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Abstract

We characterize coloured Dyck and Schroder paths in both an algebraic and combinatorial
way. In fact, we give algebraic and combinatorial proofs that, starting from the definition of such
paths; we obtain a generating function and, from this, the corresponding recurrence. Finally, by
using a generalization of a beautiful bijection of Sulanke [5], we give a combinatorial proof of this
recurrence, thus closing the ideal cycle connecting all the basic properties of the combinatorial
objects considered.

1 Introduction

In this paper we consider a class S of coloured lattice paths in Z? which start at the origin (0,0)
and arrive to the point (2n,0), n > 1; they never touch or pass below the z-axis, except for their
starting and ending points and are made up of the following three kinds of steps:

e (1,1), or up steps, going from a point (z,y) to (z + 1,y + 1);
e (2,0), or double horizontal steps, going from a point (z,y) to (z + 2,y);
e (1,—1), or down steps, going from a point (z,y) to (z + 1,y — 1).

These steps can have different colours and, in particular, we study the parametric case in which
there are a > 0 colours for up steps, b > 0 colours for double horizontal steps and ¢ > 0 colours
for down steps. The set of all paths arriving to (2n,0) will be denoted by &,,, the corresponding
cardinality by 5, = |S,|, and their generating function by S(t) = >, 5o 9nt". If we ignore the
first up step and the last down step, we obtain the set S of coloured paths that never pass below
the z-axis, but possibly touch it at intermediate points. Paths of this kind starting at the origin
and arriving to (2n,0) will be denoted by S,, with S, denoting the cardinality |S,| and with
S(t) = 3,50 Snt"™ denoting the corresponding generating function.

Some cases are well-known in the literature; for example, when a = ¢ = 1 and b = 0 we obtain the
so-called elevated Dyck paths, which are counted by the Catalan numbers 5, = {0,1,1,2,5,14,---}.
When a = b = ¢ = 1, we obtain the elevated Schréder paths, counted by the big Schréder numbers
S, =1{0,1,2,6,22,90,---}, n > 0. Actually, these two situations are the most important, but some
coloured versions of these paths have some interesting combinatorial intrepretations. For example,
if we consider Schréder paths in which the up steps can have a different colours, double horizontal
steps can have b different colours and down steps can have only one colour (¢ = 1), we obtain
a way to count the algebraic expressions according to the number a of different binary operators
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Figure 1.1: Coloured Schroder paths and algebraic expressions.

and the number b of different unary operators (see Figure 1.1). In any case, we wish to point out
that our approach gives a unified treatment of Dyck and Schréder paths and our algebraic and
combinatorial proofs work for any kind of these paths.

The aim of this paper is threefold:

e to find the properties of these generalized (elevated) Dyck and Schréder paths;
e to extend a bijective proof first found by Sulanke [5] to all these kinds of paths;

o to show that these paths constitute an example of a complete “algebraico-combinatorial”
object.

In order to explain this last sentence, let us consider the common way to approach a combinato-
rial problem. When we wish to study some combinatorial object, we often try to find a recurrence
relation describing the whole set of objects; then we pass from the recurrence to a generating func-
tion and finally use the generating function to derive properties of the original objects. In this way
combinatorial and algebraic considerations and arguments are mixed together and used according
to the preference of the author and/or their convenience in the particular case. Some authors prefer
a purely combinatorial approach, and only use algebra when strictly necessary or when they are
not able to find a suitable combinatorial proof. Algebraic arguments are usually more simple and
they are often considered of less value because they only give a formal solution and do not allow
us to see the “deep” and structural aspects of the problem; on the other hand, algebra can never
be completely avoided, because, at some point in our study, we should arrive at some counting
results. In principle, all the properties of a combinatorial object should be characterized in both an
algebraic and a combinatorial way, but this is not always possible, and some properties are proved
by combinatorial arguments, while others by algebraic reasoning.

A complete “algebraico-combinatorial” object is a combinatorial object whose properties are
proved both by algebraic and combinatorial arguments. We show that our paths are, essentially,
objects of this type and that they satisfy the cycle described in Figure 1.2. In particular:

e we use combinatorial considerations to obtain a formal description of the paths through a
context-free grammar;

o we apply the Schiitzenberger methodology to pass from the description to the generating
functions (algebraic approach);
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Figure 1.2: The cycle of an “algebraico-combinatorial” object.

e we find the differential equation satisfied by the generating function, so that we can derive
the recurrence relations satisfied by our objects in an algebraic fashion; we use the method
of “indeterminate coefficients” applied to differential equations.

e by a generalization of Sulanke bijection [5], we prove in a combinatorial way, that the recur-
rence relation is satisfied by our original objects.

We observe that these arguments can be “reversed”, that is, proved in the other direction, or,
if one prefers, the arrows in the cycle can be double headed.

2 Toward the recurrence relation

Let & = U, S, be the set of all paths as defined in the Introduction. Let Ulal 7 and DI be the
three sets of up, double horizontal and down steps. A path in § starts with an up step, which
can assume ¢ different colours, and ends with a down step, which, in turn, can assume c different
colours. By using standard notation for context-free grammars (BNT'), we write:

S = yldspld (2.1)

where S denotes the set of paths that run from (0,0) to (2n,0), for n > 1, (that never pass below
the z-axis). We have:

S = | HUS | UlIS DS, (2.2)

by distinguishing among an empty path, a path which starts with any of the H? double horizontal
steps and a path which starts with whatever U[% step. By applying Schiitzenberger methodology
[4] to the grammar defining S we get the following equation in S(¢) = 2030 Spt™:

S(t) = 1+ bt5(t) + actS(t)*.

Since S(0) = |¢| = 1, the appropriate solution to this second-degree equation is:

— 1— bt — /1 —2(b+ 2ac)t + b%i2
S(t) = 2act '



If we let 5(¢) = 37,50 9nl", we obviously get S(t) = actS(t), hence

1 — bt — /1 —=2(b+ 2ac)t + b*t2
S0 = 620 £ 77

We have thus found, by using the first three steps illustrated in Figure 1.2, the counting gener-
ating function for class S.

Before proceeding to close the cycle, we next examine some properties characterizing our
coloured paths. The first property we consider is related to the Narayana numbers N, ; = %(]fl) (?),
1 < j < n. These numbers are well known in the literature since they have many combinatorial
interpretations (see for example Sulanke [6] which describes many properties of Dyck paths having
the Narayana distribution). In particular, Narayana numbers N, ; count the number of (not ele-
vated) Dyck paths of semilength n having exactly j peaks (in the sequel, we will take this result as
granted). Figure 2.3, in which a marked point denotes a peak, illustrates the peaks’ distribution
for n = 3 : we have N3; = 1 path with 1 peak, N3, = 3 paths with 2 peaks and N33 = 1 path
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Figure 2.3: The peaks’ distribution in Dyck paths of semilength 3.

Here, we are interested in Narayana polynomials as defined in Sulanke [6]:
No(w)=1, Ny(w)=> Nyw, n>0
=1

We remark that the paper [1] analyzed the n'" “Narayana polynomial” defined differently as
> j=1 Npj(w+ 1)) = N,(w + 1). We can prove the following theorem, both in an algebraic and a
combinatorial way:

Theorem 2.1 Class § is related to the Narayana polynomials by the following formula:

b
S, = (ac)" Ny ( + “C) , on>

ac
The algebraic proof: We first consider the ¢-free grammar we obtain from (2.2):

S = g glIge | plepld | pldpldge | pldsepld | pldge plise (2.3)
and let S°(t) = 2on>0 S t" where 5, = |S°|. We obviosly have S(t) = 5°(¢) + 1. By applying
Schiitzenberger methodology to (2.3) we get:

S(t) = t(b(1 4+ 5°(1)) + ac(1+ S(1))?) = t(1 + T())(b + ac + acS (1)) = t®(5(1)).
We are in the hypotheses of the Lagrange Inversion Theorem:

5 =[5 (1) = w1 d(w)" =

n

%{w”‘l](l +w)" (1 + = w)

b+ ac



This is a convolution, and we get:

(ac ng%(] i 1) (;@) (b anc)j _ (ac)”]Z:Nn,j (b —Ic;cac)j ~ (ac)', (b —|(;Cac) ‘
Moreover,
S, = [t"]S(t) = ac[t" (1 + 5°(t)) = (ac)"N,_ (b ZC“C) .

The combinatorial proof: Let us consider the N, ; Dyck paths of semilength n and having
7 peaks. Every peak can either be transformed into a double horizontal step and therefore be
coloured by b different colours or remain as it is assuming ac different colours, a colors for the up
step combined with ¢ colours of the down step. In conclusion, it may assume b+ ac different forms
and/or colours. Then, 2n — 25 up and down steps remain, n — j up and down steps respectively.
The up steps can assume a different colours while the down steps ¢. Therefore, every one of the
N,.; paths can be transformed into (b + ac)’a"~7¢"~7 different coloured (not elevated) Schréder
paths. In all we have:

ZN b—l—ac a" eI
=1

and in the notation above this is exactly (ac)"N, (b-;%) . The proof follows from the relation
S, = acS,_1. [ ]

The previous theorem is an example of how sometimes the combinatorial proof can be more
direct than the algebraic proof.

We point out, in particular, two special cases. When ¢ = ¢ = 1 and b = 0, i.e. in the Catalan
case, Theorem 2.1 becomes:

Sn— ZNn 1,]7

when @ = b = ¢ = 1, i.e. in the Schroder case, Theorem 2.1 becomes:

Sn— ZNn 1,]

The following theorem establishes the number of occurrences of step pairs of the form Dl ]

or HPIHI! on the totality of paths of S,

Theorem 2.2 Forn > 2, there are b(n — 2)S,,_1 step pairs of the form DIEHE or HYHY on the
totality of paths of S,,.

The algebraic proof: In the grammar (2.3) we can distinguish between paths that start with

—Fglel —yldl
an H" step (SHb) and paths that start with a Ul step (SU ):

— _H[b] —plal
S o= |S



— gl U[ al
S

2:: [b] | H H[] | H
U[ al r7lal

—plal —H[ b]

S w=ykpld | pllp | Ul D

We now apply the Schiitzenberger methodology by introducing the new indeterminate w to mark
the step pairs DIIHI or HIVHP, We thus obtain the following system of equations:

| U3 pl | gl plIgH™ | gl plI

Lol
(

5t w) =5 () + 57 (1 w)

—plel

S w) = 14+ 157 (1 w) + ST (8 w)

el e

__pyle] la] . . _ . la]
7 w) = 1 twST (tw) £ 180 (1w) + 5t w) + 1w S, w)ST (t,w) + 15 (t, w)S (1, w)

being
S(t,w)=1+5(t,w) and S(t,w)= actS(t,w) Z St w

where 5, . denotes the number of paths in §,, having k occurrences of step pairs DIETHE op 1 F[],
Obviously, to prove the theorem, we have to find the value >7;~; kS5, ;. By solving the previous
system we get:

1 — btw — /1 = 2(bw + 2ac) + b(bw? + dacw — 4ac)t?
2

S(t,w) =

which corresponds to S(¢) if we put w = 1. The sum 3.+ kS5, 1 can be computed by differentiating
S(t,w) with respect to w and then putting w = 1:

35(15 w)
stn’ N Jw

k>1 w=1
= [t"]bt2S"(t) — [t"]btS(t) = b(n — 2)S,_1

The combinatorial proof: We first consider uncoloured Schréder paths S,—1 (¢ =b=1c¢=1).
If we ignore the last down step, there are exactly n — 2 ending points of down and double horizontal
steps, corresponding to the marked points of Figure 2.4, which illustrates case n = 4. If we add,
beginning from every one of these points, a double horizontal step, we obtain a path in §,. We do
not obtain all the paths in &,, but we obtain all the paths containing a step pair DH or H H, with
the appropriate multiplicity (see the two cases marked with (*) in Figure 2.4). On the other hand,
if we have a path in §,, with a step pair DH or H H, by eliminating the second step H, we get a
path in §,_1 and therefore we have a bijection between n — 2 replications of §,,_1 and the paths in
S, having a step pair DH or H H, with the appropriate multiplicity. This shows that the number
of step pairs DH or H H is just (n—2)5,,_1. Finally, if we have double horizontal steps of b different
colours, the construction above should be performed by adding b different double horizontal steps,
one for each colour. This proves the generalized formula b(n — 2)5,_4.

_ [tn]bt(l — bt — 2act — \/1 — 2(b+ 2ac)t +0212)
B 2¢/T = 2(b + 2ac)t + 022 B

Next we show how to find, in an algebraic way, a recurrence relation defining 5,,. The method is
quite general and is an example of the “indeterminate coeflicients” technique applied to a differntial
equation. It allows us to determine a recurrence relation defining a set of combinatorial objects
as we know the corresponding counting generating function (see [3] for another application of the
same technique). The combinatorial interpretation is more complex and is illustrated in the next
section.
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Figure 2.4: From Ss to the subset of Sy containing a step pair DH or HH.

Theorem 2.3 For n > 2, the following recurrence relation holds:
(b+2ac)(2n —1)S, = (n + 1)S,q1 + b*(n — 2)S,._y
with initial conditions 51 = ac, 53 = ac(ac+b).
The algebraic proof : We distinguish the following three steps:
S1) The first step consists in finding two rational functions py(¢) and po(t) such that:
p1(1)S'(1) + p2(1)S(1) = 1.

To do so, we set @ = /1 — 2(b + 2ac)t + b%¢? and obtain:

1-bt-Q

(b + 2ac + b*1)Q — b(1 — 2t(b + 2ac) + b*t?))
2 ’ '

2(1 = 2t(b 4+ 2ac) + b%t?)

S5(1)

n

<
—~
o~

)=

S2) Then, we look for pi(t) and ps(t) by collecting pq(¢)S5'(t) + p2(t)S(t) with respect to ¢ and
by equating the ¢} coeflicient to 0 and the rest to 1 :

(b4 2ac — b*t)py(t) — (1 — 2(b + 2ac)t + b**)py(t) = 0
b(1—2(b+2ac)t+b*t*)p1(t)— (1—(3b+dac)t+b(3b+4ac—bt)t?)py(t) = —2(1—2(b+2ac)t+b%t?).
S3) By solving the previous linear system we find:

11— 2(b 4+ 2ac)t + b2t2
B ac(1 + bt) ’

(1) = b+ 2ac — b3t
PAb) = ac(1 + bt)

pi(t)
This solution corresponds to the following differential equation:
(1= 2(b + 2ac)t + b*t*)S'(t) + (b + 2ac — b*t)S(t) = ac(1 + bt),

and by extracting the n'" coefficient we get, after some symplifying, the proof of the theorem.



The combinatorial proof: See next section. [ |

From Theorems 2.1 and 2.3 the following Corollary follows:

Corollary 2.4 Narayana polynomials satisfy the following recurrence relation:
(2n — )14+ w)N,_1(w) = (n 4+ DN (w) + (n — 2)(1 — w)*N,_o(w)
with initial conditions No(w) =1, Ny(w) = w.

Proof: The recurrence is easily proved for w = 2£2¢ by substituting S, with (ac)"N,—1 ((b+ ac)/ac)
in the recurrence for 5,; a,b,c € N, i.e. the relation holds true for an infinite number of points.
Since it is an equality between polynomials, it should be valid for all w € R. [ |

Remark: for a complete combinatorial proof see Sulanke [7].

3 The combinatorial interpretation

In this section we give a combinatorial interpretation of the recurrence
(b4 2ac)(2n — 1)8, = (n+ 1)Spy1 + b*(n — 2)8,_1; (3.4)

our proof is mainly based on the approach of Sulanke [5], who studies the case corresponding to
a =b=c=1. The same case has also been studied in [2], where Foata and Zeilberger give a
combinatorial interpretation of the recurrence by using a completely different approach.

In order to prove (3.4) we proceed by performing the following actions:

Al) in corrispondence with the term (b + 2ac)(2n — 1)5,,, we consider paths in §,,, take 2n — 1
replications of each path by marking, with a symbol z or y (see below), each of its 2n — 1
non-terminal DI steps, and finally take b + 2ac equal copies of each path;

A2) in corrispondence with the term (n + 1)S,41, we consider paths in S,41 and take n + 1
replications of each path by marking, with a symbol z, each of its n + 1 Ul* and H steps;

A3) in corrispondence with the term b%(n — 2)5,_1, we consider paths in S,_1, take n — 2 repli-
cations of each path by marking, with a symbol z, each of its n — 2 H and non final DI
steps, and finally take b? equal copies of each path;

we then define a bijection between the paths defined in A1) and the paths defined in A2), A3).

Regarding action A1), for each path in §,,, we temporarily index its steps with the integers 1
through 2n — 1 so that each Ul step and each nonfinal DI step receives one integer and each
HE step receives two consecutive integers. Then we mark each path by selecting an integer from
{1,...,2n — 1} and marking the corresponding step:

e by the symbol z if the step is U or if the step is A"} with an odd index,

e by the symbol y if the step is D¢ or if the step is H"! with an even index.
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Figure 3.5: Sets S, [2n — 1] x S, and [n + 1] X 8,41 when n =2, a=c¢=1and b = 2, and their
cardinalities.

We denote the set of such replications as [2n— 1] x §,,; then take b4 2ac equal copies of [2n — 1] x S,
and denote this new set as (b + 2ac)[2n — 1] X S,,.

For what concerns action A2), we replicate each path in S,41 by sequentially marking each of
its Ul or H steps by the symbol z (every path in 9,41 has a total of n 4+ 1 steps Ulel and H[b]).
We denote this replicated set as [n 4+ 1] X Sp41.

Similarly, for action A3), in §,—1 we replicate each path n — 2 times by sequentially marking
one of its H® steps or nonfinal DI steps by z and denote this set as [n — 2] X 8,—1; finally, we
denote as b?[n — 2] x S,_1 the set we obtain by taking b? equal copies of [n — 2] X S,_1.

Figure 3.5 illustrate sets S, [2n — 1] X S,,, [n + 1] X Sp41 and [n — 2] X S,,—1 when n = 2 and
a =c=1and b= 2, that is, when we have one colour for up and down steps and two colours for
the double horizontal steps. The set [n + 1] X S,,11 is represented by marking by z, in all possible
ways, the paths in S, 1. Obviously, in this case, [n — 2] X S, is empty.

In order to prove (3.4), we first define LEV(p;) as the ordinate of the final point of a step py;
then observe that a replicated path P in [2n — 1] X §,, can be decomposed as follows:

o the step p; is the step marked by z or y;

o thestep p; is the last Ul step preceding pj41 for which LEV (p;) = LEV (p;); when p; = laz,
i =J;

e the DI step py is the first step after p; for which LEV (pg) = LEV(p;) — 1.

We are now in a position to define the desired bijection:

(b4 2ac)2n —1]x S, — [0+ 1] X Spyr Ub*[n — 2] X Sny
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Figure 3.7: Bijection ¥y forn =2, a = ¢ =1 and b = 2.

by distinguishing three (pairwise disjoint) bijections Wy, ¥y, U5, such that ¥ = ¥, U ¥y U V5 :

1)

Bijection ¥y : ac[2n—1]xS,, — Q1 where ()1 C [n+1]XS, 41 contains the paths in [n4+1]XS, 41
which contain the step pair U2 DI or the step triple Ul HI DI, We consider a replicated
path Pin [2n — 1] x S, :

1.1) if p; = Ulels = or DI then
Uy (P)=py-pi---p;UEDEp opp s
1.2) if p; = HPY then
Uy(P)=py--pi-pj UFPHEIDE . o

In this case, illustrated in Figure 3.6, we essentially add a Ulel and a DI step to P obtaining a
path in @1; since we can do this in ac different ways we transform each path in ac[2n—1] xS,
(that is, [2n — 1] X &, replicated ac times) into a path in Q4. Vice versa, every path in ()1 can
be transformed into a path in ac[2n — 1] x §,, by deleting the pair Uladz plel or by substituting
the triple U2 A DI with the step H and appropriately marking the step p;.

Bijection ¥y : ac[2n — 1] x S, — Q2 where Q2 C [n + 1] X 8,41 (see Observation 3.1 below).
We consider a replicated path P in [2n — 1] X S, :

21) if p; = U[a]$7H[5]$ or D[c]y then
\IJQ(P) =py-- pZZ .. P]U[G]P/D[C]pk P

where P/ = pjy1 - pr_1;
2.2) if p; = HIW then

\IJQ(P) =pr-- pf .. p]—lU[a]P/D[c]p]pk D

where P' = pjj1 - pr_1;



This case is illustrated in Figure 3.7; we essentially add a Ul%! and a DI step to P obtaining a
path in ()2; since we can do this in ac different ways, we transform each path in ac[2n—1]x S,
(that is, [2n — 1] x S, replicated ac times) into a path in Q,. The inverse mapping V5" is
now defined according to the following observation, which allow us to univocally determine
the step p; :

Observation 3.1 Let ) = Vy(P) be a path in Q. Then it contains the step Ulel= not followed
by either the DI step or the step pair HI DI (these cases have already been considered in
bijection Wy ). Moreover, let q; be the first (not horizontal) Q's step after ¢; = p7 = Ulels such
that LEV (q;) = LEV (p;). Then the following three cases are possible:

— ¢ = U this implies p; =p;i in P;

- QG141 = Dlylal: this implies p; = q m P;

- Q41 = DU gnd Qit2 # HEY this implies P; = @41 i P.

Once p; has been determined, we can transform each path in () into a path in ac[2n—1] X S,,.

Bijection W3 :b[2n — 1] X S, — @3 U Q4 U b?[n — 2] x S,_1 (see figure 3.8).

This bijection can be defined by distinguishing three (pairwise disjoint) bijections Ws 1, U39, U3 3,
such that U5 = W3, U V3, U U35, We consider a replicated path P in [2n — 1] x S, :

|

RS
Pk

X~ N /’—’—\Z XN, D

|

SN TSN N T

|

SN TN TN Ty T

X~ N /_'Z \ . =/ \

|

i e N N SN
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S - —

Figure 3.8: Bijection VU3 forn =2, a =c¢=1and b = 2.

3.1) Bijection V3, : T3 — Q3. Here Ty C b[2n — 1] X &, (that is, [2n — 1] X S, replicated b
times) contains paths having p; = ulele glle op pledv and Q5 ¢ [n+4 1] X 41 contains
paths having the step HU :

Vsa(P) :Pl"'pi---ij[b]ijH...pk...pm_

In this case, we essentially add a H step to P obtaining a path in Qs; since we can
do this in b different ways we transform each path in 73 into a path in Q5. Vice versa,
every path in Qs can be transformed in a path in 7y by deleting the step H[* and by
marking the previous step: i) by x, if it is an up or an horizontal step, ii) by y, if it is a
down step.



3.2)

3.3)

Bijection U35 : Ty — Q4. Here Ty C b[2n — 1] X S, contains paths having p;_1p; =
Ul HPY and Q4 C [n + 1] X Spy1 (see Observation 3.2 below):

Uao(P)=pr-pi-- -pj_lP’H[b]H[b]pk D
where P’ = pjq -+ pr_1;
In this case we essentially add a H step to P obtaining a path in J4; since we can
do this in b different ways we transform each path in 75 into a path of ()4. The inverse

mapping \Ilgé is now defined according to the following observation, which allow us to
univocally determine the step p; :

Observation 3.2 Let Q = V3 5(P) be a path in ()4. Then it contains the step Uladz pot
followed by either the D9 step or the step pair HPIDUI (these cases have already been
considered in bijection ¥y ). Moreover, let q; be the first (not horizontal) Q's step after
G =p’ = Uz such that LEV (q) = LEV(p;), then qqiyy - .. qupr = DEHE [l
with v > 15 this implies p; = qi4, in P.

Once p; has been determined, we can transform each path in ¢4 into a path in 75.
Bijection W35 : 75 — b*[n — 2] X S,_1. Here T3 C b[2n — 1] X S, contains paths having
piap; = HOHPW or .y p; = DIy

Uss(P) =p1-pj_1Pjt1 - Pm-

In this case we essentially eliminate a H[! step from P in correspondence with step
pairs HUHPY or DIV thus obtaining a path in [n — 2] X S,_1; since there are
b(n — 2)5,-1 such path pairs (see Theorem 2.2) we transform each path in 75 into a
path in b%[n — 2] x S,_1. The vice versa is obvious.

Finally, we have that 1, ()2, Qs, Q4 and Ty, T3, T5 are disjoint sets and Q1 U Q2 U Qs Uy =

[n—l—l] XSn_|_1, T1UT2UT3 = b[Qn— 1] X Sn
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