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Abstract

We define or redefine new Mahonian permutation statistics, called MAD, MAK and ENV.
Of these, ENV is shown to equal the classical INV, that is the number of inversions, while .
MAK has been defined in a slightly different way by Foata and Zeilberger. It is shown that _
the triple statistics (des,MAK,MAD) and (ezc, DEN, ENV) are equidistributed over S,. Here

DEN is Denert’s statistic. In particular, this implies the equidistribution of (ez¢,INV) and

(des,MAD). These bistatistics are not equidistributed with the classical Euler-Mahonian

statistic (des,MAJ). The proof of the main result is by means of a bijection which is

essentially equivalent to several bijections in the literature (or inverses of these). These

include bijections defined by Foata and Zeilberger, by Francon and Viennot and by Biane,

between the symmetric group and sets of weighted Motzkin paths. These bijections are

used to give a continued fraction expression for the generating function of (ezc,INV) or

(des,MAD) on the symmetric group. All of the main results extend to the rearrangement

class of an arbitrary word with repeated letters.

(The entire paper can be obtained at http://www.math.chalmers.se/ einar/)

1 Introduction

The subject of permutation statistics, it is frequently claimed, dates back at least to
Euler [5]. However, it was not until MacMahon’s extensive study [15] at the turn of
the century that this became an established discipline of mathematics, and it was
to take a long time before it developed into the vast field that it is today.

In the last three decades or so much progress has been made in discovering and
analyzing new statistics. See for example (7, 8, 9, 10, 11, 13, 17, 18, 19]. Inroads have
also been made in connecting permutation statistics to various geometric structures
and to the classical theory of hypergeometric functions, as in [6, 12, 14, 16, 18].

MacMahon considered four different statistics for a permutation 7: The number
of descents (des~), the number of excedances (excw), the number of inversions
(INVT), and the major index (MAJ 7). These are defined as follows: A descent in a
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permutation ™ = ajaz---a, is an z such that a; > a;;;, an excedance is an ¢ such
that a; > 7, an inversion is a pair (%, 7) such that : < j and a; > a;, and the major
index of 7 is the sum of the descents in 7. In fact, MacMahon studied these statistics
in greater generality, namely over the rearrangement class of an arbitrary word w
with possibly repeated letters. All of our present results except those of section 4
can be generalized to words, and this will be done in a subsequent publication [4].
In this abstract we mention these generalizations, but the presentation is centered
on permutations. Moreover, there is a further generalization, to words in which the
letters are divided into two classes, small and large. This is treated in a forthcoming
paper [3].

In the present paper, we define some new Mahonian statistics and redefine many
of the existing ones, with an eye to illuminating their common properties and thus
also their differences. Doing this allows us to recover some of the known instances
of equidistribution among Euler-Mahonian pairs, and to prove the equidistribution
of two new pairs introduced, as well as that of some similiar, but not equal, pairs of
bistatistics. We do this simultaneously for all the statistics involved, by means of a
single, simply described bijection.

All of our constructions, and some of our statistics, have appeared previously,
in the work of several authors and in many different guises. They have involved
Motzkin paths, binary trees, and even more exotic structures. As we will show, the
bijections in the literature pertaining to these statistics, those of Foata-Zeilberger,
Francon-Viennot [12], de Médicis-Viennot [16], Simion-Stanton [18] and Biane [1],
defined in different ways and for different purposes, are all essentially the same, or
inverses of each other. These bijections are equivalent to the bijection of this paper,
but their relationships with each other have not before been elucidated. Moreover,.
the extensions of the above statistics and bijections to words have not appeared
before.

Perhaps the most interesting fact to emerge is the equidistribution of the two bis-
tatistics (des, MAD) and (ezc,INV), where MAD is one of our new statistics. The lat-
ter bistatistic, whose components are classical, is not equidistributed with (des, MAJ)
and might therefore, together with its equidistributed mates, be classified as an
“Euler-Mahonian pair of the second kind.”

2 Definitions and main results

We consider the set S4 of all permutations 7 = aja;---a, on a totally ord_ered
alphabet A. Although it is not necessary, we always take A to be the interval
[n] = {1,2,...,n}. Thus, we consider permutations in S,.

The biword associated to a permutation 7 is © = (Zﬂ(_i), where id is the identity

permutation id = 123---n. In what follows, 7 will always have this meaning.
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Definition 1 Let 7 € S,. A descent in 7 is an integer i with 1 < i < n such that
a; > a;4,. Here a; is called the descent top and a4y is called the descent bottom.
An excedance in w is an integer 1 with 1 < 1 < n such that and a; > i. Here a; is
called the excedance top. The number of descents in 7 is denoted by des w, and the
number of excedances is denoted by ezc.

The descent set of 7, D(x), is the set of descents. The excedance set of w, E(7),
is the set of ezcedances.

Given a permutation 7 = aja;---a,, We separate 7 into its descent blocks by
putting in dashes between a; and a@;4; whenever a; < a;4;. A maximal contiguous
subword of = which lies between two dashes is a descent block. A descent block is an
outsider if it has only one letter, otherwise it is a proper descent block. The leftmost
letter of a proper descent block is its closer and the rightmost letter is its opener.
A letter which lies strictly inside a descent block is an insider. For example, the
permutation 18526 79 3 4 has descent block decomposition 1-8 5 2—6—7—9 3—4,
with closers 8, 9, corresponding openers 2, 3, outsiders 1, 6, 7, 4 and insider 5.

Let B be a proper descent block of the permutation = and let ¢(B) and o(B)
be the closer and opener, respectively, of B. If a is a letter of w, we say that a s
embraced by B if ¢(B) > a > o(B).

Definition 2 Let * = ayaz-- - a, be a permutation. The (right) embracing numbers
of ™ are the numbers ey, €z, . .., €n, where €; is the number of descent blocks in T that
are strictly to the right of a; and that embrace a;. The right embracing sum of 7,
denoted by Res T, is defined by

Resm=e;+ e+ -+ en.

For instance, the embracing numbersof 7 =41 -7-82—-5—-63 are20-1—
00—1-00,s0 Resw = 4.

Definition 3 The descent bottoms sum of a permutation ™ = a1az - - - an, denoted
by Dbot , is the sum of the descent bottoms of w. The descent tops sum of =,
denoted Dtop, is the sum of the descent tops of . The descent difference of 7 is

Ddif = = Dtopr — Dbot .

Otherwise expressed, Ddif 7 is the sum of closers minus the sum of openers of
descent blocks. As an example,forr =41-2—-653—7, Dbotw=14+5+3=9,
Dtopw=4+6+5=15and Ddifw=15-9=(4+6)—(1+3)=6.

Definition 4 The excedance bottoms sum of a permutation © = ajaz---a,, de-
noted by Ebot T, is the sum of the excedances of w. The excedance tops sum of 7,
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denoted Etopw, is the sum of the ezcedance tops of m. The excedance difference of
T 18

Edif 7 = Etopn — Ebot .
The excedance subword of 7, denoted by 7z, is the permutation consisting of all the

excedance tops of m, in the order induced by w. The non-excedance subword of =,
denoted by wy, consists of those letters of w that are not excedance tops.

Forexample,let7r=6543712,soi5=<é g 2 g ‘; ? ;);thenw3=
6547and 7y =312. Also, Ebot™ =1+2+43+5 =11, Etopmr =6+5+4+7 = 22

and Edifr=22—-11=11.

Definition 5 An inversion in a permutation # = aiaz---a, is a pair (i,7) such
that © < j and a; > a;. The number of inversions in 7 is denoted by INV .

The reason we spell INV with all capital letters is that INV is a Mahonian statistic.
We do this consistently throughout the paper, that is, all Mahonian statistics are
spelled with uppercase letters. The two Eulerian statistics, exc and des, are spelled
with lowercase letters, while “partial statistics” (such as Res), used in the definitions
of Mahonian statistics, are merely capitalized. '

Definition 6 Let 7 = aja;---a, be a permutation and i an ezcedance in . We
say that a; is the bottom of d inversions if there are ezactly d letters in © to the
left of a; that are greater than a;, and we call d the inversion bottom number of 3.
Similarly, if 1 is a non-ezcedance in © and there are ezactly d letters smaller than a;
and to the right of a; in 7, then we say that d is the inversion top number of ;. The
side number of ¢ in 7 is the inversion bottom number or the inversion top number
of i in ™, according as i is an ezcedance or not in . The sequence of side numbers
of m is the sequence sy, $s,...,S, where s; is the side number of 1.

For example, let 7 =6 54 3 71 2 as before, with 7z =6 54 7and 7y =3 1 2.
Then the inversion bottom numbers of the excedances in 7 are 0, 1, 2, 0 and the
inversion top numbers of the non-excedances in 7 are 2, 0, 0. Hence the sequence of
side numbersof 7 is 0, 1, 2, 2, 0, 0, 0.

Note that if 7 is an excedance of the permutation 7, then any letter in 7 that
is to the left of a; and greater than a; must also be an excedance. Hence, the sum
of the inversion bottom numbers of the letters in wg equals the total number of
inversions in wg, that is, INVwg. Similarly, the sum of the inversion top numbers of
the letters in wy equals INV wy.

Definition 7 Let = be a permutation. Then Inem = INV Tz + INV Ty.
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Hence, from the remark preceding definition 7, we have

Inew =35, + -+ Sn. (1)

We now define the four Mahonian statistics central to this paper.

Definition 8 MAK7T = Dbotm + Resm.
MAD7T = Ddifr + Res.
DEN7® = FEbotn + Iner.
ENVT = Edifr + Iner.

As it turns out, our statistic ENV equals the classical INV. It may seem superflu-
ous to redefine INV in this way, but it turns out that ENV’s similarity in definition
to MAD is crucial in proving our main results.

Theorem 1 For any permutation ® = a1a2- -y, we have ENVT = INV 7.

We now describe the main results of the paper, the proofs of which are omitted
in this abstract.

In section 3 we will define a mapping ® on S, and prove the following result.

Proposition 2 For any permutation 7, we have

(des, Dbot, Ddif, Res) = = (ezc,Ebot, Edif,Ine) ®(r),
(des,MAD,MAK) = = (ezc,INV,DEN) ®(7).

By showing that ® is a bijection, we deduce the following theorem.

Theorem 3 The quadristatistics
(des, Dbot, Ddif, Res) and (ezc, Ebot, Edif, Ine)

are equidistributed over the symmetric group S,. That is,
Z tdes WxDbotWdeif 7TqRes7r = z eze WzEbot WyEdif 7TqIne 7!'.
TESH TESH

Hence the triple (des;MAD,MAK) is equidistributed with (ezc,INV,DEN) over Sn.

In section 4, we shall make evident the relation between our bijection ® and
some well-known bijections between the symmetric group S, and weighted Motzkin
paths. As a by-product, we will obtain a continued fraction expansion (equation 6)
for the ordinary generating function of

Dn(IL',Q) = Z xdesﬂ'qMADT.
TESA
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3 The bijection ¢

We now describe the construction of a bijection @ : S, — S, which takes a permu-
tation m to a permutation 7 such that the set of descent tops in 7 equals the set-of
excedance tops in 7 and the set of descent bottoms in 7 equals the set of excedances
in 7. Moreover, the embracing numbers of 7 are preserved in a way that we now
describe.

Observe that, since the letters of a permutation are distinct, we can refer to the
i-th embracing number e; of the permutation = as the embracing number of the
letter a; in 7, and we will then denote e; by e(a;). Similarly, we may if we wish
denote the :-th side number of 7 by d(a;). '

We will construct 7 = ®(7) in such a way that the embracing number of a letter
a; in 7 1s the side number of q; in 7.

Given a permutation 7, we first construct two biwords, ( }J:,) and ( 5 , ) ,and then

form the biword 7’ = ( ;: i,) by concatenating f and g, and f’ and ¢/, respectively.

The permutation f is defined as the subword of descent bottoms in 7, ordered
increasingly, and g is defined as the subword of non-descent bottoms in 7, also
ordered increasingly. The permutation f’ is the subword of descent tops in 7, ordered
so that the inversion bottom number of a letter a in f’ is the embracing number of
a in 7, and ¢’ is the subword of non-descent tops in 7, ordered so that the inversion
top number of a letter b in ¢’ is the embracing number of b in 7. Rearranging the
columns of 7/, so that the top row is in increasing order, we obtain the permutation
7 = ®(7) as the bottom row of the rearranged biword.

Example 1 Let 7 =41—-2-7-96 5—8 3, with embracing numbers 1, 0, 0, 2,
0,1,1, 0, 0. Then

(f)_(1356> (g)_‘(24789) +,_(135624789)

f'7 \8469)" \¢/ \12753)°  ~\846912753

and thus ®(m) =7 =814269753. It is easily checked that the descent tops and
descent bottoms in m are the excedance tops and excedances in T, respectively, and

that the embracing number of each letter in 7 is the side number of the same letter
in T

Remark In the case of words with repeated letters, presented in [4], the definitions
of Ddif,FEdif, Res and Ine are slightly modified. A word w is then “coded” into a
permutation 7 by replacing the occurrences of equal letters with distinct integers in
an increasing order from left to right. (As an example, the word 23221312 is coded
into 37451826). Then ® is applied to 7 and the resulting permutation “decoded”
to obtain a word w’ such that (des, Dbot, Dd: f, Res) w = (ezc, Ebot, Edif, Ine) w'.
This map is a bijection, which proves the equidistribution of (des, MAD,MAK) and
(ezc,INV,DEN) over the rearrangement class of an arbitrary word w.
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4 Motzkin paths and a continued fraction expan-
sion

In this section we shall make evident the relation between our bijection ¢ and some
well-known bijections between the symmetric group S, and weighted Motzkin paths.
As a by-product we get the continued fraction expansion for the generating function
of S, with respect to some of our statistics.

Informally, a Motzkin pathis a connected sequence of n line segments, or “steps,”

in the first quadrant of R?, starting out from the origin in R? and ending at (0, n)
(see Figure 1 for an example).

Definition 9 A Motzkin path is a word w = ¢ ¢, - - - ¢, on the alphabet {N, S, E,dFE}
such that for each i the level h; of the i-th step, defined by

hi = #{jlj < i,¢; = N} — #{j|j <i,¢; = S},

is non-negative, and equal to zero if 1 = n.

Definition 10 A weighted Motzkin path of length n is a pair (c,d), where ¢ =
¢+ Cy is a Motzkin path of length n, and d = (d,...,d,) is a sequence of integers

such that _ " y (N.E}
5 ifc € s L s
0<dis {h,- ~1 ifc € {S,dE)}.
The set of weighted Motzkin paths of length n is denoted by I'y.

Francon and Viennot [12] gave the first bijection ¥y between S, and I';. Here
we describe one variant of this bijection.

Definition 11 Let # = a1---a, € S, and set ap = 0 and ay; = n+ 1. For
1 <12 < n we say that a; is a

linear double ascent (outsider) if a;_1 < a; < @iy1;

linear double descent (insider) if ai—1 > a; > @iy1;

linear peak (closer) if a;—1 < a; > aiy1;

linear valley (opener) if a;—1 > a; < ait1.

THE BIJECTION VYry OF FRANGON AND VIENNOT

Given a permutation m € S,, determine the right embracing number e; for each
i € [n]. Form the weighted Motzkin path (c,d) = ¥rv(7) by setting d; = e; and by
defining ¢; as follows: '

e if 2 is a linear double descent, then ¢; = dF;

e if 7 is a linear double ascent then ¢; = E;

e if 7 is a linear peak then ¢; = S;

e if 7 is a linear valley then ¢; = N.
For example,if 7 =6 1—8 74 2—5—9 3, then the corresponding weighted Motzkin
path Upy(7) = (¢, d) is shown in Figure 1.
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1| 1| 2|3 4]s5s]|e6e| 78|09
dil olofJo | 1]l1]2]1]1]o0

Figure 1

THE BIJECTION Vrz; OF FOATA AND ZEILBERGER

In [11] Foata and Zeilberger gave another bijection from S, to I',, which can be
described by the following example. Let 7 =94 761285 3, so

~_(123456789)
T=\947612853)/"

As in section 3, separate 7 into two biwords corresponding to 7g and 7y to get

(f)_(1A2347> (g)_(5689)

/7 \9 4 76 8)” \¢g/) \1 235 3/

Form the weighted Motzkin path (¢,d) = ¥pz(7) as follows: Let s;,s2,...,5, be
the sequence of side numbers of 7 (see Definition 6) and put

dry =sifori=1,2,...,n. . (2)

Let ]
dE, ifie FNF',

_JE, iiecna,
=16 - i FAG,
N, ifie FNG.

H_ere we have d =(0,0,0,1,1,2,1, 1, 0) and
FNF ={4,7}, GNnG ={5}, FFnG=1{6,8,9}, FNG ={1,2,3}

Definition 12 For v € S, and i € [n], we say that i is a
cyclic double ascent if 771(i) < i < w(i);

cyclic double descent if #=1(7) > i > n(3);

cyclic peak if 771(7) < 7 > 7 (3);

cyclic valley if 71(z) > ¢ < =(3).
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Note that the four sets FNF', GNG', F'NG and FFNG’ correspond respectively
to cyclic double ascents, cyclic double descents, cyclic peaks and cyclic valleys of .
The corresponding weighted Motzkin path is the same as in Figure 1. We note that
Urpy = Upz0®.

BIANE’S BIJECTION
In [1], Biane gave a bijection similar to ¥z which we now describe.

Definition 13 A labeled path of length n is a pair (¢,£), wherec =c1---¢c, 15 @
Motzkin path of length n, and £ = (§1,...,€n) is a sequence such that

{A}a ifCi=N,
&€ {0,...,hi}, if;=dE or E,
{0,...,]1,'—1}2, ifeg= 5.

Biane’s bijection is from the labeled paths of length n to S, . Using the same notation
as in the description of ¥z, the inverse of Biane’s bijection can be summarized as
follows. Let dy,ds, ..., d, be the sequence of numbers calculated using equation (2)
from the side numbers of =, Note that Biane gave a recursive algorithm to compute
these numbers but did not point out that they are actually the side numbers of ,
that is the inversion bottom and inversion top numbers in f’ and g’ respectively.
Form the labeled path (c,£) thus: .
if i € FNG' (valley), let ¢; = N and & = A;
if 2 € F N F’ (double ascent), let ¢; = dF and ; = d;;
if € GN G’ (double descent), let ¢; = E and & = dr);
if i € F'N G (peak), let ¢; = S and & = (dr(), di).
The path is the same as for Urz, the only difference being the distribution of the
side numbers associated to each step of the path.

In [11], Foata and Zeilberger’s purpose with the bijection ¥rz was to code the
DEN statistic by weighted Motzkin paths, in order to show that (ezc,DEN) was

equidistributed with (des,MAJ). That ¥z also keeps track of the INV statistic was
first remarked by de Médicis and Viennot [16, Proposition 5.2]. They proved that

1NV7r=Xn:h,-+Zd,<. (3)

=1 =1

In Biane’s bijection, on the other hand, the INV statistic is seen to satisfy

n

INVT =3 (ki + &),

1=1

where |£| = z+y if £ = (z,y) and || = 0if { = A. This is clearly equivalent to (3).
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The proof of (3) given in [16] was based on a new definition of INV, similar to
that of ENV. This statistic of de Médicis and Viennot’s, which we denote INV,,, can
be defined in our notation by

INVyy 7 =INVTE + INVan +#{(, 7)) < j < 7(0), 7(5) > j}
+ #{(E )70 < 7(5) <4, 7(4) < 5} (4)

However, their proof that INV equals INV,,, is fairly complicated, and can be com-
pared to that of the equivalence of the two definitions of DEN given in [11]. In [2],
Clarke gave a short proof of the equivalence of the two definitions of DEN. Actually,
the identity proved in [2] can also be used to prove the equivalence of the three
definitions of INV mentioned above.

Using the connections between Motzkin paths and permutations we have de-
scribed, we now give a continued fraction expansion for the generating function

Dn(QT,Q) e 271'65,, xdcsﬂ'qMADﬂ"

For n Z 0 let [n]q = 1+q+. . ,+qn—1 and let fn(x’p,q) e Z zezcﬂ'qE'difﬂ'plncﬂ'.
. TESn i
Then, by Theorem 3, we also have f,(z,p,q) = Z gles M gDaif T pRes T The follow-

TESn
ing theorem now follows by applying a result of Flajolet [6, Theorem 1].

Theorem 4 The ordinary generating function of fo(x,p,q) has the following Jacob:
continued fraction erpansion:

n LN tn _ b)
° At

1—bt—

Rigal>
R

where b, = g*(z[n], + [n + 1]p) and A1 = 2¢*"+}([n + 1],)? for n > 0.

Corollary 5 We have

3 falepg)t" = - : (5)
n>0 1 _
zqt
1— q
1— qn-l[n]pt
1— an[n]pt
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In particular, if Dp(z,q) = Z 29T gMAPT then it follows from Corollary 5, by
TESn
putting p = q in the above equation, that

1
> Du(z,q)t" = 7 -0 (6)
n>0 g
1 zqt
1— q""[n]t
1— zg"[n]qt

Note that the continued fraction expansion of the generating function of
Yres, 22 T¢"™VT can also be derived from [16, Theorem 6.5].

Corollary 6 For0 < k<n—-1and 0 <m< 1("2—'1-)- we have
[z*¢**™]Dna(z, q) = [z" ' *¢" 1T+ D, (2, 9), (7)

where [z¥q™] D, (z,q) is the coefficient of z¥q™ in the polynomial Dn(é:, q)-
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