From C), to nl: permutations avoiding S;(j + 1)(7 + 2)
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Abstract. A permutation 7 is said to be 7—avoiding if it does not contain any subsequence
having all the same pairwise comparisons as 7. This paper concerns the characterization and enu-
meration of permutations which avoid a set F' of subsequences increasing in number and in length
at the same time. Let F7 be the set of subsequences of the form “o(j + 1)(j + 2)”, o being a
permutation on {1,...,5}. For j = 1 the only subsequence in F! is 123 and the 123—avoiding per-
mutations are enumerated by the Catalan numbers; for j = 2 the subsequences in F? are 1234,
2134 and the (1234,2134)-avoiding permutations are enumerated by the Schréder numbers; for
each other value of j greater than 2 the subsequences in F7 are j! and their length is (j +2), the
permutations avoiding these j! subsequences are enumerated by a number sequence {a,},~, such
that €, < a, < n!, C, being the n—th Catalan number. For j = oo permutations are obtained as
permutations avoiding an infinite set of infinite length subsequences. For each j we determine the
generating function of permutations avoiding the subsequences in F7, according to their length,
the number of their left minima and the number of their non inversions.

Résumé. Une permutation 7 est dite a motif exclus 7 si elle ne contient aucune sous séquence
dont les éléments sont dans la méme relation d’ordre que ceux de 7. Cet article considere la car-
actérisation et ’énumeration des permutations qui ne contienent pas un nombre croissant de motifs
de longueur également croissante. Soit F I’ensemble des sous séquences de la forme “o(j+1)(j+2)”,
o étant une permutation sur {1,...,j}. Pour j = 1 la seule sous séquence de F! est 123 et les per-
mutations a motifs 123 exclus sont comptees par les nombres de Catalan; pour 5 = 2 les sous
séquences de F? sont 1234, 2134 et les permutations & motifs (1234,2134) exclus sont comptées
par les nombres de Schréder; pour chaque valeur j > 2 le nombre des sous séquences de F7 est
j!, chaqune de longueur (5 4 2), et les permutations avec ces j! motifs exclus sont comptées par
{an}, > tel que O, < a,, < n!, €, étant le n-ieme nombre de Catalan. Pour j = oo on obtient
les permutations comme les permutations avec un nombre infini de motifs exclus de longueur in-
finie. Pour chaque 7 on détermine la fonction génératrice des permutations avec les motifs exclus
dans F7, selon leur longueur, le nombre de leur minima & gauche et le nombre de leur non inversions.

1 Introduction

The study of permutations represents an interesting and relevant discipline in Mathematics dating
back a long time. Euler in [14] begun to analyze permutation statistics related to the study of
parameters different from their length. MacMahon in [23] further developped this large field but
meaningful progresses have been made in the last thirty years.

More recently incoming problems from Computer Science made the concept of permutations with
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forbidden subsequences developped. They arise in sorting problems [8, 20, 25, 28, 29], in the
analysis of regularities in words [3, 21], in particular instances of pattern matching algorithms
optimization [6]; just to mention some examples. Anyway the enumeration of permutations with
specific forbidden subsequences has its applications in areas like Algebraic Geometry and Combina-
torics. The 2143-avoiding permutations, called vexilliary permutations, are relevant to the theory
of Schubert polynomials [22]. In Combinatorics permutations with forbidden subsequences play an
important role as they present bijections with a great number of nontrivial combinatorial objects
[11, 12, 13, 16, 18, 19] and moreover their enumeration gives classical number sequences. The
former remark brings to translate the study of hard combinatorial structures on the corresponding
forbidden subsequence permutations, the latter permits to interpretate some properties of number
sequences involved in.

The n—th Catalan number is the common value of permutations with a single forbidden subse-
quence of length three [20]. More precisely Knuth shows that 312—avoiding permutations are the
one stack sortable permutations. Simion et al. in [26] turn their attention in enumerating permu-
tations avoiding two and three subsequences of length three.

As far as forbidden subsequences of length four are concerned enumeration results involve the sub-
sequence 1234 [15], 1342 [5] and all the ones behaving identically [1, 27, 28], while for 1324-avoiding
permutations the only result is proved by Béna in [4] and it concerns their number lower bound.
Permutations avoiding some couples of subsequences of length four give the Schréder numbers [18];
results concerning permutations avoiding more than one forbidden subsequence of length four there
exist; we refer to [18] for an exhaustive survey on the results about permutations with forbidden
subsequences.

For what it concerns permutations avoiding a single subsequence of length greater than four the
most important result solves the problem of one increasing subsequence of any length giving an
asymptotic value of the number of permutations avoiding the subsequence (1...(k + 1)) [24]. In
[9] Chow and West study (123, (k...1(k+ 1)))-avoiding permutations; their generating functions
can be expressed as a quotient of modified Chebyshev polynomials and they give rise to number
sequences lying between the well-known Fibonacci and Catalan numbers. In [2] the authors study
(321, ((k + 2)1(k + 3)2...(k 4 1)))-avoiding permutations where the latter forbidden subsequence
means that the subsequence (k4 1)(k + 2)1...(k) [that is (k + 2)(k 4+ 3)2...(k + 1) restricted on
{1,...,(k+2)}] is allowed only in the case it is of type (k + 2)1(k + 3)2...(k + 1). Their generating
functions give rise to sequences of numbers lying between the well-known Motzkin and Catalan
numbers involving the left—Motzkin factors numbers as a particular case. Even if a lot of work has
been carried out on permutations with forbidden subsequences, many interesting problems remain
still open: they involve both the simple enumeration of permutations avoiding a given set of sub-
sequences and the study of other parameters on permutations, that is statistics which can play an
important role in the structures represented bijectively by the permutations.

We have just mentioned the results obtained in the enumeration of permutations with a certain
forbidden subsequence of increasing length. In this paper we are interested in the enumeration
of permutations with an increasing number of forbidden subsequences which increase in length on
their turn; this means that the cardinality of the set of forbidden subsequences is growing as the
length of the forbidden subsequences themselves. Section 2 of this paper contains the basic defini-
tions on permutations with forbidden subsequences we refer to later in the work. In Section 3, we
describe the tools used to obtain the enumerative results, that is succession rules and generating
trees. The formers are rules stating the growing behavior of an object with a fixed parameter
value, the latters are schematic representations of the formers. In Section 4, we characterize the
permutations we are studying in terms of succession rules. We translate the construction, repre-



sented by the generating tree, into formulae obtaining a set of functional equations. Its solution
gives the generating function of the permutations according to their length, the number of their
left minima, the number of their non inversions and the number of their active sites. We are able
to determine the generating function according to the length of the permutations, the number of
their left minima and the number of their non inversions.

2 Notations and definitions

A permutation 7 = 7 (1)7(2)....7(n)on [n] = {1,2,...,n} is a bijection between [n] and [n]. Let
S, be the set of permutations on [n].

A permutation m € 5, contains a subsequence of type T € Sy, iff a sequence of indices 1 < 47 < i3 <
... <1 < nexists such that 7 (i1) 7 (42)...7 () has all the same pairwise comparisons as 7. We
denote the set of permutations of 9, not containing subsequences of type 7 by 5, (7).

Example 2.1 The permutation 6145732 belongs to 57(2413) because all its subsequences of length
4 are not of type 2413. This permutation does not belong to S7(3142) because there exist subse-
quences of type 3142, that is 7 (1)7(2)7(5)7(6) = 6173, (1) (2)7(5)7(7) = 6172.

If we have the set 7y € Sk, ..., 7, € Sy, of permutations, we denote the set S, (11)N...N5,(7,)
by S, (1,..,7p). We call the family F' = {m,..,7,} a family of forbidden subsequences, the set
Sn (I) a family of permutations with forbidden subsequences.

Let m € 5,,, we denote the position lying on the left of 7(1) by s, the position lying between 7 (%)
and 7(¢4+1),1 <¢ < n—1, by s; and the position lying on the right of 7(n) by s,. S0, S1, ..., Sn—1, S
are the site of 7.

Definition 2.1 Let F' = {m,..,7,}, a site s;, 0 < i < n, of a permutation © € S, (F') is active if
the insertion of (n + 1) into s; gives a permutation belonging to the set S,11 (F); otherwise it is
said to be inactive.

Definition 2.2 Let 7 € S,,. The pair (i,j), i < j, is a non inversion if 7 (1) < 7(j). An element
7 (2) is a left minimum if 7 (i) < 7(j), Vj € [1,¢— 1].

Example 2.2 The permutation 7 = 6145732 has 9 non inversions: (1,5)(2,3)(2,4)(2,5)(2,6)
(2,7)(3,4)(3,5)(4,5) and 2 left minima: 7 (1) =6 and 7(2) = 1.

3 Succession rules and generating trees

In this Section we briefly describe the tools used to deduce our enumerative results, that is succession
rules and generating trees; they were introduced in [10] for the study of Baxter permutations and
furtherly applied to the study of permutations with forbidden subsequences by West [9, 30, 31].

Definition 3.1 A generating tree is a rooted, labelled tree having the property that the labels of
the set of children of each node v can be determined from the label of v itself. Thus, any particular
generating tree can be specified by a recursive definition consisting in:

1, the basis. the label of the root,



2, the inductive step. a set of succession rules that yields a multiset of labelled children depend-
ing solely on the label of the parent.

A succession rule contains at least the information about the number of children. ILet 7 be a
forbidden subsequence, following the idea developed in [10], the generating tree for 7—avoiding
permutations is a rooted tree such that the nodes on level n are exactly the elements of 5,,(7); the
children of a permutation 7 = 7(1)....m(n) are all the 7 free permutations obtained by inserting
(n+ 1) into w. Labels must be assigned to the nodes and they record the number of children of a
given node.

Example 3.1 Catalan tree and 123-avoiding permutations

basis:  (2)
{ inductive step: (k) — (k+ 1)(2).....(k) (1)

The permutation of length one has two active sites (basis in rule (1)). Let 7 = n(1)..7(n) €
S.(123); and k, 2 < k < n, be the minimum index in 7 such that i; < k exists and 7(i1) < 7(k);
then the active sites of 7 are sq, ..., sx—1. The insertion of (n + 1) into each other site on the right
of sk_1 gives the subsequence 7(i1)7(k)(n 4+ 1) that is forbidden. This means that the active sites
of 7 are all the ones lying between the elements of 7 constituting the longest initial decreasing
subsequence. If m has k active sites then its longest initial decreasing subsequence has length
(k—1). The permutation obtained by inserting (n+ 1) into s give a new permutation with (k+1)
active sites; the permutation obtained by inserting (n+1) into s;, 1 <i < k—1, gives (¢ +1) active
sites, (inductive step in rule (1)). The generating tree representing 123-avoiding permutations can
be obtained by developping rule (1) and by labelling each permutation with the right label (k).

Example 3.2 Schréder tree and (1234, 2134 )-avoiding permutations

{ basis:  (2) (2)
inductive step: (k) — (k+ 1)(k+1)(3).....(k)

The permutation of length one has two active sites (basis in rule (2)). Let 7 = n(1)..m(n) €
S.(1234,2134) and k, 3 <k < n, be the minimum index in 7 such that there exist i1 < iy < k for
which 7(41)7(i2)m(k)is of type 123, or 213; then the active sites of 7 are sg, ..., s5_1. The insertion
of (n+ 1) into each other site sg, ..., s, gives at least one of the forbidden subsequences 1234, 2134.
Let 7 be a permutation with k active sites; the permutations obtained by inserting (n + 1) into sg
and s; have (k4 1) active sites; the permutation obtained by inserting (n+41) into s;,2 <i < k—1,
has (i + 1) active sites; each other site gives at least one of the two forbidden subsequences because
(n + 1) has at least two smaller elements on its left (inductive step in rule (2)). The generating
tree related to rule (2) and representing (1234, 2134)-avoiding permutations is showed in fig. 1.

Notice that the succession rule (2) is easily obtained from rule (1) by replacing (2) with (k+ 1) in
the inductive step.

4 Permutations with an increasing number of forbid-
den subsequences increasing in length

In this Section we study the class of permutations §7 = |J S, (Fj), where F7 is a set of subse-
n>1

quences such that |F]| = jland any 7 € FV has the form 7 = o(j+1)(j 42), o being a permutation

4



-3-2-1-

@

2-1-
©) C)

-2-1-3
(©)

S1-
@

3-1-2-
@

-1-2- -1-3-2-
(©)] (4

-1-2-3
(©)]

-2-3-1-

~4-3-2-1-
(5

-3-4-2-1-
®

-3-2-4 1
@

-3-2-1-4
@

-4-2-3-1-
®

-2-4-3-1-
®

-2-3-4 1
®
-2-3-1-4
@
-4-2-1-3
@
-2-4-1-3
@
-2-1-4 3
®
-4-3-1-2-
®
-3-4-1-2-
®
-3-1-4 2
()]
-3-1-2-4
@
-4-1-3-2-
®
-1-4-3-2-
®
-1-3-4 2
@
-1-3-2-4
@
-4-1-2-3
@
-1-4-2-3
@

/NN AN N RN N

-1-2-4 3
@®

Figure 1: The generating tree for (1234, 2134)-avoiding permutations.



belonging to the symmetric group 5;. These permutations are enumerated by numbers lying be-
tween the Catalan numbers and the factorial (see fig. 2). We use some combinatorics to describe
the structure of their generating tree. The constructive method it represents can be translated into
a set of functional equations verified by the generating function of the class of permutations 57.
Some computations allow us to determine this generating function according to the length of the
permutations, the number of their left minima and the number of their non inversions.

Number of
Index Family of Permutations Forbidden Numbers

Subsequences
=1 | ST(123)=Chp 1 12514 42 . ..

+1
=2 | S%(1234,2143) 2 126229 ...
+2
=3 | Sh(12345,13245,21345,23145,31245,32145) 6 12624 124 . . .
+3!
j=4 | Sh({1234}!56) 12 1262412 ...
+n-2)!

j=oo | S =S 0 12624120 ...n ...

Figure 2: First numbers of the sequences counting the permutations in S7.

4.1 S7 permutations

The set F7 contains subsequences having length (j 4 2) such that the two largest elements, that
is (j+ 1), (j + 2), are the (j + 1)-th and the (j 4+ 2)-th element of each sequence, while the
other j elements {1,...,j} can be in any order. This means that a site s;, 0 < ¢ < n, in a
permutation w € Sn(Fj), is active if and onmly if a sequence of indices 1,...,%;,7;41 such that
i1 < .o < 4 < jp1 <0 and maxi<i<; {7(i)} < m(2541) does not exist. It follows that the active
sites lie on the left of the minimum index 7;4; that gives such a sequence; this means that the
(j+ 1) leftmost sites of a permutation are always active, if they exist.

Let 7 € S,(F7), j > 1, be a permutation with k active sites: {sg, ..., 5x_1}, so there is a sequence of
indices ¢y, ...,4;41 = k such that 4y < ... <i; < k and mazi<;<; {7(¢;)} < 7(k). By inserting (n41)
into s;, 0 < 7 < j— 1, we obtain a new permutation, say 7', with (k 4+ 1) active sites as the new
element plays no role for the existence of the sequence of indices iy, ...,7;,7;41 and the minimum
index that gives such a sequence is (k 4 1) as the (k 4 1)-th element of 7' is equal to 7(k). By
inserting (n 4 1) into s;, j <4 < k— 1, we obtain a new permutation 7 with (i 4 1) active sites. As
a matter of fact the sequence of indices 1, ..., j, (i 4 1) verifies the required properties and moreover
(14 1) is the minimum index giving rise to such a sequence (see fig. 3). The above arguments prove
the following Proposition:

Proposition 4.1 Let 7 € 5, (F]) , j > 1, be a permutation with k active sites: {sg, ..., 8p_1} and
7 be the permutation obtained from m by inserting (n + 1) into the active site s;, then the number
of active sites of " is (k+ 1) for0<i<j—1land (i+1) for j <i<k—1.
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Figure 3: The active sites in the children of .

The succession rule for their generating tree follows immediatly:

basis:  (2)
inductive step: (k) — (k+ 1)’“ k<j (3)

inductive step: (k) — (k4+1)(j 4+ 1).....(k), k>3]

In a “Catalan permutation” 7 a site s;, 0 < ¢ < n, is active if and only if there do not exist
i; < 12 < 7 such that 7(i1) < 7w(i2); in a “Schréder permutation” 7 a site s;, 0 < @ < n, is
active if and only if there do not exist i1 < iz < i3 < i such that maz {n(i1),7(i2)} < 7(i3). By
comparing these conditions with the definition of active site for a permutations = € S§7; we realise

that the role of the parameter j is to increase the length of the index sequence 1, ...,7;41 such that
i1 < ... < 1j < tj41 and each 7(4), t = 1,...,,is smaller than 7(7;41). Notice that no constraint
is required on the order of the set {7 (¢1),...,7(¢;)}. Once the permutations in 57 are characterized

we are interested in the results concerning their enumeration.

4.2 The generating function

For each j, we are interested in the generating function for the permutations in $7 according to
their length, the number of their left minima and the number of their non inversions. Let 7 € §7;
we denote the length of m by n(7), the number of its left minima by m(w), the number of its
non inversions by ni(7) and the number of its active sites by a(7). The generating function of 7
according to the above mentioned parameters is the following:

Sj($,y,q75): > $n(7r)ym(7r)qm(7r)5a(7")‘

TESI
From (3) we have that a permutation 7 € $7 is the father of a(7) permutations, namely 7©, ..., 7#(7) =1
in 57, obtained by inserting a new element into each of its active site {sg, ..., sa(r)_l}. If we look

at the parameters changes in each permutation 7%, 0 < i < a(7) — 1, we obtain:

a) if 0 <7< min{j,a(r)}— 1 then:

m(7°) = m(7)+ 1,
m(7') = m(7),

n(r?) = n(r)+ 1, {
b) if min{j,a(r)} <i<a(r)—1 then:

n(rt) = n(r)+ 1, m(r') = m(x), ni(z")=ni(z)+i, a(7’) =i+ 1.



The set S7 can be partitioned into j subsets: Sg, ..... ,S;,Sij, where Si ={reSia(r)=k)}
2 <k <j,and 5, = {r€ 87 :a(r)>j)}. In terms of generating functions we obtain the
decomposition:
, J . ,
Si(z,y,q,8) = P SU(w,y, 4. 1)s" + 5 (2.9, 4. 9).
=2

Let S{ be the set representing the permutation of length 0. Notice that each permutation 7 such
that a(7) < j — 1 gives a(m) permutations with (a(7) + 1) active sites, so 57 is given by S7_,,
2 < k < j, and the parameter changes are described in a). This means that a permutation of
57 having exactly k < j active sites is just any permutation of length (k —1). Moreover, each
permutation 7 such that a(7) > j gives a(7) permutations with at least (j+ 1) active sites and the
parameter changes are described in a) for the j leftmost active sites and in b) for the remaining
ones. ‘

Let [1], = % be the standard notation for the g-analogue of ¢ and F(z,y,q,s) := F(s); if we
translate the above arguments into formulae we obtain:

Proposition 4.2 The generating function S7(s) of permutations in S7 is:

$9(5) = 35 8100+ 5L,(5),

K3

where:

Si(s) =

. k-2
Si(s) = afTlshy 1 (y+aqlily), 2<k <y

b ~ o |
SLi(8) = TSI + ey [0S (D) - 5,(s0)]

The third equation of Proposition 4.2 can be solved by using the Lemma of Bousquet-Mélou [7].
The expression we obtain for Sij(s) gets simplify if we put s = 1 as Sij(l) = Sij(x, Yy, q) satisfies:

Proposition 4.3 The generating function Sij(w,y,q) s given by:

7 _Jl,j(xayaQ)
55 y,0) = Jo,i(x,y,9)
where:
() 4
Nty = 2 ((q)nzx(y+q[§—1]q))n+1 (y+aly = 1s) 55(1),
n+1
4 B (-1 n+1xn+1qﬂ("+1)+( 2 )
Jo,;(% ¥ (]) =1t nz>:0 (q)n+1(x(y+q[]—1]q))n+1 ’
) == k
with (), = (a,q), = 1 (1 —aq )
k=0

From Proposition 4.3 it follows:



Theorem 4.4 The generating function S7(z,y,q) of permutations in S7 according to their length,
the number of their left minima and the number of their non inversions is:

. ) g—1
SN z,y,q) = 2"y fi(z,y,0) [] (v + ald] +Zwk 1@/1_[ y+alily); >0

=1

with: "

(—1)"x"an+(n2 )

PR oy e s Py
fj($7y7 q) = ZO +( )
Z ( nxn
S (@nle (y+q[J 1)),

We denote the nominator and the denominator of f;(z,y,q) by A;(z,y,¢) and B;(z,y, q) respec-
tively. After some computations we obtain:

Lemma 4.5 The functions A;(x,y,q) and B;(x,y,q) verify the following equalities:

(1—a(y+qlj — 1))
227 (y + qlj — 1],)

Bi(zq,y.q) = (1 — 2y + q[j — 1],)) A; (2, ¥, q).

Aj(zq,y,q) = (1= 2(y+ali = 11+ ) Aj(@.y.0) = Bila,y.9)]

Lemma 4.5 allows us to find the g-equation satisfied by f;(z,y, ¢):

2@y + qli = 1) 0y, 0 fie,y,0) = (1= +ali =+ ¢) fila,g.9)+1=0. (4)

If y = ¢ = 1 then equation (4) gives:

1—(G+ Dz —/T=2+ D+ (j — 1)%?
2522

f](xv 17 1) =

so from Theorem 4.4 we obtain:

Si(z,1,1) = 2/=2(j — 1)! 1= +1) x—\/1—33+1)x+(]_1 +Z’f'$

This means that the generating function of §7 permutations according to their length is algebraic
and quadratic, except for j — oo. In this case we obtain the expected result for the generating
function of permutations according to their length, their left minima number and the number of
their non inversions, that is:

5(a.y.q) = Yy T[ (v + qlmly)-
n>1 m=1
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