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Summary

We characterize generalized hypergeometric series that solve a linear differential equation with polynomial
coefficients at an ordinary point of the equation, and show that these solutions remain hypergeometric at
any other ordinary point. Therefore to find all generalized hypergeometric series solutions, it suffices to look
at a finite number of points: all the singular points, and a single, arbitrarily chosen ordinary point.

We also show that at a point a; = a we can have power series solutions with:

. polynomial coeificient sequence - only if the equation is singular at a + 1,

. non-polynomial rational coefficient sequence - only if the equation is singular at a.

1 Introduction

We consider ordinary linear differential equations Ly = 0 where

L=pr(x)^+---+Pl(x)-^+po(x)'dxr
(1)

is a linear differential operator with polynomial coefBcients po (a:), pi (a-),. .., Pr(x)   Q[a;], with pr (x) ^ 0.

Our goal is to find all a   C and all formal power series

ya(x)=^an(x-ar (2)
n=0

which satisfy Lya=0, and whose coefficients a» have a "nice" explicit representation in terms of n.
Technically, we cannot apply L to ya because ya is a power series in a; - a, while the coefficients of L are

power series in x. Therefore we dejine that Lya, = 0 iff L^y = 0 where

y(x)=^anxn,
n=0

La = Pr(. X + a)^: + -.. + pi(a; + a)^: + Po(. c + a).'dxr

(3)

(4)
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It is well known that the power series coefRcients of a solution of a linear differential equation with
polynomial coefficients satisfy a linear recurrence with polynomial coefficients. We will need this recurrence,
so we reproduce it here. Following [5], we denote the falling and rising factorial powers by

Xs-x~'=\ x(x-l)... (x-
respectively. Write

fc=0,
k+l), k>0, -T=^;

x(
k=0,

(x+l).. -(x+k-l), k>0,

p, (x + a) == ̂  c., (a)a-', (0 < j ^ r), (5)
»=0

where not all c^-(a) are zero, not all c,r(a) are zero, and Cy(a) = 0 unless 0 ^ i <, d and 0 -^j ̂ r. Let

b=max^degpj(x)-j).
If (3) satisfies (5), then the coefficients an satisfy

r+t

^ On+t ̂ (n + A)J. Cj-k+b. j(a) = 0, /or a// integer n, (6)
k=0

where by convention, an = 0 for n < 0 (cf. [7, Eqn. 9]). This is a linear recurrence with polynomial coefficients
in n.

So the problem of finding "nice" power series solutions (2) of Lya = 0 splits into two subproblems:

Pl Find all candidate values of a for which Lay = 0 may have solutions of the form (3) with "nice" an.

P2 Find "nice" solutions On of the corresponding recurrence (6).

Once Pl has been solved and the candidate expansion points a have been found, the algorithms of [2], [I],
and [6], resp., can be used at each a (assuming there are finitely many of them) to find all polynomial, rational,
resp. hypergeometric solutions of the corresponding recurrence (6). In particular, a detailed description of
an algorithm to find all hypergeometric series solutions of (1) given the expansion point a is presented in [7].
This solves P2.

A short discussion of Pl in the case of hypergeometric coefBcients is given in [7, Sec. 3.2], but a completely
satisfactory solution has not been provided yet. In this paper, we show how to find all a   C and all solutions
(2) of Zy = 0 for which there exists:

1. a polynomial p(a-) such that On = p(n) for all large enough n (Section 3),

2. a rational function r(.r) such that an = r(n) for all n ^ 0 (Section 4),

3. a rational function R(x) such that On+i = fi(n)an for all large enough n (Section 5).

Of course, the first two problems are special cases of the last one, but they are sufficiently interesting to
warrant individual treatment. We also show that existence of a power series solution with rational coefficients
implies existence of a solution with rational logarithmic derivative.

2 Preliininaries

Let L be as in (1), and a   C. If pr (a) = 0 then L is singular at a; = a, and a is a singular point of Zi.

Otherwise a is an ordinary point of L.
Let i9 = a;^-. The following well-known result will be useful:

Leinma 1 Let y(x) = ^,n=oar>xn ̂ e <t forrnal power series, and p(x) a polynomial. Then

pWy(x)=p, r))^anXn = ^p(n)a^n.

n

n=0 n=0



Call a sequence (an)^=o hypergeometric if there is a rational function R(x) such that an+i = R(n)an for
all large enough n. Iffln is hypergeometric then R(x) is uniquely determined and we call it the consecuiive-
term ratio of an. Obviously, a rational sequence is hypergeometric, and the product of hypergeometric
sequences is hypergeometric.

Two hypergeometric sequences On and bn are similar if there is a rational function r(x) such that
an = r(n)6n for all large enough n. A linear combination of pairwise similar hypergeometric terms is
obviously hypergeometric. Also, if an is hypergeometric and k a fixed integer, then an+t is similar to an.

A formal power series y(x) = '^,n=o anxn ls ca^ed a (generalized) hypergeometric series if the sequence
of coefficients (an)S=o is hypergeometric.

Lenanaa 2 Let y(x) = ^,ns0 anxn ^e a hypergeometric series, and p(x) a polynomial. Then p(x)y(x) is a
hypergeometric series.

Proof: Let p(x) = ^Lo c^k and p(.c)y(. c) = E?=o bnxn . Then

d oo min{n,d}

p(x)y(x)=^^a^xn+k=^xn ^ c, a^,
t=0n=0 n=0 k=0

SO 6n = St=0cta"-*; ^or " ^ ^- This is a linear combination of pairwise similar hypergeometric terms,
hence it is hypergeometric. D

If f{x} and g{x) are two formal power series such that f(x)-g(x) is a polynomial, we write f(x) ~ g(x).
In particular, f{x) ~ 0 ifF /(.c) is a polynomial.

3 Polynomial coefficients
Let an = p(n) for some polynomial p(a-) and for all large enough n. Then, as it is well known, an satisfies a
linear recurrence with constant coefScients, and its generating function (3) is a rational function of z, of the
form ^ ^

y(x) ~ ^p(n)xn = p(^) ̂ ^" = PW^ = ^^- ^ (7)
n=0 n=0

where P is a polynomial, P(l) ̂  0, and degP = s = degp. Since y(x) is singular at a;= l, so is Lg, hence
L is singular at 2; = a+1. - Thus we have

Theorein 1 Let L be a linear differential operator with polynomial coefficients, and an a polynomial function
of n. If a series ya(x) ~ S^°=o an(x ~ a)" satisfies Lya = 0, then. L is singular atx=a+l.

Therefore to find solutions (2) of (1) with polynomial coefficients On, it suffices to consider all the roots
of pr(a; +1) = 0 as candidate expansion points a, and to use the algorithm of [2] at each of them to find
polynomial solutions of the corresponding recurrence (6).

4 Rational coefficients

Next .we look for rational solutions a» of (6). More precisely, now we require that there is a rational function
r(z) such that fln = r(n) for a// n ^ 0. In particular, this means that r(a-) can have no nonnegatlve integer
poles.

For a nonconstant irreducible polynomial /(n) and a nonzero polynomial g(n), denote

deg(/(n); g(n)) = max{fc ̂  0; f(n)k\g(n)}.



Proposition 1 Let an= p(n)/q(n) be a rational function of n with p and q relatively prime, and f(n) any
nonconstant, irreducible polynomial. If there are polynomials po(n), pi(n),.. ., p, (n) suck that

then

For a proof, cf. [1].

Spj (")<*n+J =0, PO, P, ^0,
;=0

deg(/(n); q(n)) ^ ^ deg(/(n + i); p, (n - s)).

(8)

t=0

Assume that L is not singular at a; == a, hence that pr(a) = co, r(a) ̂  0. Then the leading term of (6) is
the one with k =r+b, and its leading coefEcient is

pr+b(n) = ^(n + r + b)3-Cj-rj(a) = co, r(a)(n +r+ b)^.

The order of (6) in this case is s = r+b, so p,(n- s) = co, r(a)n=-. By Proposition 1, the deDominator of On
can only have irreducible factors of the form n- k where k is a. nonnegative integer. But for the series (3)
to make sense, an can have no nonnegative integer poles. Hence a» is a polynomial in n. We conclude that
(4) can have non-polynomial rational solutions only when pr (a) = 0.

Therefore to find solutions (2) of (1) with non-polynomial rational coefEcients On, it suiBces to consider
the singular points of (1) as candidate expansion points a, and to use the algorithm of [1] at each of them
to find rational solutions of the corresponding recurrence (6).

In [7], a function is called d'Alembertian if it can be written as fi(x)f f-i(x) f . . . f fk(x)dx .. . dxdx
where the /, have rational logarithmic derivatives. We want to show now that a power series with rational
coefl5cients is a d'Alembertian function. Let f(x) = '^,n=o xn/{.n - o) where a is not a nonnegative integer.
Then

00 _n-a °°

^-fw^^y^. ^-^^,
n=0 n=0

so

f(x)=x^-k^-=xa /I... /1 fx-dxdx... dx
1-x J x J x J 1-x

(9)

(10)

(with k integral signs). This is clearly d'Alembertian. Now, if a» is a rational function of n, its partial
fraction decomposition

a"sp(n)+ESA
together with (7), (10) and the fact that D'Alembertian functions form a rmg, shows that (3) is d'Alembertian
as well. But if Lay = 0 has a d'Alembertian solution then it also has a solution with rational logarithmic
derivative [3, Theorem 4], and so does Ly=0. Thus we have

Theorein 2 Let L be a linear differential operator with polynomial coefficients, and an a non-polynomial
rational function of n. If the series ya(x) = ^^3 a"(-c ~ a)" satisfies Lya = 0, then L is singular at x = a,
and the equation Ly = 0 has a solution with rational logarithmic derivative.

Example 1 The equation
2x(x - l)y"(x) + (7.c - S)y'(x) + 2y(x) = 0 (11)

is singular ai x = 0 and z = 1. Let's find power series solutions at x = Q. Recurrence (6) in this case is

(n + l)(2n + 3)an+i - (n + 2)(2n + l)an = 0 (12)



and is satisfied by the rational sequence an = 2(n + l)/(2n + 1) (and by any constant multiple of it). Thus
(11) has a power series solution with rational coefficienis

^ = f'2l!L±^, "=-_+lf'-S_Iw = ^~^tx "=T~x+2h';^T^
1. 1, dx 1 , 1 , _1+V^

= T^T+27?7 Vx(l-x)=T~x+2^ gl-Vx'
using (10) and a suitable constant of integration. This is a d'Alembertian function. But (11) is also satisfied
by g(x) = 1/^/x, which has rational logarithmic derivative. 0

We want to point out that using Theorem 2, we may not be able to find solutions where On does not
equal r(n) for some values of n. For instance, equation (1 - 2;)^' -;/ = 0 has solution y(a-) = - log(l - a;) =
^TO^ xn fn with non-polynomial rational coefficients, although the equation is not singular at a: = 0. This
is because ao = 0 while r(n) has a pole at n = 0. Such solutions are covered in the next section.

5 Hypergeoinetric coeflftcients
It turns out that to find power series solutions with hypergeometric coefficients, instead of (2) and (3) it is
more convenient to write

oo / \n

(13)

(14)
and

^-^^
n=0

^)=E^ST>
n=0

respectively, where
bn = On"!

is hypergeometric iff an is. Then instead of (6) we have

r+6
[n) = 0, for all large enough n, (15)

ib=0

where gfc(n) == ̂ . (n+6)J-Cjj+fc-i(a). Sincej'+Jfc-fr ̂  r, it follows that deggi(n) ̂ r+b-k. In particular,
9r+»(") is constant.

Theorem 3 Letx =a be an ordinary point of L, and (13) a hypergeometric series solution of Ly = 0.
Then for all large enough n,

6^=CA(n)c§^6n,
where <   C\ {0} is a nomero constant, A and C are polynomiats, and degA < 1.

Proof: If bn is eventually zero, this is trivially true. Otherwise bn is eventually noazero (because it satisfies
a homogeneous first-order recurrence with rational coefficients). Let R(n) be the rational function equal to
bn+i/bn for all large enough n. We look for R(n) in the form

;r^-rA(n)c'("+l)fi(n)=CB(n)~C(n)- (16)

where C is a nonzero constant, A, B, C are monic polynomials, gcd(A(n), B(n +<;))=! for all nonnegative
integers k, and gcd(A(n), C(n)) = gcd(B(n), C(n +1)) = 1 as well.



By [6, Theorem 5. 1], B(n) divides the leading coefficient ofrecurrence (15) which is

qr+b(n) = ^(n + &)2-Cj-j+r = Co, r = pr(a) ̂  0,
3

a nonzero constant. So B(n) = 1. By that same theorem, C is a nonzero root of the algebraic equation

E^Cfc=0, (17)
fc=0

where a* is the coefBcient of nM in Pk(n) = qk(n)T[j=^ A(n + j), and M = maxo<ji:^r+idegPfc. Write
6 = deg A. Since deg qr +i, = 0 and deg qk ^r+b- k foi k < r+b, it follows that deg Pr+t = (r + b)6 and

degPk<:r+b-k(]. -8)foik<r+b. If 6 > 1 then

deg Pr+t - deg Pk> (r+b)6 - (r+b-k(l - 6)) = (S - l)(r +b-k)>0,

so degPjfe < deg Pr+t, for A < r+6. Therefore M = r +b and all the a's are zero except cir+b- Hence (17)
has no nonzero roots, and (15) has no hypergeometric solution with ̂  > 1. It follows that degA = <? ̂  1. d

Theorem 4 Let x =Q be an ordinary point of L, and y(a-) = ^^o bnX" a hypergeometric series solution
of Ly = 0. Then y(x) has positive radius of convergence, and is of the form

a) y(x) ~p(a;)e^, or

b) y(a-)~p(. c)(l-C^)a, or

c) y(x) ~ p(a-)/(l - ^x)s + g(z) log(l - ^x),
where p(x), q(x) are polynomials, q(x) ̂  0, C   C\ {0}, a'.  C, and s is a positive integer.

Proof: If y(x) is a polynomial, this is trivially true. Otherwise, Theorem 3 implies that for all large enough
n, &n+i/6n = CA(n)C(n + l)/C'(n) where either A(n) = 1, or A(n) = n- a for some constant a. We
distinguish three cases according to the form of A and the nature of a.

Case a) A(n) = 1
In this case, 6(n + l)/b(n) = CC(n + l)/C(n), so &n = AC'(n)C" where A is a constant. Hence by Lemma 1,

y(r) ~ X ̂  C(n)(^- = AC(^)e<r = p(r)e<2 (18)
n=0

where p(x) is some polynomial of degree s = deg C(n).

Case b) A(n) = n - a, where a is not a nonnegative integer
In this case, b(n + l)/fr(n) = C(" - a)C(n + l)/C'(n), so 6n = AC'(n)(-a)"C" where A is a constant. Hence
by Lemma 1,

y(x) ~ A ̂  C'(n)(-^(Cr)n = AC(<9) ̂  (^) (-C^)" = AC(^)(1 - C^)a = p(r)(l - W-s (19)
n=0 '" "=0 ^ '

where p(x) is some polynomial and degp = s = degC.

Case c) A(n) = n- a, with a a nonnegative integer
Here we still have the solution

y{x)~\CW(l-^xr



which in this case is simply a polynomial in x. However, now there is another hypergeometric solution of
(15), namely

b^ = \C(n)(n - a - l)'Cn-0-1, forn>, a+1,
which gives, using Lemma 1,

,(. ) ~ A ^ C(n)(n-71 )!C"-a-l.K
n=a+l

^ ^n^.n+o.+l= xcwy^ lf"x"^--
/^o("+l)STT

= \CW J J ... J v^dx... dxdx
where there are a+1 integral signs. Since the nested integral of l/(l-C. c) has the form P(x) log(l-^x)+Q(x)
where P and Q are polynomials of degree ^ a, we have finally

p(x)y(x)^ ^ +q(x)\og(l-^x) (20)

where p, q are polynomials, degp ̂  a' + 5, degg < a, and s = degC. In fact, a more careful analysis shows
that p(.c) is divisible by (1 - C.r)01 if s > a, and that it can be taken to be zero if s ^ a. a

Corollary 1 Letx .= a be an ordinary point of L, and ya(x) = Sn^o a"(a" ~ a)"/n! a kypergeometric series
satisfying Lya = 0. Then ya(x) is analytic at x = a, can be analytically continued to any ordinary point b of
L, and its power series expansion at x =b is hypergeometric.

Proof: By our definition, Lya = 0 means Lay = 0 where y(a-) = S^oan-c"/"!, and La is as in (4). By
Theorem 4, y(x) has positive radius of convergence and can be analytically continued everywhere, except
to .c = 1/C in cases b) and c). It follows that ya(x) is analytic at z = a, can be analyticeJly continued
everywhere, except to a; = a+ 1/C in cases b) and c), and that ya(x) = y(x - a).

Let 6 be any ordinary point of L. Following Theorem 4, we now distinguish three cases.

Case a) y(x) ~ p(a-)ecT
Here ya{x + b) = y(x-a+b)- p(a-)ecT where p(x) = e^b-a'>p(x - a + 6).

Case b) y(.r) ~ p(.c)(l - ^)a
Here ya(x+b) = y(x-a+b) ~ p(r)(l-C. c)a where p(z) = {l-<;(b-a))ap(x-a+b) and C = C/(l-C(fr-a)).

Case c) y(x) ~ p(r)/(l - W + q(x) log(l - (x)
Here ya(.c + 6) = y(.c - a+fr) ~ p(a-)/(l - C-r)3 + g(.c) log(l - C.c) where p(.c) = p(z - a + 6)/(1 - C(& - a))',
C = C/(l - <:(b - a)), and q(x) =q(x-a+ b).

In the latter two cases, y(x) and hence La is singular at a- = 1/<, therefore £ is singular at a; = a+ 1/C,
soa+l/^^basbis an ordinary point of I, and<(fr-a) ̂  1. In the first two cases, ya(x+b) is a polynomial
multiple of a hypergeometric series, which by Lemma 2 is again a hypergeometric series. In the \as^ case,
ya(x + 6) is the sum of two such series. But the coefficients of both 1/(1 - <^x)' with positive integer s, and
of log(l - <a;) are rational functions of n, so the coefficients of 3/0 (a; + 6) are rational as well.

In all three cases, there exists a hypergeometric sequence (&n)S=o such that ya(x +b) = J^n=o bnX"/n\
in a neighborhood of z = 0. So ya(x) = Y^=o bn(x ~ 6)"/"! is hypergeometric. D



By Corollary 1, the following algorithm will find all solutions (2) of Lya = 0 with hypergeometric an:

1. For each singular point a of L, find all solutions y(x) = Sn'=oa"a;" °^ ̂ aV = 0 wlth hypergeometric
On, using the algorithm of [7]. Then the corresponding ya(x) = y(x - a) give all the hypergeometric
series solutions at .c = a.

2. Pick any ordinary point a of L. Find all solutions y{x) = Y^^Q an-c" of Lay = 0 with hypergeometric
an, using either the algorithm of [7j, or, since these solutions are linear combinations of terms with
rational logarithmic derivative, the algorithm of [4j, or a custom-designed algorithm for finding solutions
of the three types described in Theorem 4. Then the corresponding ya(x) = y(x - a) give all the
hypergeometric series solutions at a; = a. For any other ordinary point 6 of L, yi, (x) = y(x - a + i)
has a hypergeometric expansion at .c = 0, and the corresponding ya(x) = yi, (x - b) give all the
hypergeometric series solutions at a; = 6.

6 Concluding reniarks
Although we worked with the field of complex numbers and with analytic functions here, analogous results
showing that there is a one-to-one correspondence between formal hypergeometric series solutions at any two
ordinary points of the equation, can be established for any field of characteristic zero. Instead of representing
power series by analytic functions, the proof would use their minimal annihilating differential operators.

Analogous techniques can also be used to find "nice" series solutions Va(x) of linear difference and q-
difference equations using polynomial series expansions of [2], such as

for difference equations, and

for g-difference equations.

00

ya(^)=E°"( "
n=0

^_Y'^(a/a:;9)"^V.W=^an ^^ x-

(21)

(22)
n=0
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