ ~^{ J-oo

"n",. ) vjrw + A)<t'+t'-w\<,.,. l. _,, /, (* + '.)"^
J=l /

n^-fc[Dfc(ti .... 4)]2e-<tl+-+(fc)Ai ... ^
, 0 JQ ^

The value for this last integral is given, by the Selberg integral, in 2. 1. However,
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a comparison of the two asymptotics of K(k, h, n) also yields the value for that

integral.

Finally, we indicate the asymptotics corresponding to 1. 2. c: we only need to

calculate the "tableaux" asymptotics. The computations here are the same as

before, except that the multiplicities \k - ^k+i + 1 in this case, lead to the integral

I{k) = ^ 2y, ]~j[(2y, )[D, (y?,... ,yJ)]2e-2^?+-+^^yi ... ^
yi>-~>yk^o J=I - -

We show next that I(k) is also a consequence of the Selberg integral.

First, set tj =y'j, j == I, --- , k; then

J(fc)= 2J ^ pfc(ti,..., tfc)]2e-2(^+-+tk)Ai... A,.

<l>-^tk>0

Now make the translation <j == u;j +<<k, ̂  = I, '-- , k - 1; then

Jk-1

I{k}
. 00

=2, v^
'0

e-2ktkdt, / n u?
J=lw\ >--->wii_i >0

v^F 1

[Pfe-l(Wi. . . . . Wfc-i)]2fi-2<u;l+-+u'k-l)Jwi . .. dwk-i
. oo roo ^~1

23/'2v^̂ / Z 5 J2[z)'-l(u;I'""w*~l)]2e-2(u"+ +wk~l)<iwl'"<fu/fc-I
t=l

. 00 *~I

=^^i'^ Z IIW^-l(wl'---'^-l)]2e~2(wl+"'+wt'l)rfwl---<fwfc-1

and this is a special case of the previous integral.
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