A ROOT SYSTEM APPROACH TO
MINIMAL LEFT COSET REPRESENTATIVES
(EXTENDED ABSTRACT)

PaoLo PAPI

ABSTRACT. We provide a criterion affording the minimal left coset representative w’

of an element w of a Coxeter group W through the combinatorics of the reflection
representation of W. We analyze in greater detail the case of finite and affine Weyl
groups of the ABCD-series, realized as groups of Z-permutations, obtaining explicit
descriptions of the inversions, inversion tables and minimal left coset representatives.

§1 NOTATION AND STATEMENT OF THE MAIN RESULTS

Let (W, S) be a Coxeter system with length function ¢; for I C S denote as usual
by W the parabolic subgroup corresponding to I and by W7 the set of minimal
left coset representatives:

W= {weW|Llws)>Lw)Ysel}

Tt is well known [5, 1.10] that any element w € W can be uniquely decomposed
as w = wlwy, wl € Wl wr € Wr.

In this paper we provide a simple algorithm affording w’. Our criterion follows
easily from well-known facts about W1, and it can be recast in a nice combinatorial
fashion, in the framework of the geometric representation of W.

We then analyze in detail the case of finite and affine Weyl groups of classi-
cal type, discussing the relationships between the permutation realization and the
geometric representation. This analysis affords an explicit description of the class
inversions and the inversion table of an element w € W (cf. [4]).

Finally, as an application of our general criterion and of the previous analysis,
we describe W7 in the permutation realization and we give concrete algorithms to
obtain ~wI from w. In this extended abstract we confine ourselves to deal with cases
A, B, C. Details will appear elsewhere.

Let V be the space of the geometric representation of W [5, 5.3]; introduce the
canonical root system A of W by taking a basis Il = {a; | s € S} of V (the simple
roots) and by considering the set of W- orbits of II: A = WIIL. Then any root is
positive or negative, i.e. it can be written as a linear combination of simple roots
with (real) coefficients of the same sign: A = At UA~. We write a > 0 (resp.
a < 0) to mean o € A* (resp. o € AT); moreover, for B € A we denote by
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sp the reflection in B . Notice that in the context of the geometric representation
roots correspond to reflections (W-conjugate of the elements of S); we can therefore
consider the analog of the set of (left) descents for w € W:

L(w) ={a € AT |w™(a) < 0}.
Recall that if w = s1---5,, 8; = sg;, ; € Il is a reduced expression, then

L(w) = {B1,51(B2);- - , 81+ sa-1(Bn) }-

The sets L(w) are connected with the weak Bruhat order < [3, §3] as follows:
u =X v iff L(u) C L(v), iff there exists w € W such that v = uw, £(v) = £(u) + £(w).
Moreover they can be characterized from a combinatorial point of view.
Proposition 1. A finite subset X C At is of the form L(w), w € W if and only
if it satisfies the following two conditions:

(1) ifa, Be X, gqa+1BE€ A,q,7 € R>o, thenga+ 1 € X.

(2) fga+rB€ X and o, B e AT y ;T €ER>o, BE X, thena € X.
Moreover, w is unique.

This result can be found in [8; §2, Remark] and in [3, Prop.3] (in a slightly
different formulation). For finite and affine Weyl groups not of type A; a simpler
statement holds: we can obtain this statement from the previous one replacing q, r
by 1 in conditions (1), (2) (see [7; §3, Theorem]). In [7] it is also shown how to
recover w from the combinatorial conditions stated in the proposition: it is easy
to prove that £ € II if and only if £ is indecomposable, i.e. there do not exist
v, B € AT, g, € R such that £ = gy + r3; then if X verifies the two conditions
of the proposition, by (2) it contains a simple root .. One proves that s, (X \ {a})
is a set of posmve roots which still verifies (1), (2): therefore a reduced expression
for w = s4--- is inductively determined. In particular, describing L(w) allows us
to recover concretely w.

Now we can state the main result. For I C S denote by A; the root subsystem
of A generated by II; = {a; | s € I'}.

Theorem 1. Let (W,S) be a Cozeter system and I C S. Given w € W, let
w =wlwy;, w! € W, wy € Wy be its decomposition; then

L(w") = L(w) \ (w(A7)NAY)
LwrY)=Lw ) NA;.

Moreover )
weW! < Lw™)NI; = 0. (%)

Example. Consider, for A of type Hy and I = {2,3}, w = $1828481828381; then
Lw) = {a, —'Lal + @z, aa, 2‘/5(a1 + a2), a1 + lj'zigaz,
%@(al + a2) + a3 + a4, o},

L(w’) = {as, 2Ba; + a3, ay, L8 (6 + ap), oy + 14v84,1,
L(wr!) = {az, a2 + az}.

Therefore w! = 8281825184, Wy = S283.
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§2 AFFINE WEYL GROUPS OF CLASSICAL TYPE AS PERMUTATION GROUPS

In this section we analyze in detail the relationships between the permutation
realization and the geometric representation of the affine Weyl groups of classical
type. The permutation realization was introduced by Lusztig in [6]; we remind
these facts following the approach of [4]. Then we describe the action of these
permutation groups on the affine root system. This analysis affords an easy and
explicit description of the ”affine inversions” and of the inversion table.

Denote by T}, the translation by n € Z and by Rm the reflection with respect to
m € £ (regarded as mappings Z — Z). The following facts are well-known.

(1) A group W of mappings Z — Z consisting of translations or reflections (a
rigid group [4, §4]) is generated by either one translation or one reflection
or two reflections.

(2) Any Weyl group (possibly affine) of classical type can be realized as a group
of locally finite Z-permutations’ commuting with a rigid group G.

Indeed type A is obtained taking G trivial, type B is obtained when G is gener-
ated by one reflection (we take G = (Ro)).

We say that a locally finite Z-permutation w is locally even at m € Z if the set
{k € Z |k < m,w(k) > m} has an even number of elements. Then type D is
obtained from type B by considering the permutations which are locally even at 0.

We now describe in greater detail the remaining cases, i.e. the affine Weyl groups.

A, ;. W is obtained when G = (T,); it is easy to prove that W is faithfully
represented as the group of affine permutations [2]:

WE{w:Z(—)Z|7r(t+n)=7r(t)+th€Z, iw(t)=g—(ﬁ2i—lz}.
t=1

C,. W can be realized as the group of Z-permutations commuting with the reflec-
tions w.r.t. 0,n+ 1 (i.e. G = (Ro, Rn41)); explicitly:

W%{w:Z(—)Z|w(i)+;u(—z’)=O, w(i) +w(2n+2—1i) =2n+2 Vi€ Z}.

Bn, Dy W is the subgroup of Cp formed by the permutations which are locally
even at 0 (for By,) or at 0 and n + 1 (for Dy).

In any case, an element w € W is determined by the images of [n]={1,...,n}
we call w([n]) the fundamental n-tuple of w and we denote it by [w(1),...,w(n)].
Let us check the previous statement. For type A take i € Z and write it as 1 =
kn + j, j € [n]; then w(i) = kn 4+ w(j). In the other cases remark that points
corresponding to multiples of the mirror positions are fixed points; if instead m #
k(n + 1), m can be uniquely written as m = (2n+2)h £ 7 for h € Z and r € [n]:
then w(m) = (2n + 2)h + w(r).

1j.e., moving a finite number of values from the negative to the positive Z-axis.
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Our choice of Coxeter generators is displayed in the following list.

Co si=[-L2...,n)8=[L...,ii—1,... n]i=2,...,n,
Smi1=[1,2,...,n—1,n+2].
Bn s1=[-2,-1,3,...,n],8i=[L,...,5i—1,... nli=2,...,n,
sn+1=[1,2,...,n—1,n+2].
i s1=[-2,-1,3,...,n], 8, =[1,...,4,i—1,... nli=2,...,n,
Sn+1=[1,2,...n —2,n+2,n + 3].

We want to express the rules for the action of an element w in the permutation
realization of W on its root system. Since we are considering only the case of the
classical groups, we prefer to adopt the usual realization of finite root systems with
multiple lengths rather than the one used in section §1.

Recall that if the affine root system A, 1 is obtained by extending an irreducible
finite root system A, the choice of a positive system A+ C A induces a correspond-
ing choice for A :

Aler = (AT + No) U (A + Z,6),

where § = 0+ ., 0 is the highest root of A and «, is the simple root corresponding
to the "new” vertex # in the extended Dynkin diagram of A. For a € A set:

{{a—i—nd]néN} ifaeAt,
{a+mé |meZ+} if —aeAt.

Since 4 is fixed by W, the action of W on A, #7 1s completely determined by the
action on A; it will be convenient for our goals to display the positive roots of A
in a n X n square matrix (8;;) (with entries in A+ U {0}). The indexing of this
matrix is chosen according to the euclidean realization of the root system; we use
the following convention about A: the long (resp. short) simple root of A & C,
(resp. A = B,,) is ;.

“gpe L g ;
0 ifs 29
Type C:
Ej—€i=2i<kgjak ifi<yj
Bij =4 26 =01+23 hpe; ifi=j
gitei=a1+23 hpc i+ i chein i i> g
Type B:
€5 — & = D ik Uk i<
,Bz‘j = € = ZlSkSi (047 ifi=j

Ejt+e& = 22151:5_7’ g + Zj<k$i (873 ifi > 7.
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Type D:
Ej—5i=2i<k5ja’k if1<i<y
A 0 ifi=j

Now we are able to express the W-action on Agss; this kind of analysis has
already been done in [9] for type A. Let us recall this result (in a slightly different
formulation) before writing down the action in the other cases.

Suppose w = [Z1,...,Tn) € W: then w = [(1) + k1n, ... ,m(n) + knon] where
n € Sp (S, being the symmetric group on n letters) and k; € Z,1 = 1,...,m;
indeed m = [Z1, ... ,Tn|, where 7,; denotes the residue class of z; modulo n 4 .
having been chosen as representatives for Z/nZ). For m € S, and 1 < j, set
a = min{|r@),|7()]}, b = max{|7(9)l],|x(j)[}; then we have 7(83i;) = £Babs
where we take + iff w(i) < w(j). Therefore the action of w € W on Agsy is given
as follows. For 1 < i < j < n, let g;,7s,4q;,7; be the unique integers such that
w(i) = gn + i, w(F) =GN+ (gi,q; € Z,r3, 75 € [n]). Then

:tﬂri"‘j + (i(Qj —qgi)+ k)o ifr<ry
:F'BTJ'H + (i(%‘ - g)+ k)o ifr; >rj.

where we take simultaneously the upper or the lower sign.

Let now W be a Weyl group of type B,,; for ¢ € H,, the hyperoctahedral group,
set @ = min {|o(i)], |0 ()|}, b = max{|o(§)l,|o(5)[}. Then

w(£Bi; + ké) = {

ifo(i) >0

+
o (Bii) = £Bjo (i)l o)) - { — ifa(i) <0

(16,  ifo(i)o(G) >0 { * ]1;‘28 i 28
i<j: o(Bij) =1 B ifo()> 0> oli)
| —Bra if 0(3) > 0> a(j).

([ Bra if (i) > 0,0(5) >0
—Bba if 0(4) < 0,0(j) <0

i1>3: G(,Bij) = < "
6 ool <0 {7

if o(2) +0(3) >0
if o(z) + o(j) < 0.

\

As in the previous case, this suffices to recover the action of the corresponding affine
Weyl group on A,ss. Indeed take w = [z1,...,%n) € W and recall from [4, 8.1.4]
that w = [o(1) + (2n + 2)k1,..., o(n) + (2n + 2)kn] with ¢ = [(1),...,0(n)] in
H,and k; € Z,1<i<n. Infact o= [Z1,...,Tn], where T; denote the residue
class of z; modulo 2n+2 (£1,... ,+n having been chosen as (part of a) system of
representatives for Z/(2n + 2)Z).
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Take ¢, j € [n] and write w(i) = (2n+2)gi+ri, w(j) = (2n+2)gj+rj, ri,7; € £[n);
then
w(£Bi; + kd) = +0(Bis) + (£g; + k)6
w(iﬁij +ké) = :EU(,B:,;]') + (:t(qj -q)+k)é ifi<y
w(£Bij + ko) = £0(By;) + (£(g; + @) + k)8 ifi > j.
For cases C, D the formulas for the action of the finite Weyl group on A are the

same as above, whereas those expressing the action of the affine Weyl group on
A5 become

w(£B;; + kd) = £7(Bi;) + (£(gj — @)+ k)& ifi<y
w(£Bij + kb) = £7(Bi5) + (£(g; + @) + k)6 ifi>j

for type C,, (r € H,) and

w(£Bij + kd) = £v(Bi;) + (£(gj — @) + k)6 ifi<y
w(iﬁij + k5) = i’)’(ﬁij) + (:E(qj + qi) + k) ) s34

for type D, (v € HEY*™, where Hpve™ is the subgroup of H,, consisting of the
elements which move an even number of elements from [n] to —[n]).

Let W be a Weyl group of classical type, realized as above as group of Z-
permutations commuting with a rigid group G.

Definitions. 1. Considerw € W. A (generalized) inversion is a pair (k,) € ZxZ
with k > i, w™ (k) < w™(4).

2. Let (k,1) be an inversion for w such that neither k nor i are fized points for G.
A class inversion (k, %) (cf. [4, 4.2]) is the orbit of an such an inversion (k,i) under
the diagonal G-action on Z x Z.

Theorem 2. Denote by I, the set of class inversions for w.
(1) Let (Invy(i,5)) the inversion table of w [4, §8]. Then

Invy, (i, j) = F|L(w) N £6;;].
(2) The map ¢ : L(w) = I,
,Bij-l-mcsl—)(mn/-f-j,i) ifi<jg
Bij +mé — (mn' +i,—5) ifi>j
Bii + md — (mn' + 1, —3)
—Bij +md |—->.(mn' +14,7) ifi<j
—Bij + mé — (mn' — j,1) ifi>j
—Bii + mé — (mn' —i,14)

establishes a canonical bijection between L(w) and Z,,. Heren' = n for type
Ap_1, whereas n' = 2n + 2 for types By, C,, D,.
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Remark. Note that the second statement of the Theorem affords a canonical choice
of representatives for class inversions.

Sketch of proof. The first part follows from a direct computation; in turn this
computation is an easy consequence of our previous analysis. For the second state-
ment it suffices to prove that ¢ is well-defined and surjective. The first fact fol-
lows from the definition. For the other we have to chose a suitable normalization
among representatives of the same class inversion. This can be done in the fol-
lowing way. Take (k,7) € Z,, and select a representative (k,1), by requiring that
i = max{h € £[n] | (k,h) € (k,) for some k}; this is always possible since, by
assumption, 4 is not a mirror position, therefore its residue class mod n’ belongs
indeed to +[n]. Write k as k = mn' + j; note that either j or 4 is positive. Since
i,j € £[n], we can build up & € A;"ff such that ¢(¢) = (k,): eg., if 0 <@ <7,
then ¢ = (3;; + md works. [

§3 MINIMAL LEFT COSET REPRESENTATIVES
IN AFFINE WEYL GROUPS OF CLASSICAL TYPE

In the following we describe minimal left coset representatives for affine Weyl
groups of classical type using the permutation realization. For related results, see
[1], [10]. As announced in the introduction, we omit the analysis of the D, case,
which can however be developed along the same lines of the other affine cases.

Aaﬂ' = An—l-

Label by n the extra vertex * in the extended Dynkin diagram of A,—,. Assume
that I = I U...U I is the irreducible decomposition of I, with I, = [ir,Jr)s
1<i,<jr<n-1lforr=2,...,kand jr <irp1 forr =2,...,k — 1. Moreover
I, = [l,jl]U[il,n—l]U{’n}, 1< <19, Jk <11 <n-1 (Il #@1&”61)

Proposition 2.

Wi={weW|w()<-- <w(n), w(l) < -+ <w(jr+1),
w(n) — w(l) < n,
w(iy) < <w(+1),2<7 <k}

The first two conditions should be considered only if I # 0. Givenw € W, w! is
obtained in the following way: w!(ir),... ,wl(jr +1), 2 < 7 < k are given by the
increasing arrangement of the sets {w(ir), ... ,w(jr + D}, 2<r<k. IfLL #0, to
get wl(i1), ..., wl(n),w!(1),... ,w/(j1 +1) proceed as follows:
(1) Consider {w(i1),...,w(n)}, {w(1)...w( + 1)} and let (Yiys---»Yn);
(21,- ..+ 2j,+1) be the corresponding increasing arrangements.
(2) If yo — 21 <m, then

(w! (31), ... ,wl(n),w!(1),... TG+ 1) = Wigse e s Unr 215 Zia+1)-

Otherwise replace Yn, 21 by 21+ N, Yo — N respectively and go back to step

(1).
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Remark. For the case of the maximal parabolic corresponding to J = [n—1], w’ is
obtained by arranging {w(1), ... ,w(n)} in increasing order: e.g., w = [5,—2,3,4] =
525354535281, w' = [—2,3,4,5] = sy5354. In particular we obtain, as in [2, Prop.
3.5], W’ = {w €| w(l) < w(2) < ... <w(n)}.
Aaﬁ‘ = Cn
Suppose that I = I U...U I is the irreducible decomposition of I, I, = lrs Jv ]
=14 < 71 < iz < jo < < ip < gk = n+1 with I, I empty if 1 ¢ I,
= n+1 ¢ I respectively. Consider a € Z, a # k(n+ 1),k € Z, and set
= min{a, Rn41(a)}; more explicitly, if a = (2n + 2)g + r (with the conven-
tions of the previous section about representatives for Z/(2n + 2)Z), we have
a=min{(2n+2)g+r,(2n+2)(1 - q) — r}.
Proposition 3.
Wi={weW:0<w(l)<w?)< - < w(j),

wiy —1) < - <w(),2<r< k-1,

w(ig —1) <---<wn) <n+1}.
The first (resp. third) condition should be considered only if I, # 0 (resp. Iy # 0).

 * =

Moreover w! is obtained from w by arranging in increasing order the sets
{lw@) [w@),.., lw@E)}, {wr=1),. ., w(@)}l 2 < r < k-1, {w(ig - 1),...
Ao & B,,.

Suppose that I = I ... I} is the irreducible decomposition of T , displayed in
the following way: I, = [iy,j,;], 1 =41 < j1 <ta < jo < -+ < gy < Jk—1 < n and
Iy containing n+1 (so either Iy = @ or I, = {n+1} or I = [ig, ) U{n+ 1}, ix <
Jk < m; in particular either jz = n—1 or jx = n). As above I; (resp. Ij) is assumed
to be empty if 1 ¢ I (resp. n+1 ¢ I).

Proposition 4.
Wi={weW:0<wl)<w®)<--- < w(j1),

w(iy —1) <---<w(j,),2<r <k,

w(n —1) + w(n) < 2n + 2}.
where the first (resp. third) condition should be considered only if I # O (resp.
Iy # 0). To get w! proceed as follows. If I, # O then wl(1),...,wI(j,) are
given by the increasing arrangement of lw(1)|,. .., |lw(j1)|; w! (% — 1),...,wi(,),
2 < r < k—1, are given by the increasing arrangement of w(iy —1),...,w(jr).
Finally, if I, # 0, w!(ix),... ,w'(ji) are determined by the following inductive
procedure.

(1) Suppose jr = n. Arrange w(iz),... yw(n) in increasing order; let
(@i, - -+ 1 Tn) be the resulting s-tuple (s = n — ix + 1).
Suppose jx = n — 1. Arrange w(ix),... ,w(n — 1) in increasing order; let
(Tigy- -+ ,Tn_1) be the resulting (s — 1)-tuple; set z, = w(n).

(2) If zn—1 + zn, < 2n + 2 stop; otherwise replace z,_, with Rpi1(xn) and 2,
with Rn+1($n—1)-
(3) Go back to step (1).
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