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English Summary An approach to studying certain families of finite connected arc-

transitive graphs will be discussed. This involves identifying some of the graphs in the
families as basic, and describing arbitrary graphs in the families as covers, or multicovers,
of the basic graphs. This was motivated by the successful study of finite distance-transitive
graphs, and has been successful in analysing the structure of finite 5-arc-transitive graphs
(5^2), locally-primitive graphs, and locally-quasiprimitive graphs. For other families of
finite arc-transitive graphs, where less symmetry is present, extra information of a geo-
metrical nature can be helpful in analysing the graph structure; an alternative approach
due to Gardiner and the author is then available. These two approaches will be discussed,
and compared. Some applications and open problems will be mentioned.

1 Locally quasiprimitive graphs

One the most successful uses of group theory in analysing a class of finite graphs is
that leading to the classification of the finite distance transitive graphs, which is now
approaching completion, see [9]. The suggestion that this classification might indeed
be feasible comes from early work of Biggs and Smith [1, 18] which in a sense reduced
the problem to the case of vertex-primitive distance transitive graphs. Applying the
O'Nan-Scott Theorem for finite primitive permutation groups further reduced the vertex-
primitive classification to the case where the automorphism group is almost simple or
affine, see [17].

However, for many other interesting families of finite arc-transitive graphs, it is not
possible to describe the structure of arbitrary graphs in the family in terms of vertex-
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primitive graphs in the family. Thus, in order to describe such families of graphs, it is
not sufficient to focus on the vertex-primitive members.

Happily it turns out that some families of arc-transitive graphs possess a weaker prop-
erty which allows certain members of the family, which we shall call "basic" members,
to play a similar role to that of the vertex-primitive distance-transitive graphs. That is
to say, the structure of an arbitrary graph in the family may be described in terms of
some of the basic graphs. One of the largest families of finite arc-transitive graphs which
possesses one such property is the family T of finite, locally-quasiprimitive, arc-transitive
graphs.

Some notation: A graph V = (V, E) consists of a set V of vertices and a subset E of
unordered pairs from V, called edges. A group G of permutations of a set A is said to be
quasiprimitive if each non-trivial normal subgroup of G is transitive on A. For a graph F,
and a group G acting as a group of automorphisms of F (not necessarily faithfully), we
say that F is G-arc-transitive if G acts transitively on the arcs of F (arcs being ordered
pairs of vertices joined by an edge of F), and G-locally-quasiprimitive if, for each vertex
a, the stabiliser Ga is quasiprimitive in its action on the set r(c>;) = {{3 : {o:, ,3}   £} of
neighbours of a in F.

Definition 1. 1 Let T be the family of those graphs T which are G-vertex-transitive and
G-locally-quasiprimitive for some G <: Aut(F). In such a case we say that F   ̂  with
respect to G.

As an over-slmplificatlon of the process of analysing the finite distance-transitive
graphs, we could say that one forms a quotient graph with respect to a partition of
the vertex-set which is invariant under the action of the given distance-transitive group.
If one is lucky then the quotient graph is both distance-transitive and vertex-primitive.
If one forms such quotients with a locally-quasiprimitive graph, then the quotient graph
obtained will still be arc-transitive, but in general will not be locally-quasiprimitive. A
fundamental observation about the class T of finite locally-quasiprimitive, arc-transitive
graphs is that it is closed under the formation of a very special type of quotient graph.
Some more notation: For P a partition of the vertex set V of a graph F, we define the
quotient graph Yp of F relative to P as the graph with vertex set P such that two parts
P, P' form an edge if and only if there is at least one edge of F joining a vertex of P and
a vertex of P'. If T is G-invariant for some group G of automorphisms of F (that is, G
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permutes the parts of P setwise), then the action of (9 on F induces a natural action of G
as a group of automorphisms of F-p. In this case, although the property of arc-transitivity
is preserved, more restrictive local properties, such as local quasiprimitivity, are not in
general inherited by the action of G on the quotient graph. However, local quasiprimitivity
is inherited by quotients relative to normal partitions. We call a partition P of vertices
G-normal relative toN if N isa, normal subgroup of G and P is the set of A/'-orbits in
V; for such partitions we write P = PN, and we write the quotient graph Fp as TN, and
call FTV a normal quotient, or a G-normal quotient, of F. Not only is Fyv a G'-locally-
quasiprimitive graph, but also F is a multicover of FN and N is semiregular on vertices.
(A graph F is said to be a multicover of its quotient graph F-p if, for each edge {P, P'} of
Fp and each a   P, the cardinality |r(o;) n P/| > 0. A permutation group A^ on a set V
is semiregular on V if the only element of N which fixes a point of V is the identity. If a
group G has an action on a set V then Gv denotes the permutation group induced by G
on y.)

Theorem 1. 2 ([13, Section 1]) Let F = (V, £) be a finite connected G-vertex-transit-
ive, G-locally-quasiprimitive graph of valency v, and let N be a normal subgroup of G
with more than 2 orbits on V. Then VN = (PN, EN~) is a connected G-arc-transitive, G-
locally-quasiprimitive graph of valency v/k where, for each {P, P'}   EN and each a ^ P,
|r(o') n P'\ = k, and Y is a multicover O/FN. Moreover,

(i) N is semiregular on V and is the kernel of the action of G on PN;

(ii) if P e?N and a e P, then Gr, (a) acts faithfully on the partition P{a} := {F(a) n
P' I {P, P/}   EN} ofF{a), and the permutation groups Gna ) and G]pN (p) 

are per-

mutationally isomorphic;

(ill) if moreover Y is G-locally-primitive then T is a cover of Y^ (that is k = 1) and FN
is G-locally-primitive.

The proof of this result may be found in [13, Lemmas 1. 1, 1. 4(p), 1. 5 and 1. 6]. The-
orem 1. 2 allows us to identify certain graphs in F as 'basic'. These are graphs for which
the action of the group G on vertices is 'close' to being quasiprimitive. They are obtained
by taking the normal subgroup N in Theorem 1. 2 to be maximal in some sense.

We say that a group G acting on a set V is bi-quasiprimitive if (i) G is transitive
on V, (ii) each normal subgroup of G which acts non-trivially on V has at most two
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orbits in V, and (iii) there exists a normal subgroup of G with two orbits in V. A bi-
quasiprimitive group G ou V has a system of imprlmltivity consisting of two blocks of
size [Vl/2, and hence has a subgroup G+ of index 2 which fixes the two blocks sctwise.
Moreover, provided that G'^ ̂ 2 x Zz (acting regularly on a set of four points), then G'+
is the unique subgroup with these properties. A bipartite graph F = (V, E) is said to be
G-bi-quasiprimitive if G acts as a group of automorphisms of F and G is bi-quasiprimitive
on V.

Theorem 1.3 ([11]) Let F = {V, E) be a finite connected graph of valency v which is
G-vertex-transitive and G-locally-quasiprimitive, and let N be a normal subgroup of G
which is maximal subject to having more than two orbits in V. Then one of the following
holds for the quotient YN-

(a) YN is G-quasiprimitive; or

(b) F and FN are both bipartite, N < G+, and FN is G-bi-quasiprimitive. Moreover,
either Y = K^,^, or G+ acts faithfully on each part of the bipartition.

We define a G-vertex-transitive, G'-locally-quasiprimitive graph to be G-basic if it is
not a multicover of any of its proper G-normal quotients. By Theorem 1.2, every graph
in 7 has at least one basic normal quotient, and by Theorem 1. 3, the basic graphs in T,
apart from complete bipartite graphs, arise in three broad categories.

Corollary 1. 4 ([11]) Let Y = {V, E) be a connected G-vertex-transitive, G-locally-quasi-
primitive graph of valency v, and suppose that F is G-basic. Then either T = Kv,v, or
one of the following holds.

(a) F is G-quasiprimitive;

(b) F is bipartite, G-bi-quasiprimitive, and G+ is faithful on each part of the bipartition.
Moreover, either

(i) G+ is quasiprimitive on each part of the bipartition, or
(ii) G+ has distinct minimal normal subgroups, Mi and M^, which are semiregular

on V with more than two orbits in V, and are interchanged by G.
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The class 7 was first investigated in [14]. However it was not until 1993 that a
systematic analysis was made of the structure of quasiprimitive permutation groups in
[15], enabling a detailed description of the structure of the quasiprimitive 2-arc transitive
graphs (an important subclass of 7} to be made. In [15] an 'O'Nan-Scott Theorem'
for quasiprimitive groups, which described the possible structures of finite quasiprimitive
permutation groups, was proved.

Describing the bipartite members of ̂~, or the bipartite 2-arc transitive graphs, is not
so easy, and is still an open problem. Complete bipartlte graphs K^^ were singled out
in [14, Lemma 1. 1]. These certainly arise as examples in Theorem 1. 3 (b) as can be seen
by taking G = SyVfrS^.

A natural problem arising from these results is the problem of constructing finite
locally-quasiprimitive graphs as multicovers of a given locally-quasiprimitive graph. A
universal construction method for such multicovers was given in [11, Section 3]. It is a
development of the covering graph construction of Biggs in [1].

2 Other arc-transitive graphs

The class of finite arc-transitive graphs is so large that information about a vertex-
primitive, arc-transitive quotient graph of a general arc-transitive graph F is unlikely
to be sufficient to give a good understanding of the structure of Y. Something extra is
required.

If r is a connected (5-arc-transitive graph, and if -P is a G'-invariant partition of the
vertex set, then the subset of vertices in a block B of P is an independent set, that is,
it contains no edges. It is possible, however, to define certain geometric objects based on
the blocks of P. For each vertex a of a C?-arc-transitive graph F, we let B(a) denote the
block of P containing a.

For any two adjacent blocks B, C ^ P, we denote by F(B) (respectively F(C7)) the
set of vertices of F adjacent to at least one vertex in B (respectively C); and let F[B, C}
denote the induced bipartite subgraph of F with F(C')nB and Y{B)r\C as the parts of the
bipartition. Then F[B, C} is (G'Buc)-arc-transitive, where GBUC is the setwise stabilizer
of BUC'mG. Up to isomorphism V[B, C] is independent of the choice of adjacent blocks
B, C. In particular, if Y[B, C} is a perfect matching between the vertices of B and Cf,
then F is a cover of Fp.

In a similar way, for each block B, we denote by r?(B) the set of blocks of P that
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are adjacent to B m T-p; and we define 'D(B) as the design with point set B and blocks
r((7) n B (with possible repetitions) for C 6 Fp(B). We emphasize that P(5) may have
repeated blocks since we may have F(C'i) DB = ^{C^) n B for distinct C7i, C'2   r^(^).
Set k := \V{B) n C\ for adjacent blocks B, C and r := \Tv{a)\ for a vertex o;, where
r-p(o') := {B ^. P : BC} T(a) -^ 0}. Let v := |5| be the size of the blocks in P and
b := val(F^) = |F^(B)| be the valency of F^. Then vr = 6A; and P(B) is a l-(u, fc, r)
design with 5 blocks (see [2] for terminology on designs). Again, since F is G-arc-transitive,
the 1-design T)(B) is, up to isomorphism, independent of the choice of the block B. It was
suggested in [6] that, in studying a ff-arc-transitive graph F with a nontrivial G'-invariant
partition P of the vertex set, the triple (Fp, T[B, C}, T>{B}~) provides a useful collection of
geometric structures for analysing the structure of F. The initial investigation in [6] was
extended in [7, 8] to analyse arc-transitive graphs with complete quotients, and in [12] to
studying the special case "fc = u - 1" where the bipartite graph F[B, C] involves most,
but not necessarily all the vertices of BUC. These preliminary investigations suggest
that this geometrical approach may be an effective way to gain insights into the structure
of arc-transitive graphs.

3 Problenis

Finally we state a few open problems, which were first given in [11]. The family F
of finite graphs which admit a group acting transitively and locally-quasiprimitively on
vertices deserves further study. First more detailed information about the basic locally-
quasiprimitive graphs in T would be useful.

Problem 3. 1 Analyse further the structure of finite G-basic, G-arc-transitive, G-locally-
quasiprimitive graphs.

The most important tool currently available for this investigation is the 'O'Nan-Scott
Theorem [15] for finite quasiprimitlve permutation groups. This can be used to analyse
the non-bipartite G'-basic graphs. Some work has commenced on this problem by Akshay
Venkatesh and the author in the case where the group G is of aflBne type. Much more de-
tailed work has been undertaken already for the subfamily of non-bipartite (7-basic graphs
which are (G, 2)-arc transitive, and a survey of these results is given in [16]. However we
are lacking a similar group theoretic result for analysing the bipartite examples.
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Problem 3. 2 Describe the finite bi-quasiprimitive permutation groups (in a manner sim-
ilar to the O'Nan-Scott Theorem). Use this description to study bipartite G-basic, G-arc-
transitive, G-locally-quasiprimitive graphs.

The problem of reconstructing F from information about all its basic normal quotient
graphs r^v;, (i = 1,... , r, say) remains open, and of fundamental importance. The
maximum amount of information we could expect to retrieve about F from these quotients
would relate only to the graph Fyy where N := C~\^Ni.

Problem 3. 3 Suppose that F is a finite graph which is G-vertex-transitive and G-locally-
quasiprimitive, and that F^,,... , T^ are quotients relative to normal subgroups Ni of G
such that n^N, = 1. WTiat extra information is needed in order to reconstruct F from
these normal quotients? In particular, what is required if the graphs FN, are G-basic?

A preliminary result was given in [11] for the case r = 2. We need a more complete
solution to Problem 3. 3 above, or to the following natural extension of it.

Problem 3. 4 Suppose that Y is a finite graph which is G-vertex-transitive and G-local-
ly-quasiprimitive, with G-normal quotient VN- What extra information is needed to re-
construct F from Fyy? For example, under what circumstances is F determined by FN
together with the bipartite graph induced on the union of two adjacent N-orbits?

Since quasiprimitivity is not necessarily inherited by overgroups, we need to address
the following problem.

Problem 3. 5 Under what circumstances can we guarantee that a graph F ^ ^ is Aut(F)-
locally-quasiprimitive? In particular, when is this true for the basic graphs in J^?

Problem 3. 6 Suppose F e ^~ with respect to G, and T is G-basic. Under what circum-
stances is F also Aut(r)-6ast'c?

This problem has already received some attention in the case of 2-arc transitive graphs
(see [10]) and almost simple locally-primitive graphs (see [4, 5]). Finally we note the
following conjecture.

Conjecture 3. 7 There is a function f on the natural numbers such that, for a natural
number k, if F ^ ^ and Y has valency k, then the cardinality of a vertex stabilizer in
Aut(F) is at most f{k).
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This conjecture is analogous to one made by Weiss for finite locally-primitive graphs,
and the task of proving Weiss's conjecture for non-bipartite graphs has been reduced
in [3] to proving it in the case where Aut(F) is an almost simple group (that is, T ^
Aut(F) < AutT for some nonabelian simple group T). Using the approach suggested here
for describing graphs in T, it may be possible to reduce the proofs of both this conjecture
and the Weiss Conjecture to the case where Aut(F) is almost simple (whether or not the
graphs are bipartite). Certainly one need only consider basic graphs F, by Theorem 1. 3.

References

[1] Norman Biggs, Algebraic Graph Theory, Cambridge University Press, Cambridge,
(1993).

[2] N. L. BIGGS and A. T. WHITE. Permutation Groups and Combinatorial Structures.
London Math. Soc. Lect. Note Series No. 33 (Cambridge University Press, 1979).

[3] M. D. Conder, Cai Heng Li and Cheryl E. Praeger, On the Weiss conjecture for finite
locally-primitive graphs, Proc. Edinburgh Math. Soc., submitted.

[4] Xin Gui Fang and Cheryl E. Praeger, On graphs admitting arc-transitive actions of
almost simple groups, J. Algebra 205 (1998), 37-52.

[5] Xin Gui Fang, George Havas and Cheryl E. Praeger, On the automorphism groups
of quasiprimitive almost simple graphs, submitted.

[6] A. GARDINER and CHERYL E. PRAEGER. A geometrical approach to imprimitive
graphs. Proc. London Math. Soc. (3)71(1995), 524-546.

[7] A. GARDINER and CHERYL E. PRAEGER. Topological covers of complete graphs.
Math. Proc. Cambridge Phil. Soc. 123(1998), 549-559.

[8] A. GARDINER and CHERYL E. PRAEGER. Symmetric graphs with complete quo-
tients, submitted.

[9] A. A. Ivanov, Distance-transitive graphs and their classification, in: Investigations
in the Algebraic Theory of Combinatorial Objects (eds. I.A. Faradzev et al), Kluwer,
Dordrecht (1994), pp. 283-378.

475



[10] Cai Heng Li, A family of quasiprimitive 2-arc transitive graphs which have non-
quaslprimitive full automorphism groups, European J. Combin. 19 (1998), 499-502.

[11] Cai Heng Li, Cheryl E. Praeger, Alshay Venkatesh, and Sanming Zhou, Finite locally
quasiprimitive graphs, preprint, 1998.

[12] Cai Heng Li, Cheryl E. Praeger and Sanming Zhou, A class of finite symmetric graphs
with 2-arc transitive quotients, submitted.

[13] Cheryl E. Praeger, Imprimitive symmetric graphs, Ars Combinatoria 19A (1985),
149-163.

[14] Cheryl E. Praeger, On automorphism groups of imprimitive symmetric graphs, Ars
Combinatoria 23A (1987), 207-224.

[15] Cheryl E. Praeger, An O'Nan-Scott Theorem for finite quasiprimitive permutation
groups and an application to 2-arc transitive graphs, J. London Math. Soc. (2) 47
(1993), 227-239.

[16] Cheryl E. Praeger, Finite quasiprimitive graphs, in: London Math. Soc. Lecture Note
Ser. 241, Cambridge Univ. Press, 1997, pp. 65-85.

[17] Cheryl E. Praeger, J. Saxl and K. Yokohama, Distance transitive graphs and finite
simple groups, Proc. London Math. Soc. (3) 55 (1987), 1-21 .

[18] D. H. Smith, Primitive and imprimitive graphs, Quart. J. Math. Oxford (2) 22 (1971),
551-557.

476


