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1 Introduction

The Robinson-Schensted-Knuth correspondence (RSK, see [8] and Corollary 2.5 be-
low) is a bijection between pairs of semi-standard Young tableaux of the same shape
with fixed weights and matrices with nonnegative integer entries with prescribed
column and row sums. This correspondence plays an important role in the repre-
sentation theory of the symmetric group and general linear groups, and in the theory
of symmetric functions.

It is possible (see [2, 3, 4, 5, 10]) to construct an analogue of the RSK for
oscillating tableaux, i.e., sequences of Young diagrams o« = (e(0), - - - » (k)) such that
each a(;) and i) differ by a horizontal strip.

We present a new approach to the RSK correspondence for oscillating tableaux.
First, we show that the number of oscillating tableaux of a given weight and shape is
equal to the multiplicity of the corresponding irreducible representation in a certain
naturally defined S,, x S,-module. This allows us to recover the enumerative results
from [4, 10, 11, 12] (see Section 4). In Section 5, we extend this construction to
oscillating supertableaux. In Section 6, we discuss commutation relations for the
operators which add or delete horizontal or vertical strips (cf. [5, 6]) and give a
generalization of these relations.

In Section 7, we introduce a piecewise-linear analogue of RSK for oscillating
tableaux in the spirit of [1]. We construct a continuous piecewise-linear map which
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establishes a bijection between two convex polyhedra. The restriction of this map
to integer points gives the RSK correspondence for oscillating tableaux.
We are grateful to Arkadiy Berenstein and Sergey Fomin for useful discussions.

2 Oscillating tableaux

First, recall several basic definitions from combinatorics of Young diagrams (see [9]).

Let A = (A\; > ...\ > 0) be a partition of an integer n = [A| = > A;. With the
partition A one can associate its Young or Ferrer diagram which is the set of pairs
(3,7) € N?> such that 1 < j < A\, ¢ =1,2,...,1. The poset of all Young diagrams
ordered by inclusion is called the Young lattice. The Young graph is the Hasse
diagram of this poset, in other words, we connect two diagrams if their difference
consists of one cell. Let “D” be the partial order on P by inclusion of Young
diagrams. For A D p, a skew Young diagram \/p is the set-theoretic difference of
the Young diagrams corresponding to A and p. A semi-standard Young tableau (also
called column-strict tableau) of shape A/p is a map from A/u to nonnegative integers
strongly increasing along the columns and weakly increasing along the rows of A/p.
For example, a semi-standard tableau of shape A/p, A = (6,4,4,1), p = (3,2) is
given below. '

1123
L {2
11224

3

The weight of a tableau is the sequence 8 = (8, ..., Bx) such that each z appears
in the tableau exactly B; times. The weight of the tableau in our example is equal
to 8 = (3,4,2,1). A tableau is called standard if it has weight 8 = (1,...,1), i.e,
each number appears once. ,

A horizontal (resp., vertical) m-strip is a skew diagram A/u consisting of m cells
such that each row (resp., column) contains at most one cell of A/p.

We can view a semi-standard tableau as a sequence of partitions A = () D
a@p)y D Dok = p such that a(i—1)/ag) is a horizontal Bi-stripfort=1,...,k. In
other words, a semi-standard tableau is a path in a certain graph ). The vertices
of Y are Young diagrams and diagrams A and p are connected by an edge in Y if
A/p or p/) is a horizontal m-strip for some m > 0. We call ) the extended Young
graph because it is obtained from the Young graph by adding edges connecting non-
adjacent levels. It is clear that Young tableaux correspond to decreasing paths in
the graph ). An oscillating tableau is an arbitrary path in ).
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Definition 2.1 Let A, u be partitions and 8 = (b1, B2, .- .,Bk) € Z*. An oscillating
tableau o of shape (A, p) and weight 3 is a sequence of partitions (a(o), (1), - - - , Q(k)),
Q) = A, ) = i, such that for all: =1,2,...,k the following conditions hold:

1. If B; > 0 then a;i_y) D o) and a(i—y)/a() is a horizontal B;-strip,

2. If B; < 0 then oy D ai—1) and o)/ ai-1y is a horizontal (—f;)-strip.

By OT'(A, p, B) we will denote the set of all oscillating tableaux of shape (A, 1) and
weight 3. If §; = =+1 for all : then an oscillating tableau of weight 3 is called
standard. Clearly, standard oscillating tableaux correspond to paths in the Young
graph.

An analogous definition was given in [10, Definition 4.4.1]. Standard oscillating
tableaux were earlier considered in [12, Definition 8.1].

Definition 2.2 Let 8 = (B,...,Bx) € Z* be a sequence such that >:B8:i=0. An
intransitive graph of type B is an oriented graph I' on the vertices 1,2, ...,k (multiple
edges allowed) such that:

1. If(3,7) is an edge of ' then i < j.
2. If B; > 0 then in-degree of 1 is 5; and out-degree of 1 is 0. .

3. If B; < 0 then out-degree of 1 is —f; and in-degree of © is 0.
Denote by G(B) the set of all intransitive graphs of type .

For example, a graph from G(-2,-1,1,-2,—1,3,2) is shown below.

Theorgrrf 2.3 Let B € ZF, 3, B; = 0. Then the number of oscillating tableduz of
shape (0,0) and weight B is equal to the number of intransitive graphs of type B

|0T(0,0,8)| = |G(8)]-

* Here 0 denotes a unique partition of 0.

For example, it is not difficult to check that |OT(-2,-1,1,-2,-1,3,2)| =
|G(-2,-1,1,-2,-1,3,2)| =12.

This theorem in slightly different notation was proven by T. W. Roby [10, Theo-
rem 4.4.3] who-generalized S. Fomin’s results 3, 4, 5]. Roby constructed a bijection
between the two sets in Theorem 2.3. The following special case was earlier found

in (12, Lemma 8.3].
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Corollary 2.4 ‘The number of paths in the Young graph from 0 to 0 of length 2k is
equal to (2k — 1)!' = (2k —1)(2k —3)...1.

For Welght :6 = (1317 1323 s 8 ’IBk) such that /317 s o e ,:Bm S O’ /B'm.+13 cee 7/8k Z 01
Roby’s result yields the classical Robinson-Schensted-Knuth correspondence [8].

Corollary 2.5 Let 3 € Z7 and 6 € Z7;. Then the number of pairs (P,Q) of Young
tableauz of the same shape and with wezghts B and 6 respectzvely is equal to the
number of mxn-matrices A = (ai;) such that

1. All entries a;; are nonnegative integers;
2. Yiaj=pifori=12,...,m;
3 Y.a;=26forj=12,...,n

3 S,xS,-module M(m,n,f)

In this section we study a permutational representation of S, xS, on the linear
space generated by intransitive graphs. Multiplicities of irreducible components in
this representation are given by the numbers of oscillating tableaux.

~ Letm,n€Zy, f= (B1---,B) € Z*such that m—n =3, B;; N=m+k+n;
and let G(m, n, B) be the set of intransitive graphs of type 6 = (41,62, .-, 6n), where

-1 forz=1,...,m,
6;={ Bim fori=m+1,...,m+k,
1 fore=m+k+1,...,N.

The direct product of two symmetric groups Sm xS, acts on the graphs I' €
G(m,n,B) as follows: the group Sp, permutes the first m vertices in I' and the
group S, permutes the last n vertices in I'.

Let M(m,n, B) be the vector space over C with basis {vr}, I' € G(m,n, B). There
is a natural action of the product for two symmetric groups Sm, xS, on M(m,n, 3)
given by w : vr — v,-1r, for w € SpxS,. Thus we have a structure of Sy, X Sx-

module on M(m,n, B).

Denote by 7 the irreducible S,,-module associated with a partition A - m (see
[7, 9]). Every irreducible representation of the group Sm xSy is of the form m\ ® 7,
where |A\| = m and || = n.

Theorem 3.1 The multiplicity of Ty ® 7, in M(m,n, 3) is equal to the number of
oscillating tableauz with shape (A, p) and weight B, i.e.,

M(m,n,8) = @ 10T\ 1, 8)| - 72 ® 7

where the direct sum is over all partitions A+ m and p F n.
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Consider several examples:
1. Clearly, Theorem 2.3 is a special case of Theorem 3.1 for m =n = 0.
2. Let m = n and let 8 = 0 be the empty sequence. Then graphs from G(n,n,0)
can be identified with permutations in S,. In this case M(n,n,0) is the the group
algebra C[S,] viewed as an S, X Sp-module on which one copy of S, acts by left
multiplication and the other copy of S, acts by right multiplication. Theorem 3.1
gives the following well-known identity.

C[S.] = @W,\ ® . | (1)

AbFn

3. Letn=0and 8; >0forallz=1,2,...,k. ThenagraphT € G(m,0, 3) can be
identified with the word w = wyws ... w., such that the vertex j is connected with
w;+minT, j=1,...,m. Forz= 1,...,k, the word w has §; i’s. The symmetric
group S, acts on such words w by permuting the letters w;. The representation
Mg = M(m,0,p) is a well-known monomial representation, see [7], e, Mg =

Indg;’:x"_x sp, 1 (induced from a parabolic subgroup in Sn). By Theorem 3.1 we get

M; = M(m,0,8) = @ Tab(},8) - m, | (2)

Abm

where Tab(), ) is the number of semi-standard tableaux of shape A and weight S.
This is the classical Young’s rule for decomposition of the monomial representation
M;, see [7, 9].

In order to prove Theorem 3.1 one can check it first for 8 of length 1 (using
Pieri’s rule) and then deduce the general statement by induction on the length of 8.

4 Combinatorial theorem

A sequence 7 = (71,T2,...,Tk) € ZFk is called normal if 7,72,...,7 > 0 Tigq =
o.=7 =03 Ti41,...,7 < 0 for some 0 < ¢ <2 < L For a sequence B €
ZF, let nor(B) be the normal sequence obtained from B by shifting all positive
entries of B to the beginning and all negative entries to the end. For example,
nor(0,-3,1,-1,0,-2,0,1,3) = (1,1,3,0,0,0,-3, -1, -2).

For 3,6 € Z*, the notation 6 < ( means that §; is between 0 and 3; for all
i=1,...,k,j.e.,0§6,-§6,~ or 0 _>_6, 2,3,

It is not difficult to deduce the following result from Theorem 3.1.

Theorem 4.1 Let \,p be partitions, B € Z*. Then
|OT (A, 1, 8)l = D _ |G(8)| - OT (X, p,mor(B8 = 8))I,

where the sum is over all § € Z* such that 3, 6; =0 and § < B.
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An analogous result but in different notation was obtained in [10, Theorem 4.4.6].
Clearly, Theorem 2.3 is a special case of Theorem 4.1 for A = p = 0.

It is possible (see [10]) to construct a bijection ®,,s between the two sets in
Theorem 4.1. This construction is based on certain local operations (see Section 6).

We complete this section with an example. Let A = (3), ¢ = (2,1) and
B = (-2,-1,3). Then we have |OT(X\,u,B)| = 6, |OT(\, 1, (3,-2,-1))| = 1,
|OT (A, p, (2, -1, -1))| =2, |0T(A 4, (2,0,-2))| = 1, |OT (A, u, (1,0, —-1))| =1, and
|OT (A, &,(0,0,0))| = 0. Theorem 4.1 implies that 6 = 1-1+1-2+1-1+1-1+1-1+1-0.

5 Superanalogue

In this section we outline “superanalogues” of the definitions and theorems from

Sections 2-4.
Let B € Z*, ¢ = (e1,...,6x) € {1,—1}*. By B° we will denote the sequence
b= (by,bs,...,b) in the alphabet {m,m | m € Z} such that b, = 3; if ¢; = 1 and

b,’ =,5,- ife,- =-1.

Definition 5.1 Let A, u be partitions. An oscillating supertableau of shape (M, p)
and weight b = f3° is a sequence of partitions (o o), (1), - - -, Q(k)), C(0) = A, Qk) = K,
such that for all 1 = 1,2,...,k the following conditions hold.

1. Ife; =1 then (a) for B; > 0 we have ai-1y D o) and op—1)/ag) is a
horizontal B;-strip;
(b) for B; < 0 we have a)Da(i—y) and agy/a(i-1) is a horizontal (—f;)-strip;
2. Ife; = —1 then (a) for B; > 0 we have aii—1)Dagy and a;i_1)/ag) is a vertical
B;-strip;
(b) for B; < 0 we have a;)Dai—yy and o)/ i1y is a vertical (—p;)-strip.

The set of all oscillating supertableaux of shape (A, z) and weight b = 3¢ is denoted
by OST (A, p, b).

Definition 5.2 Let 6 € Z* and ¢ = (e1,¢€3,...,€&) € {1,—1}%. An intransitive
graph of type d = &° is an oriented graph I' on the set of vertices {1,2,...,k}
satisfying the conditions 1-8 of Definition 2.2 and also the condition:

4. If € # €; then T' contains at most one edge (¢,7).
Let SG(6¢) be the set of all such graphs.

Let m,n € Zy, B = (B1,-..,B:) € Z*, € = (e1,...,ex) € {1,-1}%, b = p¢,
and ¥,w € {1,—1}. Let SG(m¥,n¥, %) be the set of intransitive graphs of type
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d = (di,ds,...,dn), where N =m + k + n and

=1 =1, i=1,s.cy,
-1 ifyp=-1,i=1,...,m,
di={ b_m fori=m+1,...,m+k,
1 fw=1,t=m+k+1,...,N,

1 fw=-1,t=m+k+1,...,N.
Consider the formal variables z;;,1 < ¢ < j < k with relations z;;zim =

(=1)°4%mzy, z;;, where
0 ¢, =c¢;
— J
0i; = { ’

1 € #e¢;.
In other words, the z;; with o;; = 0 are even variables and the z;; with o;; = 1 are
odd variables.

Let mr denote the product of z;;’s over all edges (z,5) of a graph I'; and let
M(m¥,n“, B) be the linear span of mr for I' € SG(m¥,n*, ).

The group S, xS, acts on this space, cf. Section 3. The symmetric group Sm
permutes the first index ¢ of variables z;; with 2 = 1,2,...,m and S, permutes the
second index j of variables z;; with j = m+k+1,...,m+k+n.

For a partition A € P and ¢ € {1,—1}, let \¥ = X if ¢y =1 and A¥ = X (the
conjugate partition) if » = —1. Now we can present a superanalogue of Theorem 3.1.

Theorem 5.3
M(m*,n*, 8%) = @ |0ST(N, u*, B)| - ma @ 7y,
where the direct sum is over all partitions A - m and pu + n.

The following example is an odd analogue of (1). Let 8 = 0 be the empty
sequence, m = n, and ¢ = —w = 1. Then Alt, := M(n,7,0) is the representation
of S, xS, on the group algebra C[S,] such that for (o,7) € S, xS, and f € C[S,],
(o,7)- f =sgn(on~!) o fr~!. By Theorem 5.3, we have

Altn = E T ®-‘7r,\/.
Abn
It is not difficult to deduce this formula directly from definition of Alt,.

We can give a “superanalogue” of Theorem 4.1. Let b = (by,b,,...,b) = % and
let nor(b) denote the word obtained from the word b = (b, bz, ..., bx) by shifting all
negative entries to the beginning and all positive entries to the end. For example,
nor(0,3,-1,1,0,2,0,-1,-3) = (-1, -1,-3,0,0,0,3,1,2).

Theorem 5.4 Let A\, € P be partitions, § € Z*, e € {1,—1}*. Then

|OST(X, 1, 8)] = D ISG(6°)] - |OST(, p, mor((8 — 8)°))-
5<8
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One way to prove this theorem is to deduce it from Theorem 5.3. It is also
possible to construct a bijection @5} between the two set from Theorem 5.4 using
the operations %3 and ¥, from Section 6 below.

For A = o = 0 Theorem 5.4 implies the following result.

Corollary 5.5 Let B € Z* and € € {1,—1}*. Then the number of oscillating
tableauz of shape (0,0) and weight b = B° is equal to the number of intransitive
graphs of type b -
|0ST(0,0,8)| = |SG(d)|.

Corollary 5.6 Let f € Z7 and 6 € Z7;. Then the number of pairs of tableauz (P, Q)
with conjugated shapes and with weights B and § respectively is equal to the number
of nxm-matrices satisfying the conditions 1-3 of Corollary 2.5 with all entries equal
to 0 or 1.

Knuth [8] also constructed a variant of RSK which gives a bijection between the
set of mxn-matrices and the set of pairs of tableaux (P, Q) from Corollary 5.6. In
this case the bijection ®}5°" coincides with Knuth’s correspondence.

6 Local operators

Let n € Z,. Consider the operators I(n), (%), D(n), D(%) in the space of formal
linear combinations of partitions such that I(n) (respectively, I(7)) deletes a hori-
zontal (respectively, vertical) n-strip and D(n) (respectively, D(%)) adds a horizontal
(respectively, vertical) n-strip. These operators were considered by I. Gessel in [6].

Let b € {n,7n | n € Z}; and let A(b) denote the operator I(b) if 6 > 0 or the
operator D(—b) if 5 < 0. Then

A(br)A(bo1) -+ - A(br)(A) = Y [OST (A, b, )| .

In the following theorem [z, y] denotes the usual commutator zy — yz.

. Theorem 6.1 Let m,n € Z,. The following commutation relations hold:

[1(m), I(n)] = [I(m), I(R)] = [D(m), D(n)] = [D(m), D(r)] = 0.
[1(m), I(7)] = [D(m), D(R)] = 0.

3. [I(m+1),D(n+1)] = I(m)D(n), I(m+1), D(n+1)] = I()D(7).
4. [I(m+1),D(n +1)] = D(@)I(m), [I(m+1),D(n + 1)] = D(n)I().

o =

Clearly, this theorem follows from

Proposition 6.2 Let m,n > 1. There ezist bijections between the following sets
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1. 1 :YT(\/v,(m,n)) = YT(A/v,(n,m)),
2. o :ST(\/v,(m,7)) = ST(A/v, (%, m)),
8. ws: OT(A, v, (=m,n)) = Iockcmingmm OT (A v (n—k, =m+k)),

4. %a: 08T\ v,(-m, 7)) = [liz0, OST(A, v, (n—k, —m+k)).
Here YT (M /v, B) and ST(\/v, B) denote the sets of Young tableauz and supertableauz,
resp., of weight 8

It is not difficult to construct these four bijections. As an example, we will show
how to construct the bijection 3 (see [6]).

Let o = (A, p,v) € OT(A\, g, (—m,n)) , A = (A, Ae,.. ), p = (g2, p2,.-.), and
v = (n,vs,...). In the following diagram an arrow z — y denotes the inequality
T 2Y.

151 Vo V3 N 4 Viq1

Let a; = min(/\,-,ug) and b; = max()\,-ﬂ, V,'+1), el 2. Set /7,' =a;+b; — pit1,
i =1,2,... and k = gy — min(\;,v;). Clearly, 0 < k¥ < min(n,m). Now g =
(f1, Hz, - - -) is a partition and @ = (A, ZI,v) € OT (A, p,(n — k,—m + k)). Define
Y3 : @ — @& Then 93 gives a bijection between the sets OT (), u,(—m,n)) and
1, OT(\ p, (n — k,—m + k)), 0 < k < min(m,n). Indeed, if we have a partition
I = (@1, H2,-..) and 0 < k < min(m,n) then we can reconstruct x setting p, =
k + min()\l,ul) and Hi+1 = a; + bi = ﬁi, 3= 1,2,.. oo

Remark 6.3 We can assume that A;, gi, v;, m, n, and k are arbitrary nonnegative
real numbers. Thus one can construct a continuous analogue of the bijection 3.

The construction of the bijection ®,,s mentioned in Section 4 is based on the op-
eration 3. Let @ = (q(q), . - -, (k) be an oscillating tableaux of weight (81, ..., Bk)-
We need to apply %5 repeatedly to “subtableaux” of the type (o(i-1), @), @(i+1))
(see [10]) such that B; > 0 and Bi41 < 0 (at least one of the inequalities is strict)
until we get a tableau o’ of a normal shape 3. In the same way, using the operations
13 and 14, one can construct the bijection ®7;" from Section 5.

In the end of this section we give a generalization of Theorem 6.1. Let A be
the ring of symmetric function of infinitely many variables z,, 23, .. ., see [9]. Schur
functions sx(z), A€ P (see [9]) form a linear basis in A. Thus we can identify A with
the space of formal linear combinations of partitions. Consider the non-degenerate
symmetric bilinear form on A such that s)(z) form an orthonormal basis with respect

to this form. Consider the linear operator on A given by S/, : f — sx/u - f. Let
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Sy i be the conjugate operator with respect to the bilinear form. Then the operators
D(n), D(®), I(n), and I(%) coincide with S,, Sin, S, and S}., respectively (Pieri’s
rule). In general, we have the following commutation relations for the operators S

and S;.

Theorem 6.4
SE G Yo S S

uCANy

7 Continuous analogue

In this section we sketch a continuous piecewise-linear analogue of the RSK corre-
spondence for oscillating tableaux.

Using the bijection 5 from the previous section (see Remark 6.3) it is possible to
construct a continuous piecewise-linear volume-preserving map ® : A — B between
two convex polyhedra. Rather than rigorously state the theorem we will give an
example. _

Consider an array {p;;} whose shape is a Young diagram, say

P1u1 | P12 | P13 | P14

P21 | P22 | P23

P31 | P32

where all entries p;; are nonnegative real numbers weakly decreasing from left to
right and from top to bottom. Each diagonal in this array is a decreasing sequence
of nonnegative real numbers, i.e., it is a “continuous partition”. Thus we can view
the array {p;;} as a “continuous oscillating tableau”

a = ((pa1), (P21, P32), (P11, P22), (P12 P23), (P13), (P14))-

Consider the polyhedron A which consists of all such arrays with fixed diagonal-
sums: P31 = Y1, P21 + P32 = Y2, P11+ P22 = 73, P12 + P23 = V3, P13 = V55 P14 = Ve-

Consider another array {g;;} of the same shape where all entries ¢;; are nonneg-
ative real numbers. (We drop the monotonicity requirements for the entries.) Let B
be the polyhedron of all such arrays with fixed column and row sums ¢11+¢21+g31 =
Bi, qi2+ G2z + g32 = P2, @13+ 23 = B3, q1a = P4, a1+ g32 = 61, a1 + 922 + G2z =
82, g1 + q12 + Q13+ Q14 = Ga.

Suppose that the parameters {v;} and {f3;,6x} satisfy the following relations:
=0, r2=m+Bs BB=12—06, Ta=73+ B3 153 =722, Y6 =75+ Pa

Repeatedly applying the operation %3 from the previous section, one can con-
struct a continuous piecewise linear volume-preserving bijection ® between the poly-
hedra A and B. In particular,
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(a) Vol(A) = Vol(B),
(b) The number of integer points in A is equal to the number of integer points in B.
As we mentioned before the elements of A are “continuous oscillating tableaux”.
Analogously, the elements of B are “continuous intransitive graphs”. If we restrict
ourself to the case when all p;; and ¢;; are integer, we can recover the RSK corre-
spondence for oscillating tableaux (see Theorem 2.3).
In the end we consider a simple example. Suppose

®: |pu|p2 — q11 | Q12 | »

P21 | P22 q21 | 922

where p11 > p12 > 0, pa1 > pa2 20, p11 > pa1 20, p12 > pz2 > 0, and ¢;; 2 0.
Then the map @ is given by g11 = p11 — min(pi2,p21), 12 = P12, 921 = P21, and
g22 = min(py2, p21) — P22 (cf. construction of 3 in Section 6).
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