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SUMMARY

The finite irreducible complex reflection groups come in three infinite families:
the symmetric groups S, on n letters; the wreath product groups Z,1S,, where
Z, denotes the cyclic group of order r; and a series of index-p subgroups G(r, p, n)
of Z, 1 Sy for each positive integer p that divides r. In the classification of finite
irreducible reflection groups, besides these infinite families S,, Z,, and G(r,p,n),
there exist only 34 exceptional irreducible reflection groups, see [ST)].

A formula for the irreducible characters of the Iwahori-Hecke algebras for Sy, is
known [Ram)], [KW], [vdJ]. This formula is a g-analogue of the classical Murnaghan-
Nakayama formula for computing the irreducible characters of S,. Similar formulas
for the characters of the groups G(r,p, n) are classically known, see [Mac], [Ste],
[AK], [Osi] and the references there. Formulas of this type are also known for
the Iwahori-Hecke algebras of Weyl groups of types B and D [HR], [Pfel], [Pfe2].
Recently, Iwahori-Hecke algebras have been constructed for the groups Z, 1S, and
G(r,p,n) [AK], [BM], [Ari]. In this paper we derive Murnaghan-Nakayama type
formulas for computing the irreducible characters of the Iwahori-Hecke algebras
that correspond to Z,1S, and G(r,p,n).

Hoefsmit [Hfs] has given explicit analogues of Young’s seminormal representa-
tions for the Iwahori-Hecke algebras of types A,_1, Bn, and D,. Ariki and Koike,
[AK] and [Ari], have constructed “Hoefsmit-analogues” of Young’s seminormal rep-
resentations for Iwahori-Hecke algebras H,, . of the groups G(r,p,n). Our ap- -
proach is to derive the Murnaghan-Nakayama rules by computing the sum of diag-
onal matrix elements in an explicit “Hoefsmit” representation of each algebra. We
are motivated by Curtis Greene [Gre], who takes this approach using the Young
seminormal form of the irreducible representations of the symmetric group and
gives a new derivation of the classical Murnaghan-Nakayama rule. Greene does
this by using the Mobius function of a poset that is determined by the partition
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which indexes the irreducible representation. We generalize Greene’s poset theorem
so that it works for our cases. In this way we are able to compute the characters
of the Hecke algebras H,, = H, 1 n.

To compute the characters of the Iwahori-Hecke algebra H,,. of G(r,p,n),
p > 1, we use double centralizer methods (Clifford theory methods) to write these
characters in terms of a certain bitrace on the irreducible representations of H ,=
H,,,. We then compute this bitrace in terms of the irreducible character values
of Hr n.

The character formulas given in this paper contain the Murnaghan-Nakayama
rules for the complex reflection groups G(r, p, n) and the Iwahori-Hecke algebras of
classical type as special cases.

EXTENDED ABSTRACT

Let r,p,d, and n be positive integers such that pd = r. The complex reflection

group G(r,p,n) is the set of n x n matrices such that

(a) The entries are either 0 or rth roots of unity.

(b) There is exactly one nonzero entry in each row and each column.

(c) The dth power of the product of the nonzero entries is 1.
The following are important special cases of G(r, p, n).

(1) G(1,1,n) = S,, the symmetric group.

(2) G(r,1,n)=Z,1 Sx.

(3) G(2,1,n) = WB, the Weyl group of type B.

(4) G(2,2,n) = WD, the Weyl group of type D.

Characters of Iwahori-Hecke Algebras of G(r,1,n) = (Z/rZ)1 S,.

Let ¢ and uj,us,...,u, be indeterminates. Let H, . be the associative algebra
with 1 over the field C(u;,us,...,u,,q) given by generators T1,T5,...,T, and
relations

(1) T.T; =TT, for |i—j| > 1,

2) TiTisali=TNaliTia, for2<i<n-1,

(3) MTIT» = LN TTh,

4 (h—w)Ti—u) --(Th—u)=0,

6) (T-9(Ti+q¢')=0, for2<i<n.

Upon setting ¢ = 1 and u; = &~ where £ is a primitive rth root of unity, one
obtains the group algebra C[Z,1S,] of the wreath product group Z,1S,. When
r=1and u; = 1, we have 77 = 1, and H; , is isomorphic to an Iwahori-Hecke
algebra of type A,_;. The case Hy, when r = 2, u; = p, and u; = p~!, is
isomorphic to an Iwahori-Hecke algebra of type B,.

Representations. An r-partition of size n is an r-tuple, p = (M), 4, ..., (")
of partitions such that [u®| + |p@| + -+ |uD| = n. If v = (U1, A, .. ¥(")
is another r-partition, we write v C g if () C u® for 1 < i < r. In this case,
we say that p/v = (M) /v @ /@ 4 /y()) is an r-skew shape. We refer
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to r-skew shapes and r-partitions collectively as shapes. If A is a shape of size n,
a standard tableau L = (L), L3, ... , L) of shape A is a filling of the Ferrers
diagram of A with the numbers 1,2,...,n such that the numbers are increasing
left to right across the rows and increasing down the columns of each L(). For
any shape ), let £()) denote the set of standard tableaux of shape A and, for each
standard tableau L, let L(k) denote the box containing k in L.

Define the content of a box b of a (possibly skew) shape A = (A(),...,A(") by

ct(b) = upg®U Y, if b is in position (4, 7) in A%).
For each standard tableau L of size n, define the scalar (T:)LL by

-1
(T;')LL=-—q'ct—g;'_'1—, for2<i<n.

<t(L())

Let A = (A(M, ..., (") be a (possibly skew) shape of size n, and for each stan-
dard tableau L € L()), let vy denote a vector indexed by L. Let V* be the
C(uy, ... ,ur,q)-vector space spanned by {vr | L € L()\)}, so that the vectors v
form a basis of V*. Define an action of Hn on V* by defining

Tyvr = ct(L(1))vL,
Tivp = (T)eevr + (g7 + (T)ee)vsie, 25i<m,

where s;L is the same standard tableau as L except that the positions of 7 and
i — 1 are switched in s;L. If s;L is not standard, then we define v,;r = 0. The
modules V*, where ) runs over all r-partitions of size n, form a complete set of

)

nonisomorphic irreducible modules for H,» ([You],[Hfs],[AK]).
Standard Elements. Define elements t; € Hy pn, for 1 <i < n, by

t;i =TTy - -1 --- T T,
For1<k<f<nand0<i<r—1,define
RY) = (tr) Tes1 Tz T

and, for each 1 < k < n, define Rg’z = (tx). We say that an S,-sequence of length
m is a sequence £ = (£1,...,€m) satisfying 1 < f < €y < - <y =n, and

we say that a Z,-sequence of length m is a sequence i = (11, .. ,im) satisfying
0 < ij < r—1 for each j. For an Sp-sequence £=(4,...,¢m) and a Z,-sequence

i= (i1,-- - yim), define

4 i (1 im)
T} = RgiyzRg:-zl,l: . .Rgm—ﬁ-l,lm € H"'"'
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Characters. For each standard tableau L of size n and for 1 < k < £ < n and
0<i<r—1, define

A(L) = LK) (Terr)zr(Tia2)r - - (Te)ez,

and for 1 < k < n, we define A{)(L) = ct(L(k))'. Let AO(L) = A{)(L), and for
any shape A (possibly skew), define

AOM) = > A0,

LeL(N)

Let xj, , denote the character of the irreducible H, ,-representation V*. The
following theorem is our analogue of the Murnaghan-Nakayama rule. ;

Theorem 1. Let £ = (£1,...,8m) be an S,-sequence, i = (t1,.-. ,im) be a Z,-
sequence, and suppose that ) is an r-partition of size n. Then

X, . (T3) = > A (M) AC) (@ 1y D)) . Al (ym) fym=1))
: ' 0=u(® Cp()C.Culm) =2

where the sum is over all sequences ofshabes 0=p®cpuc... C pl™ = X such
that |u0)/uG=1| = |¢|. :

To give an explicit formula for the value of A()()), we say that the shape A is a
border strip if it is connected and does not contain any 2 x 2 block of boxes. The
shape ) is a broken border strip if it simply does not contain any 2 x 2 block of
boxes. Therefore, a broken border strip is a union of connected components, each
of which is a border strip. A sharp corner in a border strip is a box with no box
above it and no box to its left. A dull corner in a border strip is a box that has a
box to its left and a box above it but has no box directly northwest of it.

Theorem 2. Let A be any shape (pbssibly skew) with n bozes. Let CC be the
set of connected components of A, and let cc = |CC| be the number of connected

components of A.
(a) If X is not a broken border strip, then A¥)()) = 0;
(b) If X is a broken border strip, then

A(D)(z\) =(q— q—l)cc—l H qc(bs)—l(_q—l)r(bs)—l,
bseCC

and, for1<k<r-1,

ABQR) = (=g + g7 ( II ct(S)) ( II ct(<1)"1)

3s€SC deDC
IDC|
x JI ¢ 1 =gty @)1y " (~1)er(ct(DC))her—ce(ct(SC)),
bseCC t=0

where SC and DC denote the set of sharp corners and dull corners in X, respectively,
and if bs is a border strip, then r(bs) is the number of rows in bs, and c(bs) is the
number of columns in'bs. The function e;(ct(DC)) is the elementary symmetric
function in the variables {ct(d),d € DC}, and the function hi_s_.(ct(SC)) is the
homogeneous symmetric function in the variables {ct(s),s € SC}.
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Characters of Iwahori-Hecke Algebras of G(r,p,n), p > 1.
Let ¢ = e2™/P be a primitive pth root of unity, and let ¢ and zi
be indeterminates. Then H,, is the associative algebra with 1 over the field

/p 1/p
s szeanil

(C(zi/p, ... ,zz/p, q) given by generators T, ..., Tn, and relations
() TTj =TT, for li—jl > 1,
(2) TTimaTi= TiaTiTisa, for2<i<n-1,

(3) MTNT»=TTT2T,

() (IF —z)(TF = z2)--(T] —za) =0,

(6) Ti-9(Ti+q71)=0, for2<i<n
This is the same as the earlier definition of the algebra H,, except that we are
using ¢z3/P, 1 < k< d, 0 < £ < p-1,in place of uy,...,u,. Let Hrpn be the
subalgebra of H, , generated by the elements

ag =17, a1=T,'1T2T1, and a;=T;, 2<:<n.

Ariki [Ari] shows that H,p . is an analogue of the Iwahori-Hecke algebra for the
groups G(r, p,n).

Representations. We organize each r-partition A of size n into d groups of p
partitions each, so that we can write

A=(AED), for0<k<d-—1land0<€<p—1,

where each A(:9) is a partition and 3, ,|A(*%)] = n. It is convenient to view
the partitions A(¥:0), ... A(¥2=1) as all lying on a circle so that we have d neck-
laces of partitions, each necklace with p partitions on it. In order to specify this
arrangement, we shall say that X is a (d, p)-partition.

Since Hrpn is a subalgebra of H, , the irreducible H, ,-representations V2 are
(not necessarily irreducible) representations of Hrp n. With the given specializa-
tions of the u;, the content of a box b of A is

ct(b) = e2z1/Pq20=),  if b is in position (i, ) in A+
It follows that the action of Hy,n on V* is given by

aovr = ct(L(1))Pvp = zpvr, 1€ Lk,

ayvy = (T2)rrve + ﬁ;—ig—t—%(q—l + (T2)LL)vs,L,

aivr = (T)rzvr + (¢ + (T)LL)vs.c-
Irreducible Representations. Let A = (A(¥:9)) be a (d, p)-partition. We define an
operation o that moves the partitions on each circle over one position. Given a box

b in position (i, ) of the partition A% then o(b) is the same box b except moved
to be in position (i,7) of A¥4*1), where £+ 1 is taken modulo p. The map ¢ is
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an operation of order p and acts uniformly on the shape A = (A*:9), on standard
tableaux L = (L(*:9)) of shape )\, and on the basis vector vy of V*:

o)) = AEHD) - o(L) = (LEHD), and  o(vr) = vor)-

In the last case, extend linearly to get the vector space homomorphism o: V* —
V°(). We prove that the map o:V* — V?(}) is an H,, ,-module isomorphism,
and thus the set of transformations {¢® | 0 < a < p — 1} defines an action of the
cyclic group Z /pZ on the set of (d, p)-partitions and on the set of vector spaces V*.
Now let K, be the stabilizer of A under the action of Z/pZ. The group K is a
cyclic group of order |K)| and is generated by the transformation ¢/*> where f, is
the smallest integer between 1 and p such that ¢/2 (1) = ). The elements of K are
all H, p n-module isomorphisms, and it follows that as an H,,» x K)-bimodule

|Kal-1 ]
Ve @ vez;,

j=0

where V(*3) is an irreducible H, p n-module and Z; is the irreducible K)-module
with character ;.

Characters. Let x(*7) denote the character of the irreducible H,,,-module
V), and let x* denote the H,,, x Kj-bitrace on the module V*. By tak-
ing traces in the module equation above and applying orthogonality of characters
for K we derive the character formula:

|Kal-1
) g .
x*9(h) = & E gy N hoo!), where fi = p/|Ka|.
; a=0

Thus, we are interested in computing the values of the bitrace x*(ho®/*).

Standard Elements. Define elements S; € Hrpn, 1 <i< n, by

Sl =ap = t‘;,
-1
Ss =ajas = i “ta,

S; = a;a;—1---a4a301a2G304 - - -Qi_1Q; = tl-lt,', for3<i<n.
For 1 < k < n, define S&) = S} and define 5'&'2) = Sia;. For all other k < £, define

i . s .
Sgl) = Siag+1---az, and . S'El) = Sjai1a3---ay.

Let (¢1,...,4m) be an S,-sequence and let (¢y, ... ,im) be a Z,-sequence. We prove
that is sufficient to compute the values of x*(ho®/*), for elements h € H, p, , of the
form R(l"zzRE’l’_zl’lz . -Rg::‘-)l'l'l‘tm’ where i3 + - - - + i, = 0 (mod p).

Our result is as follows:
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Theorem 3. Let A be a (d, p)-partition, where pd = r. Let o be such that 0 < o <
|Kx| = 1. Define

- _ _|EK)
A=p/|IKil, and y= T
Let
h=RE)REY RO e,
where (€1, ,€m) ts an S,-sequence and (iy,--- ,im) 5 @ Z,-sequence such that

i1+ ---+im =0 (mod p). The element h is an element of Hrpn C Hr . If all ¢;
in the sequence ({1,...,¢m) are divisible by v then define

fi=n/y, F=r/y, P=p/7

(zly"'ylm)=(£1/71 .- ﬂl/‘y)

y(k,7) — y(k, = (0) (0)
XED) = AET) for0<T<p-1 and h= th, Rt..._1+ltm

Then:
(a) If & is not divisible by v for some 1 < i < m then x*(ho®*) = 0.

(b) If all £; are divisible by v and if ix # 0 for some k, then x*(ho®/*) =0
(c) If all ¢; are divisible by v and if ix =0 for all k, then

= ],,-,,,XH,,.( )H( lq__:,)ﬁ,

=1

X (ho®h) =

where Hy 5 is with parameter q7, in place of ¢ and with parameters €77z L
0<k<d-1,0<7<p-1, in place of uy,... ,us. The element h is vzewed
as an element of the algebra Hy 5 and [v)=(¢" — ¢~ ")/(g—¢7Y).

The Method of Proof for Theorem 2.

In all of the original derivations [Ram],[KW],[vd]] of the Murnaghan-Nakayama
rules for Iwahori-Hecke algebras of types A,_; the key was essentially to use the
theory symmetric functions and Schur polynomials, and the Schur-Weyl duality
between the Iwahori-Hecke algebras of type A,—; and the Drinfel’d-Jimbo quantum
groups U,(gl(m)). This approach seems to be quite challenging for Hrn,7 > 1,
although some progress has been made (see [ATY]).

Curtis Greene uses the theory of partially ordered sets and Mébius functions
to prove a rational function identity ([Gre], Theorem 3.3) which can be used to
derive the Murnaghan-Nakayama rule for symmetric group characters. We ex-
tend Greene’s poset theorem so that it can be applied to computing Murnaghan-
Nakayama rules, Theorem 2, for the irreducible characters of the Iwahori-Hecke
algebras of Z, 1 S,. The extended poset theorem stands on its own as a result for
planar posets, so it is stated here.

Throughout this explanation P will denote a planar poset with unique minimal
element u, and P = P — {u} will be the poset obtained by removing the minimal
element u from P. We let SC be the set of minimal elements of P, and we call
these elements sharp corners. Two sharp corners s; and sz of SC are “adjacent” if
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they are not separated by another sharp corner as the boundary of P is traversed.
If 5; and s; are adjacent elements of SC and the least common multiple s; V s,
exists, then we call s; V so a dull corner of P. We let DC denote the set of all dull
corners of P. Finally, we let cc denote the number of connected components of P,
and note that cc = [SC| — |[DC]J.

Let {z4,a € }5}, be a set of commutative variables indexed by the elements of
P. For each 0 < k < r—1 and each pair a < bin P, define a weight, wt(*)(a, b), by

1 —z,z;}
= q—l

wt®)(u,a) = z7F for all a € P.

wt(")(a, b) = for all @,b € P, and

Then for any planar poset P with unique minimal element u, define

AB(P) = T] wt®(a, b)), .

a,beP
a®Ed

where p5(a,b) is the Mobius function for the poset P.
The following is our extension of the poset theorem:

Theorem 4. Let P be a planar poset with unique minimal element u. Let P =
P\ {u}. Then
> AO(D) = (g=g7H)* 1 AO(P),
Lec(P)
and, for 1<k<r-1,

Z A(lc)(j) = A(k)(p)(_q+q—1)cc—1(H z,) ( H z;l)

Lec(p) s€SC deDC
IDCJ
X Z (-1)*es(zpc)hk—t-cec(zsc)
t=0

where cc is the number of connected components of P, e;(zpc) is the elementary
symmetric function in the variables {z4,d € DC}, and hg_i—..(zsc) is the homo-
geneous symmetric function in the variables {z,,s € SC}.
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